Filomat 38:22 (2024), 7935-7940
https://doi.org/10.2298/FIL.2422935L

(S
&

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia

Available at: http://www.pmf.ni.ac.rs/filomat

o

)
2 o
iy oS’

5
TIprpor®

The Q-spectral radius and [g, b]-factors of graphs

Zhan Li*?, Xinpeng Wang®, Xuan Yang®"

#School of Mathematics, Renmin University of China, Beijing, 100872, China
bSchool of Mathematics and Statistics, Zhengzhou University, Zhengzhou, 450001, China
¢College of Science, Henan University of Technology, Zhengzhou, 450001, China

Abstract. An [g,b]-factor of a graph G is a spanning subgraph H in which the degree of each vertex v
satisfies a < dy(v) < b. In particular, when a = b = k, it is also called a k-factor. Let Q(G) and g(G) be
the Q-matrix and the Q-spectral radius of G, respectively. Motivated by the conjecture of Cho, Hyun, O
and Park [Bull. Korean Math. Soc. 58 (2021) 31-46] and the result of the spectral radius obtained by Fan,
Lin and Lu [Discrete Math. 345 (2022) 112892], we in this paper consider the Q-spectral version of the

above conjecture and present a tight sufficient condition in terms of the Q-spectral radius to guarantee the
existence of [a, b]-factors in a graph.

1. Introduction

In this paper, we only consider finite, undirected and simple graphs. For undefined notations and terms,
one can refer to [1]. Let G be a graph with vertex set V(G) and edge set E(G). The order and size of G are
denoted by |V(G)| = n and |E(G)| = e(G), respectively. For any vertex v in G, we use Ng(v) to denote the
set of vertices adjacent to v and use dg(v) to denote the degree of vertex v. Let G; and G, be two disjoint
graphs. The disjoint union of G; and G, is the graph G with vertex set V(G) = V(G1) U V(G) and edge
set E(G) = E(G1) U E(Gy), denoted by G = G1 + G;. The joint of G; and G is the graph G with vertex set
V(G) = V(G1) U V(G) and edge set E(G) = E(G1) UE(G) U{uv|u € V(G1),v € V(G)}, denoted by G = G; V G,.

The adjacency matrix of G is defined to be the matrix A(G) = (a;j)uxn, where a;; € {0,1} and a;; = 1 if
and only if there is an edge v;v; in E(G). The Q-matrix Q(G) of graph G is defined as Q(G) = A(G) + D(G),
where D(G) is the diagonal degree matrix of G, i.e., D(G) = diag{d(v1), d(v2), ..., d(v,)}. We define the largest
eigenvalue of A(G) as the spectral radius of graph G, denoted by p(G), and the largest eigenvalue of Q(G)
as the Q-spectral radius of G, denoted by ¢(G).

Let g and f be two integer-valued functions defined on V(G) such that 0 < g(x) < f(x) for all vertex x in
V(G). A (g, f)-factor of G is a spanning subgraph F of G satisfying g(x) < dp(x) < f(x) for any vertex x in
V(G). Let a and b be two positive integers with b > a > 1. A (g, f)-factor is called an [a, b]-factor if g(x) = a
and f(x) = b. In particular, for a positive integer k, a [k, k]-factor of a graph G is called a k-factor of G. The
study of factors in graphs has a rich history. In 1952, Tutte [9] provided a necessary and sufficient condition
for the existence of k-factors in graphs. In 1970, Lovész [7] presented a necessary and sufficient condition
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for the existence of (g, f)-factors in graphs, which is known as the (g, f)-factor theorem. In 2021, Cho, Hyun,
O and Park [2] proposed a conjecture on the existence of an [4, b]-factor based on the spectral radius of G.

Conjecture 1.1 ([2]). Let a, b be two positive integers such that 1 < a < b. Suppose that G is a graph of order
n>a+1, wheren-aiseven. If
p(G) > p(Ka-1 V (Ky—a + K1),

then G contains an [a, b]-factor.
In 2022, Fan, Lin and Lu [3] confirmed the above conjecture when n > 3a + b — 1.

Theorem 1.1 ([3]). Let a, b be two positive integers such that 1 < a < b. Suppose that G is a graph of order n. If n-a
iseven,n>3a+b—1and
p(G) > p(Ka-1 V (Ki + K1),

then G contains an [a, b]-factor.

In this paper, we consider the Q-spectral version of the above conjecture and prove a tight sufficient
condition based on the Q-spectral radius to assure the existence of [g, b]-factors in a graph.

Theorem 1.2. Let a, b be two positive integers such that 1 < a < b. Suppose that G is a graph of order n. If n - a is
even,n>3a+b—1and
LI(G) 2 Q(Ka—l N (Kn—a + Kl))/

then G contains an [a, b]-factor unless G = K,—1 V (K- + K1) or Ky 3.
By Theorem 1.2, we can directly obtain the following corollary.

Corollary 1.1. Let G be a graph of order n > 4k —1,n -k even and k > 1. If
7(G) 2 q(Kx—1 V (Kyk + K1),

then G contains a k-factor unless G = Ki_1 V (K¢ + K3).

2. Preliminaries

In this section, we will present some important lemmas that support our proof. Yu and Fan [10]
presented a sufficient condition in terms of the Q-spectral radius to assure the existence of Hamilton paths
or Hamilton cycles.

Lemma 2.1 (6],[10]). If G is a connected graph of order n > 3 and
q(G) = 2n -4,

then G contains a Hamilton path unless G = Ky 3. If the above inequality holds strictly, then G contains a Hamilton
cycle unless G = K, V 3Kj or Ky V (Ky—2 + Ky).

In 1998, Li and Cai [5] obtained a degree condition for a graph to have [a, b]-factors.

Lemma 2.2 (5]). Let a, b be two positive integers such that b > a > 1. Suppose that G is a graph of order n with
minimum degree 5(G) > a. If n > 2a+b + “ZT‘“ and

an

>
max{d (1), dc ()} 2 ——
for any two nonadjacent vertices u and v of G, then G contains an [a, b]-factor.

Nishimura [8] proved a result to guarantee the existence of k-factors in a graph, which can be seen as a
special case of the above result.
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Lemma 2.3 (8]). Let G be a connected graph of order n > 4k — 3 with minimum degree 5(G) > k, where k is a positive
integer such that k > 3. If n - k is even and

maX{dG (Ll), dG (U)} >

N3

for any two nonadjacent vertices u and v of G, then G contains a k-factor.

Lemma 2.4 (4]). Let G be a connected graph and X = (xu)vev(c) be the Perron vector of Q(G). Assume that
u1v € E(G) while uyv € E(G). If xy, 2 x,,,, then q(G — uv + u1v) > q(G).

3. Proof of Theorem 1.2
We first prove an important lemma to support the proof our main result.

Lemma 3.1. Let G be a connected graph of order n and t > 1 be an integer. If u and v are two nonadjacent vertices
such that
max{dg (i), dc(v)} < t,

then q(G) < q(K¢ V (Ky—t—2 + 2K4)), with equality if and only if G = K; V (Ky—j—» + 2K3).

Proof. Let x be the Perron vector of Q(G) and V(G)\{u, v} = {v1, vy, ..., vy} withxy, > x4, > -++ > x,_,, where
Xy, corresponds to the vertex v;. Define

G = G - {uwlw € Ng(u)} - {owlw € Ng(v)) + {uvil < i < da(u)} + [vvill < i < dg(0)).

Note that max{dg (1), dc(v)} < t. By using repeatedly Lemma 2.4, we have g(G) < q(a), where equality holds
ifand only if G = G. Since Gisa spanning subgraph of K; V (K,—+-2+2K;), we have q(a) < g(Kp vV (Ky—p—2+2K1)).
Hence we obtain that _
q(G) < 4(G) < q(K; V (Ki—t-2 + 2K1)),
with equality if and only if G = K; V (K,——2 + 2K1). O
Now we are ready to give a proof of Theorem 1.2.

Proof of Theorem 1.2. Let G be a graph of order n > 3a + b — 1 with g(G) > q(K,-1 V (K-, + K1)), where n - a
isevenand 1 < a < b. Assume that G # K,—1 V (K,—; + K7) and Kj 3. Next, it suffices to prove that G contains
an [a, b]-factor.

Claim 1. G is a connected graph.

Proof. Suppose, to the contrary, that G is not connected. Let G, Gy, ..., Gs (s = 2) be the connected compo-
nents of G. Then

9(G) = max{q(G1),q(G2), - .., q(Gs)} < q(Ky—1) = 2n — 4.
Ifa >2,q(G) 2 g(Ks-1 V (Kn—g + K1) > q(Ky-1) = 2n — 4, a contradiction. If a = 1, g(G) = q(Kj—1 + K1) = 2n—4.
Hence we have g(G) = q(K,-1 + K1) = 2n — 4, which implies that G = K,_; + Kj. This contradicts that
G#K,.1 V(K +Ky)=K,1+Ky. O
Claim 2. 6(G) > a.

Proof. By Claim 1, we know that G is connected, and hence 6(G) > 1. That is to say, Claim 2 holds fora = 1.
Next we consider the case of a > 2. By contradiction, assume that 1 < §(G) < a — 1. Then G is a spanning
subgraph of K,_1 V (K;—; + K7). Hence we have

L](G) < q(Ka—l \ (Kn—a + Kl))

Note that g(G) > g(Ks-1 V (Ky— + K7)). Hence we have ¢(G) = q(K,-1 V (Ky—; + K7)). This implies that
G =K, 1V (K,—; +Ky), acontradiction. O
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Now we divide the following proof into three cases according to different values of a.

Casel.a=1.
In this case, we have

9(G) = q(Kq-1 V (Ky—g + K1) = g(Kyy-1 + Kq) =2n — 4.

By Claim 1 and Lemma 2.1, we know that G contains a Hamilton path unless G = K; 3. Since n1 - a is even, n
is even. Then we obtain that G contains a 1-factor unless G = Kj 5. Hence the result holds fora = 1.
Case2.a=2.
We have
9(G) = q(Ka-1 V (Ky—g + K1) > g(Kyp-1 + Ky) = 2n - 4.

According to Claim 1 and Lemma 2.1, we know that G contains a Hamilton cycle unless G = K, Vv 3K; or
K1V (Ky-2 + Kp). Note that n > b+ 5 > 7. Then it follows that G # K, Vv 3K;. By Claim 2, we have 6(G) > 2,
which implies that G # K; V (K,—2 + Kj). Hence G contains a 2-factor.

Case 3. a > 3.

Suppose that G contains no [g, b]-factors. According to Lemmas 2.2 and 2.3, there exist two nonadjacent
vertices 1 and v of G such that an
max{dc(u),dc(v)} < fmT -1

Lett = [51—1. Then we have t > 6(G) > a and n > 2t + 1. Define G’ = K; V (K;—;—2 + 2K7). By Lemma 3.1,
we have

9(G) < q(G"). 7)

Assume that x is the Perron vector of Q(G’). By symmetry, we can take x1, x, and x3 on the vertices of V(Ky),
V(Ky—t-2) and V(2Kj), respectively. It is easy to see that

(J + (n = 2))x Jixn-t-2) Jix2
QG = Jn-t—2)xt (J+ (= DDu-t-2xm-t-2) Om-t-2x2 |,
Joxi Oox(n—t-2) thhxo

where | denotes a matrix of all elements equal to 1, I denotes the identity matrix, and O denotes the matrix
of all elements equal to 0. Let g = g(G’). By Q(G")x = g'x, we have

tx1+(2n—t—6)x2 = q4'x, (8)

tx1 + txz = q'X3. )

Since G’ contains K, as a proper subgraph and G” # K,,, wehave2n—-6 < g’ < 2n—2. Theng'-2n+t+6 > 0.
Combining (8) and (9), we can obtain that
3 q —t q —t

X3, Xp = —————X3.
t o r q’—2n+1§+63

(10)

Now we let G” = K;—1 V (K;—; + K7). Then the Q-matrix of G” is

(J + (n = 2)Da-1yx(@a-1) Ja-1)x(n—a) Ja-1yx1
Q(G”) = ](n—u)x(a—l) (] + (” - 3)1)(n—a)><(n—u) O(n—a)xl
Jix@-1) O1x(11—a) a-1

Let y be the Perron vector of Q(G”). Similarly, by symmetry, y takes y1, > and y3 on the vertices of V(K,-1),
V(Ky-q) and V(Kj), respectively. Let ¢ = g(G”). According to Q(G”)y = 4"y, we can obtain that

@Dy +@2n—-a-3)y2=9"y, (11)
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@=Dy1+@=-1ys =q"ys. (12)
Note that K,_; is a proper subgraph of G”. Then 2n —4 < q” < 2n —2. Since n > 2t + 1 and t > a, we have
g’ —a+1>2n-a-3>0. By (11) and (12), we obtain that
9" =2n+a+3

7 a1 (13)

Y3

Combining (10) and (13), we have
y'@ -q)x = y(QG")-QG))x
= 2n—t-2xyr+(2n -3t +a—>5)x3y, — (t —a+ 1)(x1y2 + x1y3 + x3Y3)
21—t = 2)(g' ~ 1) g -t
| 9 —-2n+t+6 t
G -Hq"-2n+a+3) g’ -2n+a+3
Hg' —a+1) " g —a+1 )]
[2(n —t-2)(q' — )
g -2n+t+6

q —_t +(q’—t)(q"—2n+a+3) +q”—2n+a+3
t Hg" —a+1) g’ —-a+1

X3Y2 +(2n—3t+a—5)—(t—a+1)(

+

= X3 +2m—t-2)-(t—a+1)—-(t—-a+1)

[ 4n — 4t - 12 qQq" -2n+4)(t—-a+1)
x3y2~(n_t_2)(4+q’—2n+t+6)_ g’ —a+1) ’

Since ' < 2n —2and 2n -4 < g < 2n — 2, we can obtain that

4n — 4t - 12
(2n—2)—2n+t+6)

(2n—2)[2(2n—2)—2n+4](t—a+1)}
g’ —a+1)

[An+1D)(n—-t-2) 4dnn-1)(t-a+1)]
| t+4 tg’ —a+1) |
[4(n+ D —t-2) dn(n-1)(t-a+1)]
| t+4 t{(2n—4)—a+1] |
[4n+1)(n—-t-2) 4dnn—-1)(t—-a+1)]

I t+4 t2n—a-3)
4(n + 1)xzy2

B n—t—Z—n(n_l)(t+4) t—a+1
B t+4 tn+1) 2n—a-3|

yT(q” - )x > xp|-t-2) (4 +

= X3Y2

v

X3Y2

= X3Y2

Recall that 7 > 2t + 1. Then we have =21 < 1. Note thata > 3. Then ;%L < 2;__”;_1; f(:_sg) = =% Hence
we obtain that

4n+1 [ - -
@ - > (4 Dxsya [ n(n=1)(E+4) ¢ z]

t+4 ] t(n+1) 2n—6
_ 4(n+1)x3y2_n_t_Z_(t+4)(t—2)‘ n(n—1) ]
t+4 | t n+1)2n-6)
4(n+ 1)x t+4)(t-2) 7
4(n + 1)x3y2 T+ A - 2)]
t+4 12¢

2t+1-t-2
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(n+ D)x3y2

56
3+ ) (5t—26+7)>0.

This implies that
q(G") < q(G").

Combining (7), we have
9(G) < 9(G) < 9(G") = q(Ka-1 V (Ki—g + K1),

a contradiction. Hence G contains an [a, b]-factor. m|
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