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Abstract. This paper discusses the existence of mild solutions for Riemann-Liouville fractional semilinear
evolution equations in an ordered Banach space. Under some monotonicity conditions and noncompactness
measure method in the weighted space of continuous functions, we prove that the functional sequences are
convergent and that their limits are maximal and minimal mild solutions of the considered problem. An
example to illustrate the applications of the main results is given.

1. Introduction

Recently, fractional differential equations have attracted considerable interest in both mathematics and
applications, since they have been proved to be valuable tools in modeling many physical phenomena.
There has been significant development in fractional differential equations in recent years, see the mono-
graphs of Benchohra et al.[9, 10], Samko et al.[34], Kilbas et al.[25], Miller and Ross [30], Podlubny [33],
and the references therein. The definitions of Riemann-Liouville fractional derivatives or integrals initial
conditions play an important role in some practical problems.

Heymans and Podlubny [24] have demonstrated that it is possible to attribute physical meaning to initial
conditions expressed in terms of Riemann-Liouville fractional derivatives or integrals on the field of the
viscoelasticity, and such initial conditions are more appropriate than physically interpretable initial condi-
tions.

The theory of fractional semilinear evolution equations is new and important branch of fractional differ-
ential equation theory, which has an extensive physical background and realistic mathematical model and
hence has been emerging as an important area of investigation in recent years, see [40].

The monotone iterative method based on lower and upper solutions is an effective and flexible mecha-
nism. It yields monotone sequences of lower and upper approximate solutions that converge to the minimal
and maximal solutions between the lower and upper solutions. For fractional differential equations, the
paper used the monotone iterative method of lower and upper solutions, see [5, 12, 29, 36].
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In this paper, we use a monotone iterative method to prove the existence of lower and upper solutions
of semilinear equations with Riemann-Liouville derivative

REDI u(t) + Aut) = f(t,u(t), Gu(t)), tel :=(0,b],

1.1
(7)) = 10, v

where RLD7 is the Riemann-Liouville fractional derivative of order g, 0 < g <1, with the lower limit zero,

Ié:q is Riemann-Liouville integral of order 1 — g and b > 0, the state u(-) takes value in a Banach space E with
norm || - || and —A is the infinitesimal generator of semigroup in a Banach space, then —(A + MI) generates
a uniformly bounded semigroup for M > 0 large enough, f : I X E X E — E is a given function satisfying
some assumptions. The operator G given by

¢
Gu(t):fK(t,s)u(s)ds, (1.2)
0

is a Volterra integral operator with integral kernel K € C(A,R*), A = {(t,5) : 0 < s <t < b}. Throughout
this paper, we always assume that

t
Ko = supf K(t, s)ds.
0

tel

2. Preliminaries

Let I := [0, b] and E be an ordered Banach space with the norm || - ||z and partial order <, whose positive
cone P = {u € E,u > 0} is normal with normal constant N. Let C(I, E) and C(I’, E) be the spaces of E-valued
continuous functions on I and I’, respectively. C(I, E) is endowed with the uniform norm topology

llullc = supf{lu(t)l, u(t)€E, tel}.

Set L1(I, E) the space of E-valued Bochner integrable functions on I with norm

Hﬂm=bpﬂmw.

We consider the Banach space of continuous functions

Ci¢(LE)=1{ueC(E): lim t17u(t) exists }.
A norm in this space is given by

lully = sup {#Nu(®lc} -

tel

The following lemma is a variant of the classical Arzela-Ascoli theorem. For () a subset of the space
C,4(I, E), define Q, by
Qp={uy: uej,

t=Tu(t), if terl,
ug(t) = lim #1-9u(h), i £=0.
It is clear that u,; € C(I, E).

Lemma 2.1. [7] A set QO C Cy_4(I, E) is relatively compact if and only if () is relatively compact in C(I, E).
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Proof. See for instance [7], Lemma 1. [J
Further, we give some concepts of the fractional calculus.

Definition 2.1. [13] If u € L'([0, b], E), then

' —
(Iu)(t) == fo %u(s)ds, @2.1)

exists a.e. on [0,b] and it called Riemann-Liouville fractional integral of order g > 0. Here I denotes the Gamma
function. Let 0 < q < 1. Ifu € L([0, b], E) is such that t — I'Tu(t) is differentiable a.e. on [0, b], then

1 4

RLDay(t) = Ao

t
f (t — s) Tu(s)ds = ill‘qu(t), (2.2)
0 dt

and exists a.e. on [0, b] and it is called the Reimann-Liouville fractional derivative of order q. The previous integral
is taken in Bochner sense. Let ¢y(t) : R — R defined by

H1-q

(pq(t): Fq), if t>0,
0, if t<0.
Then
Hu(t) = (¢g * u)(t),
and p
REDAu(t) = E((Pl—q * u)(t).
q o= L t — )1
(ITu)(t) : @ j(;(t s) "Tu(s)ds. (2.3)

Here a(-) * b(-) is convolution, i.e.

ft a(t — s)b(s)ds.
0

Lemma 2.2. [18] Let p,q € R.. Then

1
f Sq—l (1 _ s)p—lds — F(Q)F(P)
0

I'g+p)’
and hence
v _ T (p)
sT7 N (x — )P~ lds = TP 1 22
fo (&=s) I'(qg+p)

The integral in the first equation of Lemma 2.2 is known as Beta function B(g, p).
We recall generalized Gronwall’s inequality for fractional differential equation whose proof can be found

in [37].

Lemma 2.3. Let v : [0,b] — [0, +00) be a real function and w(-) be a nonnegative, locally integrable function on
[0, b]. Assume that there are constants k > 0 and 0 < p < 1 such that

o)

o) <w(t)+k L =y

ds. (2.4)
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Then there exists a constant K(p) such that

Low(s)

o (E—s)F

u(t) < w(t) + K(p)k ds, (2.5)

for every t € [0, b].

Let us recall the following definitions and properties of measure of noncompactness, for more details,
we refer the reader to [3, 4, 6, 8, 26, 35].
Set B(E) be the space of all bounded subsets in E.

Definition 2.2. A function f : B(E) — R, is called a measure of noncompactness in E if
pcoQ) = B(€2),
for every Q € B(E), where coQ denotes the closed of convex hull of Q.
Definition 2.3. A measure of noncompactness  is called
(1) monotone if Qp, (21 € B(E), Qp C Qy implies f(y) < (),
(2) nonsingular, ifa € E and each Q) € B(E) we have f({a} U Q) = B(Q),
(8) regular, if p(QQ) = O is equivalent to the relative compactness of Q) € B(E),

(4) if (W} is a decreasing sequence of bounded closed nonempty subset and nl—i}}—loo B(W,) = 0, then N'*W,, is
nonempty and compact,

(5) algebraically semiadditive, if B(Qo + (1) < B(Qo) + B(L21) for each Qy, 21 € B(E).

As of the most important examples of a measure of noncompactness possessing all these properties is the Hausdorff
measure of noncompactness defined by: x(€):

X(Q) =infle > 0, for which Q has a finite number of balls with radius < €}.
Notice that the Hausdorff MNC satisfies the semi-homogencity condition, i.e.:
X(AQY) = |A|x(€Y),
for each A € R and each Q) € P(E).

For any W c C(I, E), we define

¢ ¢
f W(s)ds = {f u(s)ds:ueW, fortel=|0, b]},
0 0

where W(s) = {u(s) € E : u € w}.

Lemma 2.4. [40] If W c C(I, E) is bounded and equicontinuous then co(W) is also bounded equicontinuous contin-
uous on I

Lemma 2.5. [6] Let E be a Banach space, ) C C(I, E) be bounded and equicontinuous. Then B(C(t)) is continuous
onl, and

P(€) = max f(CX(1)) = F(CXD)).

Definition 2.4. [7, 13] A continuous map F : X € E — E is said to be condensing with respect to a MNCB
(B-condensing) if for every bounded set Q) C X that is not relatively compact, we have

B(E(QY) £ B(CY).
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Lemma 2.6. [26] If {u,}} C L'(I, E) satisfies |lu, ()| < x(t) a.e. on I for all n > 1 with some x € L'(I, Ry). Then
the function x({u,(t)}72]) belongs to LY(I,R,) and

X({Iun(t)l n> 1}) < 2[){(1{,,(5), n > 1)ds.

Lemma 2.7. [40] Let E be a Banach space , D C E be bounded. Then there exist a countable set Dy C D, such that
B(D) < 2B(Dy).

Based on [[7], Definition 8], we give the following the lemma.

Lemma 2.8. Assume that —A is the infinitesimal generator of Co-semigroup {P(t)}eo of uniformly bounded linear
operators in E. If f € C(I X E X E, E) for any u € C1_4(I, E), u is a mild solution of the equation

DY ut) + Au(t) = f(t, u(t), Gu(t)), teTl

1mg (2.6)
(Io+ M) (t) = Uo,
if and only if u satisfies the following integral equation
t
u(t) = tq‘lsq(t)uo + f (t- s)"‘lsq(t —5)f(s, u(s), Gu(s))ds, (2.7)
0
where
Syt =q f OM,(0)P(t10)dO, (2.8)
0
and the function M, is the function of Wright type
1 v T +1)
M,(6) = - ;( 0) = sin(nmg), 0 € (0, ). (2.9)
Lemma 2.9. [7, 40] The operator S,(t) has the following properties:
(i) Forany fixed t > 0, S(t) is linear and bounded operators, i.e., for any u € E,
M
ISq(B)ull < =~ Ilull. (2.10)

- I
(i1) Sy(t)(t = 0) is strongly continuous for every t > 0, which means that, for all 0 < t' < t” < T, we have
ISq(t")u — Sg(t')ull -0 as t”" —t.
(iii) For every t >0, Sy(t) is also compact operator if P(t) is compact.
Definition 2.5. The continuous function u(-) is said to be a mild solution of (1.1) with Ié: "u(0) = uy, if the integral

equation

u(t) = t771S,(Huo + f (t = 5)T71S,(t — 5)f(s, u(s), Gu(s))ds (2.11)
0

is satisfied for t € I'.

Lemma 2.10. [5] Let P be a normal cone of the ordered Banach space E and vy, wy € E with vy < wy. Suppose
that Q : [vg, wo] — E is a increasing has a minimal fixed point u and a maximal fixed point u in [vy, wo], moreover,
vy — uand w, — u. If we let v, = Qu,_1 and w, = Qw,_1(n = 1,2,---) which satisfy vp < vy <---<v, <-+- <
us<u<---<w, < <wy < wyp.
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3. Main Results
Definition 3.1. If a function vo(-) € C1-4(I, E) satisfies

REDY 0o(t) + Avg(t) < f(t,vo(t), Guo(t), teT,
3.1
(I(l):qvo) (t) < uo, e

then we call it a lower solution of the problem (1.1). If all inequalities of (3.1) are inverse, we call it an upper solution
of the problem (1.1).

Theorem 3.1. Suppose that E is an ordered Banach space, its positive cone P is normal, and —A generates a positive
Co-semigroup {P(£)}(t 2 0)on E, f e CUX EXE,E) and ug € E.

If problem (1.1) has a lower solution vy(-) € C1-4(I, E) and upper solution wy(-) € C1-4(I, E) with vy < wy, and the
following conditions are satisfied

(Hy) there exists a constant A > 0 such that

ft,u,v2) = f(t, u1,01) 2 =AUz — 1),

forany t € I, and vy(t) < uy < uy < wo(t), Gug(t) < v1 < vy < Gwp(t).
(Hy) there exists a constant L > 0 such that
BAS(E 1n, v)}) < L(B({un}) + B({val)),
forany t € I, and increasing or decreasing monotonic sequences {u,} C [vo(t), wo(t)], and {v,} C [Goo(t), Gwo(t)].

(H3) let v, = Nv,_q, wy = Nwy_1,n=1,2,- -, such that the sequences v,(0) and w,(0) are convergent.

Then problem (1.1) has minimal and maximal mild solutions u and u between vy and wy.
Proof. We consider the following system

RLDZJL(t) + (A + ADu(t) = f(t, ut), Gu(t)) + Au(t);, tel,
- (3.2)
(o) (1) = wo,
for any A > 0, —(A + AI) also generates a Co-semigroup T(t) = e~ P(t)(t > 0) on E and T(#) is positive and

continuous in the uniform operator topology for ¢t > 0. That is there exists M* > 1 such that sup [|T(f)|| <
te[0,+00)

M. By (2.10), we have that

155 (Byull < %uun, £20. (3.3)

Let D = [vp, wy], we define a mapping N : D — Cy4(I, E) by

¢
Nu(t) = tq‘lsl’;(t)uo + f (t— s)"_lsg(t —5)[f (s, u(s), Gu(s)) + Au(s)]ds, (3.4)
0

by Lemma 2.8, u € D is mild solution of the problem (1.1) if and only if

u = Nu.
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We will divid the proof in the several steps.
Stepl. We show that N : [vg, wp] — Ci-4(I, E) is increasing monotone operator. In fact, for ¥t € I, vy < u,
v < wy, by assumptions (H;), and (H,), we have

f(t,v0(t), Goo(t)) + Avo(t) < f(t, wo, Gwo(t)) + Awo(t),

SO

t
f (t = 9)T'Sy(t = $)[ (5, u(s), Gu(s)) + Au(s)lds
0

¢
< f (t-— s)q—ls;(t —9)[f(s,v(s), Gu(s)) + Av(s)]ds.
0

Hence, from (3.4) we have
Nu < No.

We show that vy < Nuy and Nwy < wy. Let h(t) = RED? vy(t) + Avg(t) + Avg(t), h € Ci4(L,E) and h(t) <
f(t,vo(t), Guo(t)) + Avg(t), tel’. By Lemma and the positivity of operators Sy, we have that

t
vo(t) = tq‘lsg(t)vo(O) + f(; (t— 5)4‘15;(1? — s)h(s)ds

Stqlsgnuo+b£1t—sw1Sxt—snfwmmwxcvd@>+Avd®hk

= Nuyy(t), tel,
namely, v9 < Nvy. Similarly it can prove that Nwy < wy. Thus, N : [vp, wg] — [vo, wo] is a continuous
increasing monotone operator.
Now, we define two sequences {v,,} and {w,} in [vg, wo] by the iterative scheme

v, = Nv,.1, w,=Nw,, n=1,2,--- (3.5)
Then, from the monotonicity of N, we have

WL << L0, < Lwy, L Lwy Lwp < W (3.6)
Step2. We prove that {v,} and {w,} are converge in I’. Let QO = {v,,n € N} and Qy = {v,-1,n € IN}. Then

Q = N(Qy). From Qy = QU {oy} it follows that B(Qo(t)) = B(Q(t)) for t € I, let p(t) := B(Q(t)), tel wewill
show that p(t) =0inI'. For t € I’, by (1.2) and Lemma 2.6, we get

B(G(Qp)()) = ,B({j; K(t,s)v,-1(s)ds : n € IN})

SZK()](; ﬁ(Qo(S))dS

¢
= 2Ky f (s)ds,
0

therefore

t t
[ o <2uk, [ gt
0 0
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For t € I, from using Lemma 2.1, assumptions (H,) and (H3), we have

@(t) = t7IB(Q(H) = B(EIN(Qo)(t))
¢
= ﬁ(S;(t)uO + 9 fo (t- s)q_ls;;(t —5)[f(5,vn-1(5), Gvy-1(5)) + Avy—1(s)]ds)

_ 2M'DI (L + 2bLK + A

t
) fo (1 — 5 B(Qu(s))ds

I'(q)
- t (37)
_2M bl q(Llj(.‘;bLKo +A) jo‘ (t — )T 159 1s1T8(Q(s))ds
L ¢
2M'D'(L + 2bLKy + A) f (t = )T1sT7 B(Qy(5))ds
I'(g) 0
_ MBI ALK+ A) (o
o) < I(a) fo (t =) " @(s)ds.

Hence, by Lemma 2.3 ¢(t) = 0 in I. So, for any t € I, {v,(t)} is precompact and {v,(t)} has a convergent
subsequence. By the monotonicity of (H;), we prove that {v,(t)} itself is convergent, i.e., lim v,(t) = u(#),

t € I. Similarly, lim w,(t) = u(t), t € I. Evidently, {v,(t)} € C1-4(I, E), so u(t) is bounded integrable on I. For
any t €1,

Un (t) = Nv,1 (t)

¢ (3.8)
= t"‘lsg(t)uo + f (t- s)"‘lS,‘;(t = 5)[f(s, vu-1(5), Gvy-1(5)) + Av,_1(s)]ds.
0
If n — oo in (3.8), by the Lebesgue dominated convergence theorem, we obtain
u(t) = N(u(t))
(3.9)

t
= 117185 (Hug + f (t- s)q—ls;;(t = 9)[f(s, u(s), Gu(s)) + Au(s)lds.
0

Thus, we have u(t) € C1_4(I, E) and u = Nu. In a similar way, we can prove that there exists u(t) € C1_4(I, E)
such thatu = Nu. Combining this with the monotonicity of (1.1), we see that vy < u < u < wg, which implies
that u and u are the minimal and maximal mild solutions of problem (1.1) in [vg, wg]. O

Corollary 3.2. Let E be an ordered and weakly sequentially complete Banach space, its positive cone P is normal,
and —A generates a positive Co-semigroup {T(t)}=0 on E, f € CU X E X E,E), and ug € E. If problem (1.1) has a
lower solution vo(-) € C1—4(I, E) and an upper solution wo(-) € C1-4(I, E), with vy < wo. Suppose also that condition
(H1)-(H3) are satisfied. Then problem (1.1) has minimal and maximal mild solutions u and u between vy and wy,
which can be obtained by a monotone iterative procedure starting from vy and wy, respectively.

Proof. Since E is an ordered and weakly sequentially complete Banach space, then conditions (H>) and (H3)
hold. In fact by Theorem 2.2 in [21] , any monotonic and order bounded sequence is precompact. By
the monotonicity of (3.6), it is easy to see that v,(t) and w,(t) are convergent on I. Thus v,(0) and w,(0)
are convergent, i.e., condition (Hs) holds. For t € I, let {u,} C [vo(t), wo(t)] and {v,} C [Guo(t), wo(t)] be
two increasing or decreasing sequences. By (Hy), {f(t, un, v4) + Au,} is an ordered monotonic and ordered
bounded sequences in E. Then B({f(t, un, v,) + Au,} = 0, (H) holds, and by Theorem 3.1 our conclusion is
valid. O
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Theorem 3.3. Assume that E is an ordered Banach space, its positive cone P is normal, and —A generates a positive
and equicontinuous Co-semigroup {T(t)}s0 on E, f € CUXEXE, E), and uy € E. If problem (1.1) has a lower solution
vo() € C1-4(I, E) and an upper solution wy(-) € C1—4(I, E) with vy < wo. Suppose also that conditions (Hy)-(Hy) are
satisfied and

(Hy) there exists a nonnegative constant Ly with
ZM*bliq([q +2bL1 Ky + /\)

) <1

such that
ﬁ({f(t/ Uy, Up)} < Ll(ﬁ({un}) + ﬁ({vn}))/

for V't € I, and equicontinuous countable set {u,} C [vo(t), wo(t)], {va} C [Gvo(t), Gwo(t)].
Then problem (1.1) has minimal mild solution u and maximal mild solution u in [vo, wo), and
on(t) = u(t), wy(t) = u(t), (n—+e0), tel,
where v,(t) = Nv,_1(t), w,(t) = Nw,_1(t), which, satisfy
Vo) SI() < <Sv() - Sul) SUL - Swp(t) < --- Swi(t) Swo(t), Vel

Proof. From the proof of theorem 3.1, we know that N : [vg, wg] — [vo, wo] is an equicontinuous operator.
Since T(t)(t > 0) is an equicontinuous Cp-semigroup, and 5(t)(t > 0) is also an equicontinuous Cy-semigroup,
by the normality of the cone P, there exists M such that || f(t,ut), Gu(t)) + Au(t)]] < M, u € vy, wo].
Forany u € C1_4(I,E), for 0 < t; < t; < b, we get

It " Nu(ta) — £, Nu(ty)|

15}
<1153 (t2) = S3(E) ol + [1£2~ fo (2 = )77 S3 (b2 = S)LF(s, u(s), Gu(s) + Au(s)lds

— (3.10)

- tl_qfo (t1 — s)q_lsg(tl —s)[f(s, u(s), Gu(s)) + Au(s)]ds

15}

< [18(t2) = S (E0lloll + |15~ f (t2 = 87183t = ) £(5, u(5), Gu(s)) + Au(s)lds
+ fo 1 [177(0 = 97" = 1,7t = 5771 S (2 — 9)£(5, u(s), Gu(s)) + Aus)]ds

1-g f 1] *
+|s f (=) [Si(t2 = 5) = Syt = 9)] f(s, u(s), Gus)) + Au(s)lds

0

. . MbIM (" _

< 1155(t2) = Sg(tn)lllol| + th: (t2 —s)T"ds
(3.11)

MM (M- - _
+ (R (I LA il () L
F(q)j; [ = - 9

+

t—€
f b7t = s [S;(t = 5) = S)(t = 9)] (F(5, u(s), Gu(s)) + Au(s))ds
0

t1

Hl [ 870 =[Syt~ 9) = Syt = 9)] (G5, u(s), Gu(s)) + Au(s)ds|

t1—€

<h+L+L+I14+15
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where
Iy = [IS5(t2) = S(E)lluoll,

M*b*-IM
= — )11
L = F( ) ﬁ (tz S) ds,

MM

T+ D) [(t2 — t1) + (t2 = £1)7],

Iy =

. . bM
Iy = sup |ISi(t2 —s) = Syt — s)ll [7]

s€[0,t1—€]

2M*b-IM
= —g)i1
Is = B T f (t — s)7ds.

The continuity of (Si(t),f > 0) in ¢ in the uniform operator topology, it is easy to see that I, and I; tends
to zero independently of uy € E as t, — t;. Applying the absolute continuity of the Lebesgue integral we
have I, I, Is tend to zero independently of u € ) as f, — t;. . Since the set D C [vg, wo], N(D) C [vp, wo] is
bounded and equicontinuous. Therefore, by Lemma 2.7, there exists a countable set Dy = {u,}, such that

BN(D)) < 2B(N(Do))- (3.12)
For t € I, by the definition of the operator N we have

FIB(N(Do(h)) = B IN(D (1))
t

=ﬁ({5;(t)uo+tl‘q f (t—s)q-ls;a—s)[f(s,vn_1<s),cvn_1<s)>+Avn_1<s>1ds})
0

_ 2MD (L +26L1Ko + 1)
- I'(g)

o t
_ 2MDI Ly +26L1Ko + 1) f (t = 5)171sT B(Dy (s))ds
I'(q) 0

< ZM*qu(q)(Ll + 2bL1 Ky + A)
- I'(2g)

and by 3.12, we have

t
fo (t — 5)T 157151 71B(Dy (s))ds (3.13)

p(D)

BN(D)) < nB(D),

where
: 2M T (q)(L1 + 2bL1Kp + A)

I'(29)

Therefore, N : [vy, wp] — [vo, wo] is a strict set contraction operator. Hence, our conclusion follows from
Lemma 2.10. O

4. An example
Example 4.1. We considere the following fractional partial differential equation:
{ RLD8‘+u(t, X) = Yjajcom BaDgu(t, x) + f(t, x, u(t, x), Gu(t,x)), (t,x) €I1xQ, @)

1(1):“14(0, x) = 1y,
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where REDS, is the Riemann-Liouville fractional derivative, 0 < a <1,t € I =[0,b],b > 0, integer N > 1, Q C RN

is a bounded domain with a sufficiently smooth boundery dQ), f : I X E X E — E is continuous and

aq an [
S EANTAL A
ox1 oxy ox,
where o = (a1, ap, -+, ) is an n-dimensional multi-index, |a| = a1 +ay+-+-+ay, coefficient function a,(x) € sz(ﬁ).
Let E=LP(Q)withl <p < oo, Plu e LP(QQ) : u(x) 20, gq.e. x € Q}and define the operator A: D(A) CE — E
is follows:
D(A) = WP A WIP(Q),  Au = Z a,D%u.

lar|<2m

Then E is a Banach space, P is a normal cone of E and —A generates a positive Co-semigroup T(t)(t > 0) in E, let
ft,ut), Gu(t)) = f(t,x, u(t,x), Gu(t, x)), ug = uo(-), then problem (4.1) can be written as abstract (1.1).

Theorem 4.2. If the following conditions are satisfied

(F1) Let up(x) = 0, x € Q, and there exists a function w = w(t, x) € C1-o(I, Q) such that

{ RED3, u(t, x) = ¥ jojcom GaDSu(t, x) + f(t, x, u(t, x), Gu(t, x)),

(4.2)
I5-*u(0, x) = uy.

(F2) There exists a constant A > 0 such that
ft,x,uz,v2) = f(t,x,u1,01) = =A(u2 — uy)

foranyt €l and 0 < u; <up <w(t, x), 0 < v < vy < Gw(t, x).

(F3) There exists a constant L > 0 such that
BAS (£, 1n, vn)} < LB({un}) + B({vn})),

for V't € I, and increasing or decreasing monotonic sequences {u,} C [vo(t), wo(t)] and {v,} C [Goo(t), Gwo(t)].
Then problem (4.1) has minimal and maximal mild solutions between 0 and w(x, t), which can be obtained by a
monotone iterative procedure starting from 0 and w(t) respectively.

Proof. Assumption (F1) implies that vy = 0 and wy = w(x, t) are lower and upper solutions of the problem (4.1),
respectively, and from assumption (F,), it is easy to verify that conditions (Hy)-(Hy) are satisfied under the constant
M=1

So our conclusion follows from theorem 3.1. [
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