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An analysis of the convergence problem of a function in functional
norms by applying the product Hausdorff operator

H. K. Nigam?, Swagata Nandy?

®Department of Mathematics, Central University of South Bihar, Gaya, Bihar (India)

Abstract. In this study, we have obtained results regarding the convergence properties of a function of
derived conjugate Fourier series in weighted Lipschitz and generalized Holder spaces. These results were
obtained by utilizing the product Hausdorff operator. Several intriguing applications of our findings are
also examined to observe the convergence behaviour of the function in the aforementioned spaces.

1. Introduction

Several researchers, such as [8], [9], [10], [11], [15-20], [21], [22-24] and others, have conducted investi-
gations on the approximation properties of conjugate Fourier series in Lipschitz, Sobolev and generalized
Holder spaces using summability means.

The paper comprises an analysis of the convergence problems of a function f” of C.D.ES. in Lipschitz and
generalized Holder norms utilizing product Hausdorff means. Our convergence results are compared using
applications. We observe that product Hausdorff means to yield a broader class of summability matrices,
encompassing product Cesaro and product Euler means as special cases.

Srivastava et al. [27] have proved the existence of solutions for an infinite system of n'" order boundary
value problems in Banach spaces, such as ¢y and [;. Further, Srivastava et al. [28] discussed the existence
and Hyers-Ulam stability of solutions for nonlinear differential equations involving the Liouville-Caputo
fractional derivative with multi-point boundary conditions and the p-Laplacian operator in Banach spaces.
Furthermore, Eidinejad et al. [5] introduced a new class of fuzzy control functions to approximate a Cauchy
additive mapping in a fuzzy Banach space (FBS), exploring isomorphisms in unital FBS (UFBS) and eval-
uating Cauchy-Optimal stability (C-O-stability) for all defined mappings by selecting the optimal control
function from several specific functions. Moreover, AlBaidani et al. [2] introduced a space based on a
general Riesz sequence space, establishing its completeness and linear isomorphism with I(p). They also
derived the Kothe-dual property of this space. Recently, Srivastava et al. [29] introduced and investigated
the g-Cesaro matrix C(q) = cl, with g € (0, 1), focusing on the sequence spaces X(p), Xg (), X! (p), and XL, (p),
which arise from the domain of the matrix C(g) in the Maddox spaces I(p), co(p), c(p) and I (p) respectively.
They established the Schauder basis and the alpha-beta- and gamma-duals of these spaces.

The paper is structured in the following manner: In the second section, we provide significant definitions
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of our study. Section 3 presents auxiliary findings utilized in the proofs of our primary outcomes. In
the fourth section, we establish the convergence properties of the function f” within Lipschitz spaces and
compare these findings using various applications. In this part, we establish convergence results for the
function f” in generalized Holder spaces and analyze these results through various applications. Section 6
encompasses the concluding remarks.

2. Preliminaries

2.1. Conjugate derived Fourier series
The series

fry) = Z(an cos ny + by, sinny) (1)

n=1

is said to be the conjugate derived series of Fourier series, which is also said to be conjugate derived Fourier
series (C.D.ES.). ;
We denote the n'" partial sum of conjugate derived Fourier series (C.D.ES.) as &(f’; y) and is given by

T 7 l
@<y><l>( 1 1 fo ) cost+ )l ) 13 )

. 1
— n+—)sm(n+—)ldl—— — .
4sin 5 2 2 T 4sin; tanj

4 o2
()~ f ) =—— fo
where f is the conjugate derived function of 2r-periodic function f, which is expressed as

roy= - [ 2!
F0 =17 [ a0 5,

where
o) = fly+ D+ fly-D.

Note: Detailed work on Fourier series and its allied series can be found in [1].

2.2. Product Hausdorff operator
If

_|"CGAY ", 0LZr<m;
Gnr = 0, r>mn,

where (g,,) is an infinite lower triangular matrix and A is a forward operator defined as Ay, = py — st
and A" tn = A"(Apy), then (g,,) is said to be a Hausdorff matrix [7]).
If (9,,) is regular, then u,, known as moment sequence, has the representation

1
[Jn = f tndY(t)/
0

where y(t), known as mass function, is continuous at ¢t = 0 and belongs to BV [0, 1] such that y(0+) =
0,7(1) =1, and y(f) = L2220 o0 < ¢ < 116, 23],
The product Hausdorff operator of the series (1) is denoted by ﬂéh (f/; y) as follows

n

H,(f;y) = Z I Z hyd(f;y), nr=0,12,... (3)

r=0 k=0

The C.D.ES. (1) is said to be summable to s by product Hausdorff operator if ﬂ;h (f;y) > sasn,r— oo.
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Remark 2.1. The product Hausdorff matrix 7:(!;;! (f'; y) reduces to

o (C A1, Ayp) means if the mass function is given by
O(v, w) = AA, f f (1-0M11 -2 dldz
0 Jo

o (E, qu,qr) means if the mass function is given by

)0 Ifvel0,Bl,wel0,a]
0, w) = {1 Ifoelp1]we[a1],

_ 1 _ 1
where f = Toa @ = Tagrdnsqr > 0.

2.3. Lipschitz Spaces

Let LP[0,2mt] = {f : [0,2n] - R : f02n |f(y)IPdy, p > 1} be the space of 27- periodic and integrable function.
The L7 norm of f € LF[0,27t] is given by

1
21
{ﬁ 0 |f(y)|pdy}p, for1 <p < oo;
ess supl f(y)l, for p = co.

O<y<2m

1Al =

W(L?, ¢(])) class of a function:
A function f € W(L, C(])) if

([

where (() is a positive increasing function of I.

o - stosio (2) 8] =0y, foraz0p21,

Note: A detailed study on other class of function such as Lip ¢, Lip(p,p) and Lip(C(l),p) can be found
in [26]. Following [26] we write

if p — oo, then Lip ¢ C Lip(p, p);
if (1) =1? (0 < ¢ < 1), then Lip(p, p) C Lip(C(l), p);
if 0 = 0, then Lip(C(l), p) € W(L?, C(1)).

2.4. Generalized Holder Spaces

As defined in[1], £ : [0,2n] — R is an arbitrary function such that £(/) > 0,0 < I < 2r and lim;_,¢+ &(I) =
&0) =0.
Now, the class of function H;,'E) is defined by

¢, +D = fOl
© . csup ———~ TP o
Hy” = {f e L*[0,2n] : slli(})) 0 <oo,p = 1}.

The norm of class of function Hl(f) is given by

IfC+D) = fO
© _ P
A1 = Nfll, + Sl:tl(}):) 0 ip> 1.
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We note that £(I) and 1(I) denote the moduli of continuity of order two (moduli of smoothness) such that
0]

70 18 positive, non-decreasing and

A1 < ( )||f||<5’

Now it can be easily verified that H;(f) is a complete normed linear space. We also observe that
HY c H c I [0,2n].

2.5. Degree of convergence

The degree of convergence of a function f gives how speedily (i{;h converges to the function f, i.e.

=~ ~ 1
1)~ Hl= o o)
where @, — o0 asn,r — oo[1].

2.6. Notations

- 01 (;"c,m ~iyrin) [ 1 (;rcktka — by %ﬁ”l 20 @
~,2 _ —ﬁ 01 (;noncrtr(l _ t)n_rd)/l(t)) fol (kZiOertk(l — )" kCSOS(kl) (t)) (5)

3. Auxiliary Results

The following auxiliary results are required for the proof of our main theorems.

Lemma3.1. |M,|=0mn+1),for 0<I<

1 - n+1

Proof. For0<t<1,0<1[< =, sinkl <kl, sup Vl(t) =M, sup - )'Z(t) = N and |sin()| > £, from (4) we have

0<t<1 0<t<1

1 n 1
v r n r n—r k r—k (2k + 1)2
‘Ml < Ef (Z CH'(1—t) dyl(t))f (kZ "Gt (1 - b Tdy2(t))

"c A1 = 8" dyy(t) f O () Ly Z’thk — 1)~ ")dt’ (6)
k=0
First, we solve

r L . r t k
Y radta-nrk=a-n) Ck(m)k. @)

k=0 k=0

Taking & = jin (7), we have

"Gt (1 -ty k= (1- 7 Y TGy 'k,
k=0 k=0
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Y G f k=TCj 2 C P TG
k=0

We know that

1+ ="Co+"Cy-j+"Co- P4 +"Crf
Differentiating (9) with respect to j, we get

1+ =0+"Ci+'Cy-2j+-+-+"C,-rj L.
Multiplying (10) by j on both sides, we get

rjl+ ) ="Cr - j+27Co P+ G
Now from (8) and (11), we have

7

Y GG ke =i+

k=0
r - r t - T4 s -1
(1-1) Z C"(E) k==t (rj(1+ ")
r . Ky ok o t 1
kZO‘ Ce (1= -k =r(1- 1) (—(1—t)—(1—t)r—1)
Z"Ck (1 — 1)k =rt.
k=0

Now solving

Z rC 1 =)k =(1 =t + 1)
k=0
=1

Using (12) and (13) in (6), we have
Nr
T4

1 n 1
‘Ml < f Z”Crtr(l—t)”‘rdyl(t) f (2rt+1)dt‘
0 =0 0
NMr fl - B
= (1 - 1) (r + 1)dt‘
il 2
NMr fl[ o I - _
= CHA—-t)r+ ) "Ct'(1-t) r]dt

1
_ NMr f (nt+1)dt‘
4 0

= N]2\4r(n+l)

=0(n+1).

7975

(®)

(10)

(11)

(12)

(13)
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Lemma 3.2. |M,

—O(Iz),for 0<I<-L.

Proof. For0 <t <1,0<I< |cos(kl)] <1, sup —~ dyl(t) =M, sup 5~ dn(t) = N and Ism( )| = =, from (5) we

n+1’

0<t<1 0<t<1
have
‘Ml < N_ﬂzi ! (inc tr(l _ t)n_rd (t)) fl (27(: tk(l — t)”—kdt)
2l = T2 4xn . r V1 ) k
r=0 k=0
Nmt L& 1
v n (1 — £y 1— r
<P fo (VZ G-t dyl(t))fo( t+ by dt
NMmn| (!
< n (1 _ p\n-r
< fo (Z CH(1—1) dt)
NMn n
T f(l—t+t) dt
=0(z)
O
Lemma 3.3. [M,|= O((n+1)lz),for L <l<m
r+1 d)l(f) dys(t) _ ol 1
Proof. For0 <t <1, == <I<m, sin ( ) <1, sup=3= =M, sup—;~ = Nand [sin(3)| > 7, from (4) we
0<t<1 0<t<1
have
1, 0N 1, 7 i(k+3)!
v r n r n—r r k r— kIm(e ) )
| < o= fo (Z Cot (1~ 1y (1) f (; Gt =y )
Nr ! n r n-r r 4 r tell
sEfOZCt( — "y (t) - Imf t)e2ZC( )dt
r=0 k=0
_ flzn“"c F(1L = £y dys (O [ﬁf(l—t)f{fc (—tell )0 fc(te )+-~-+fc( te! )V}dt]
Tl & yimmes ) \t—¢) T\ 1=
Nr ' & 1 X A\
AL f Z"c (1= £y~ ’dyl(t)lm[ f {fco(l—t)u’cl(l—t)r-l(te1’)+~-+fcr(1—t)O(teﬂ) }dt]
_Nr f Z"c (1 =" dy(t) - Im( f 1(1+t(e”—1))’dt)‘ (14)
Y n ; '
Considering

1+ -1)=x
= (¢! — 1)dt = dx
dx

dt = ———.
RNV

nC A1 = 8" dyy(t) - Im( f (el’dx ))‘




H. K. Nigam, S. Nandy / Filomat 38:22 (2024), 7971-7990 7977

n

Nr 1 a plr+ D _ q
= — "Ct'(1-0""dy1(t) - 1 (—)‘
2 fo - V@) Im e e

_Mf
21 J, =

1
= M f nc tr(l )n—rd,yl( ) n (
0

2 ey (r +1)sm%

fol (;‘ "G (1 - t)“”%dt)'

n

fo 1 (; " (1— t)""dt)‘
fol(l i+ t)"dt‘

- lwe)

=

cos(r+ 1)l +isin(r+ 1)/ -1 )’

"CH (1 = £ Tdy(f) - Tm (
( ) n@: (r+ 1)2isin%

(r+1)I

=

NMrm
212

NMrmt
T 2n+ 12

_ NMrm
2+ 1)

O
_ 1
O( (n+1)ls)/f0 g <Il<m

Proof. For0 <t <1, -L- <1<m, |cos(kl)| <1, |sin(r+1)I| < 1, sup dyl(t) =M, sup =~ dn(t) = N and |sm( )| = n,
0<t<1 0<t<1

Lemma 3.4.

from (5) we have

< % fo 1(Zn:”Crt’(1—t)”‘rdyl(t))-Re f 1(chktk(1—t)r—keik’dt‘)

.
‘ ? =0 0 o
Nm 1 tell
Sﬁfo(; C"(1 = £y dy (8) Ref(l—t)z_:Ck( ))dt‘

Nr 1 n " nr il\r
STPIO(Z Ct'(1 = 8)""dys (1) Ref(l—t+te)dt

1

cos(r+ 1)l +isin(r+ 1)/ -1 )’

Z"c (1= " dy1(t) - Re (

412 (r + 1)2isin é
e f ch =0T )2(r+ 1)sin §
< Nﬁ” fo (Zn""c,t"( iy dt)‘
=0
< % f 1 (ic (1 - t)”"dt)‘
(712]4]\_4;13 f(l t+tndt‘

=)
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Lemma 3.5.[12] Let f € Hl(f), thenfor0 <l <m
@) lloC, Dll, = OEWD);
o),

(i) llo(- +t,1) = o(, Dll, = {O(é(f))'

(iii) If E(I) and n(l) are modulus of continuity, then
llo(- + £,1) = o, Dll, = OM(IED(EP):

4. Analysis of convergence of a function in weighted Lipschitz spaces

4.1. Results and their proofs
Here, we establish a theorem to study the convergence of function f’ of derived Fourier series in
W(L?,C(1)),0 2 0,p > 1 class using product Hausdorff operator. In fact, we prove the following theorem:

Theorem 4.1. If f" is a derived conjugate function of 27 periodic and Lebesgue integrable function f , then the degree
of convergence of W(LP,C(I)) (p >1and 0 <o <1 - %) class using product Hausdorff operator, is given by

7,75 - Pl = O r + 17— ),

provided C(1) satisfies s
{%”}is non-increasing, -
([ (e () ) =),
(7 G ) =l i)
f ((l_bg(%(l)l )pd’); = o(m+17) a8)

where & is an arbitrary number, 0 <& <o+, + + & =1 for p > 1. The conditions (16) and (18) hold uniformly in
v.

The conditions (16) and (18) can be verified by using the fact that o,(I) € W(LF, ((I)) and %T(ll)) is a bounded function.
The condition (17) is obvious in the light of the mean value theorem for integrals.

Proof. Following [14], the integral representation of §,(f’; ) is given by,

S == f ' f(u)%(isine(u - )i

1 f” d(cos(%)—cos(r+ O
ConJy dl ZSin(%)

[ [

7T TU l - l r+ l l
zif cscz(l)@y(l)dz_éf 0y( )I (r+1)sin(r+1)1dz_lf 0y( )l cos( lz)dl
4 J, 2 nJo 4sin($)\ 2 2 nJo asind) tan(l)

o+ + sy =ty
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opono LT o] 2 1“9@(1)‘(1)
{9 4ﬂfo e (Z)Qy(l)dl_ n(Hz)fo e

_1 fn o) () cos(r + )l cos($)
0

] ]
451r12 sin 5

: I
S - ) =~ fo 20 sin (1 + )ldl ! fo 9<y>()lCOS(rIl) ;

4 sin 5 4 sin 5 sinz

dl

Tt

Now,

T.(y) = (th(f »-FW

= Zm(s i) = F )

r=0 k=0
_ f w0 Zm ’ 1y sin(k + )ldl— = f o Z Zy‘ Cos(kl)dl
T Jo 4s1né pr: nrk i " 0 4s1n% = par sin%
Al o [ (3 - ko)
=—— "C,trl—t"rd t "Cit"(1 = ) " sin(k + =)l |dy2(¢) |d]
NF=a -yt | ; (5Lt singe + 2yt
o) ( n- r) fl( =k r—kCOS(kl)) ]
-= CH@A-n"T"|d Cet*(1—t dy, |dl
[ st Z a-orfin [ (Lo -0,

0
_ fo n 00 (OM, dl i fo " (Q(y)(l)M dl
_ j; " (l)(M +M2)dl
= ( fo - 0(y)(l)(1\711 +M£)+ f}n @<y>(l)(Ml + N/z))dl

n+l

=A+B. (19)
Now g,(l) € W(L,, C(I)), we have

1 1
Al < f 1o, (DIINE|dl + f L0, (DIINL,dl.
0 0

using the Lemmas 3.1 and 3.2, we write

1< [T vas [ ooig

= w1 (]
< f (1 + 1)lgy (Dldl + f 'Qﬁ iy
0 0

Applying Holder’s inequality

R e e CIVA - )
w1 in’ { rlﬂ et 0 (i
([l
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Using the conditions (15), (16) and second mean value theorem for integrals, we have

ol kg [ (4 ol i [ )
el [ () ol o [ ()

Lo o[ o) e Y
o) iz

(w
( 1
OE ) (n+1)("+1) )+O( +1);C(n-1+1)("+1)0+1+%)

o + 1)U+1c( — )) (20)

@)

Now,

B [ looitars || lo,0itd,

n+1 n+l

Using the Lemmas 3.1 and 3.2, we have

B [ Ol [, o0l

n+

Applying Holder’s inequality, we have
7 l_b|Qy(l)| sin® % p % T () 0 (i
1Bl < (f ( 0 ) dl) (f ((n T 1)12—6+n) dl)
™17, (Dlsin? Ly\P \i (T o)\
(L () @)
Using conditions (15), (18), |sin(/)| < 1 and second mean value theorem for integrals, we have
| AR
n+1 % g gz
1 n+1 . w4 g 1
Nl () 52 (puting £ =)
1 240-5-1 B ( 1 )( 1
n )(n+1)(n+1) +O(n+1)Cn+1
_ 1 oty T+o+ )
=ofdig)ore v )+ ofelimgJor e
a+1+f
<o) @

Combining (19), (20) and (21), we get

|m=om+n%(

n
+ O + 1)%(71

1

+1
1

+1

o 1 34+0-0—1

=O(n+1)C( = )(n+1) :

7,75 = @y = O+ 17— ) 22)
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Remark 4.2. In view of Remark 2.1, two corollaries can be deduced from the Theorem 4.1.

Now, we establish a theorem for p = 1 in order to study the convergence of function f’ of derived Fourier
series of a 27 periodic and Lebesgue integrable function f in W(L!,{(])) class using product Hausdorff
operator. In fact, we prove the following theorem:

Theorem 4.3. If f' is a derived conjugate function of 27 periodic and Lebesgue integrable function f, then the degree
of convergence of W(LL, C(1)) (0 < 0 < 1 and p = 1) class using product Hausdorff operator, is given

1, (F5 ) = F @l = ((n+1)‘“+2)C( +1))

provided C(l) satisfies (15) and the following conditions

{li (H)7 } be non-decreasing, (23)
1 1o, ()| sin”(§) 1y
fo c dl = O(n + 1) ’ @4
forsomep>0,0+p<1,
™ [70,(1 :
f | éé(’ly)( a1 = o+ 1y, (25)
{ ZUC_(QZ }is non-increasing, (26)

where C(1) is a positive increasing function, 0 < 6 < ¢ + 1 and (23) and (24) hold uniformly in y.
Proof. Following the proof of Theorem 4.1 for p = 1i.e. @ = o0, we have

zp Yoy (D)l sin? (L) c()
Al < (n+1) f 0 )dl'eoislj‘flp =y sinﬂ(g)"

71 1P 0, ()] sin’ (L
N f (M)dl.esssup&
0

c() 0cic L 1PF sin’($)1

Using the condition (24) and | sin %I < T, we have

. 1y <0) (L )P <0)
|Al = O(n + 1)(11 " ) eossl sup forp O ) eos<slssup Jorpel
_ o 1 o+1
= of e+ e[ +1))+O(<"+1> (53)
_ o+1
-ofo 1)
Similarly,
1 (™ Ploy()]sin’(3) () 1 (™ Ploy(Dlsin®(3) 40
Bl < n+1 f 40 ar- eisjgf [o+a+2| T 41 f [40) dl- esjj:f [-o+a+3 "

Using the condition (25), we have

1= of N ol ) )
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1
_ og+2
“of i)
Combining (19), (27) and (28), we get
_ ~ 1
7. _ _ (0+2)
176,75 ) = F Wl = 0(r-+ D= ). 29)
O
Remark 4.4. In view of Remark 2.1, two corollaries can be deduced from the Theorem 4.1.
4.2. Applications
4.2.1. Degree of convergence of a function f’ in W(L?, (1)) class
1
(i) Considering C(nl?) = (%), 0 =0.1, p = 2. From (22), we write
e
I, @l = (79 = Pl = O o553 )
: )
n IT Wk = 03257
10000 0.000002512
100000 0.000000100
1000000 0.000000004
) 0.0
Table 1: Values of ||T/,()|| for different values of n.
Now, we draw the following graphs of T,,(-) for different values of n:
1ot ‘ g k1%
1.6 8
141 7
121 6
,E: i 'EC 5F
§ ol § A
0.6 3
0.4 2
0.2F o 1
0 0 : : :
0 2 4 6 8 10 0 2 4 6 10
X axis (n) %104 x axis (n) «10°
(a) For n=100000 (b) For n=1000000

Figure 1: Graphs of ||T},(-)|| for different values of n.
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(ii) Considering C(nl?) = m, 0 =0.1, p = 2. From (22), we can write

, o 1
Iy = 50 = Tl = O o s )

n Il = O
10000 0.000002512

100000 0.000000100

1000000 0.000000004

) 0.0

Table 2: Values of ||T/,(")|| for different values of n.

Now, we draw the following graphs of T),(-) for the different values of n:

3 x10®

10

2 % 10"
1.8
25}
161
1.4
2
- —~ 121
S 5
Q15 2} 1
3 3
> > 0.8}
1 \
e 061
04t
0.5 = 1
0.2
0 7 — 0 L L L
0 2 4 6 8 10 0 2 4 6
X axis (n) 104 x axis (n) «10%
(a) For n=100000 (b) For n=1000000

Figure 2: Graphs of ||T;,(-)|| for different values of n.

4.2.2. Degree of convergence of a function f' in W(L!, (1)) class
(i) Considering C(nl?) = (%), o = 0.1. From (29), we write

1

(n+1)09

7983
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n I,k = O
10000 0.000251191

100000 0.000031623
1000000 0.000003981

00 0.0

Table 3: Values of ||T},()|| for different values of n.

Now, we draw the following graphs of T,,(-) for different values of :

7984

10

x10* . %10
25+ | al
ol 25
= e 2
515 2
3 3
g S 15
4L
1L
05-
05t
0 0 | | |
0 2 4 6 8 10 0 2 4 6
X axis (n) %104 x axis (n) «10°
(a) For n=100000 (b) For n=1000000

Figure 3: Graphs of ||T;,(-)|| for different values of n.

(ii) Consider C(%) = ﬁ, o = 0.1. From (29), we can write

nn@m=W@¢mrﬁwm=O@;%m)

n IT, I = O by |
10000 0.000251166

100000 0.000031622
1000000 0.000003981

00 0.0

Table 4: Values of ||T},(")|| for different values of n.

Now, we draw the following graphs of T, (-) for the different values of n:



H. K. Nigam, S. Nandy / Filomat 38:22 (2024), 7971-7990 7985

4 -5
35 x10 x 10
35F
3k
3l
25+
251
,Ec 2 ,Ec
2 2 2
3 3
> 151 >
1.5
1k
1k
0.5 0.5
0 0 . . . .
0 2 4 6 8 10 0 2 4 6 8 10
X axis (n) «%10% x axis (n) «10°
(a) For n=100000 (b) For n=1000000

Figure 4: Graphs of ||T;,(-)|| for different values of n.

5. Analysis of convergence of a function in generalized Holder spaces

5.1. Result and its proof

Now, we establish a theorem to study the convergence of function f’ of derived Fourier series in
generalized Holder spaces ((HZ Pz 1)) class using product Hausdorff operator. In fact, we prove the

following theorem:

Theorem 5.1. If f* is a derived conjugate function of 21t periodic and Lebesgue integrable function f, then the degree
of convergence of generalized Holder (Hg P2 1) class using product Hausdorff operator, is given by

i (i) = Pl = o —— [ 0L
||Wgh(f/y)—f(y)llp—0(n+1 a0 T dl).

Proof. Let

1) =H i =0 = [ 000, +
or

T = [ o007, +

0

So,

Tiy+ 0 =Ty = [ ey +0.) - oy D), + N

0
Using generalized Minkowski’s inequality[1], we have
T+ 8) = Tyl

< f oG+ £,1) — o0, DL, (¥, + NL,)dl
0

7T

1
- f loC- + £, 1) o, Dll, (%, + Nl + f lot- + 1) — o(- Dil,(VL, + M)l
0 1

n+1
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Using Lemmas 3.1, 3.2 and 3.5 (iii), we get

1

u) = f o+ £,1) = o, DIl (VL + M)l

|t|)f+l é() nel+ = )dl]

- 17(|t|)limf ﬂ n+1 + llz)dl]

oy faer- 2

IA

= |y (”“)(m 1)) -+ )|

(n+1

é(11+1
t
( (||) (

n+1)

Using Lemmas 3.3, 3.4 and 3.5 (iii), we get

V| = f lol- + £,1) — o0 DIl (W, + NL,)dl

[ (i l)f T](l) (n+ 1)l2 (n +11)l3 )dl]

l) l+1
n+1 (H)f (l)

From (30), (31) and (32) we get

s IGO0 = of SET) of 5 [ S0(5 )

—O

Again applying generalized Minkowski’s inequality [1] and using Lemma 3.5 (i), we have

Il = I h(f"y) ~ FWlly

f f ot Dl (Kr”+ Kz
of fo (e + 5 Jewar) + of fﬂ (1 (5 Jew )
ofelizh) ol [ o)

We know that

T, (-, +£) = T, ()l
A . - —
TRl = ITuOll, +sup n(th

7986

(30)

(31)

(32)

(33)

(34)

(35)
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Using (33), (34) and (35) we get

i = o)+ ol [ ol )« o SR ol [ 505 M e

Due to monotonicity of 7(/),

_ 0 gy < 20
0 =1l < s
for 0 <[ < m we get
o _ &GE) 1 &h(l+1
ot -ofs S}l L [ S0(12 1))

Now

1 (™ ED(l+1 1 &G 1
n+1f”11%( & )dl>n+1n( ) M( +l3)dl

_ 1 é(m)[ 1 1]“

n+ 1@ T
&) (n+3
77(n+1 (n; )
ofzi)
Thus
O( ii””;) O(n i 1f TE]S;(Z+ 1)dl)‘ (38)
Now from (37) and (38)
IOl = (n%f sl K (39)
0

5.1.1. Corollary
Corollary 5.2. Let f € Hyys);p > 1 and assume that E(I) = 17, n(l) =1 and 0 < 6 < y < 1, then

O((n L1pe, ifo<o<y<l,
T, Ol =
! O(ﬁ(ln(n(n 1)+ (n+ 1))), if 5=0,7=1.

5.2. Applications

5.2.1. Degree of convergence of a function f’ in generalized Holder spaces

(i) Considering 5(5; = ¢'I°. From (39), we can write

T, @l = 17,753 = Pl = O — (e - e )

n+1
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10000 0.00726
100000 0.00072
1000000 0.00007
s 0.0

Table 5: Values of ||T},(:)|| for different values of n.

x10° x10*
8 8
7 7F
6 6
e5 5T
= Lo
2 @
s 4T % ar
> >
3 3r
2 2
1 1
0 0
0 2 4 6 8 10 0 2 4 6 8 10
X axis (n) %104 X axis (n) «%10°
(a) For n=100000 (b) For n=1000000

Figure 5: Graphs of ||T;,(-)|| for different values of n.

Now, we draw the following graphs of T),(-) for different values of n:

(i) Considering % = 1. From (39), we can write

' i z 1 (2 1 1
ITuWllp = 1H,(5 ) = W)l = o(m(7 R - ))
" ”T/n(y)”p = O(#(%z + 7T — W _ #))
10000 0.00080
100000 0.00008
1000000 0.00000
& 0.0

Table 6: Values of ||T},(:)|| for different values of n.

Now, we draw the following graphs of T),(-) for the different values of n:
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Figure 6: Graphs of ||T;,(-)|| for different values of n.

6. Conclusion

In every individual application, it is evident that the convergence rate of f* grows more rapidly as the

value of 1 increases. This implies that each unique norm of f” offers the most accurate estimate. However,
the rate of convergence in Application 4.2.1(i) is faster than that of Application 4.2.1(ii) and the rate of
convergence in Application 4.2.2(i) is faster than that of Application 4.2.2(ii). Additionally, it is seen that
the rate of convergence in Application 5.2.1(i) is faster than that of Application 5.2.1(ii).
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