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Abstract. The purpose of this article is to expand the “open discussion” on the definition and necessity of
the interpolation metric space and keep it on the agenda of researchers in nonlinear functional analysis. The
secondary aim of this article is to indicate that the outcomes of this “open discussion” have the potential to
stop the recent recession in the metric fixed point theory.

1. Introduction

The metric fixed point theory has a background of around a century. An initial result in the metric
fixed point theory, which has a very productive history, was reported by Banach in 1922. In this century,
the theory and methods of the metric fixed point theory have been developed extensively. In connection
with this progress, metric fixed point theory applications have been established in distinct and various
quantitative sciences.

In the last two decades, some fixed point theory publications have overlapped their results. In addition,
we note that some recently published results are equivalent to those of previously published ones. In other
words, the fixed point theory is in recession.

In order to overcome the recession, several attempts have been made by proposing new types of con-
tractions (Kannan type, Reich-Ciric-Rus type, Hardy-Rogers type, Meir-Keeler type, Wardowski type con-
traction, etc.) or new abstract spaces (such as 2-metric, D-metric, G-metric, A metric, S-metric, b-metric,
quasi-metric, semi-metric, partial-metric, metric-like, cone metric, etc. ) and so on. In time, it was proved
that some of these contractions are equivalent to existing contractions, see, e.g., [5] and related references
therein. In the same way, it was demonstrated that some of the abstract space notions are equivalent to
the existing notions. For instance, cone metric (also known as Banach valued metric) can be considered a
transformed form of the standard metric space. In particular, Du [3, 1] proved that by scalarization function
{, cone metric d. is equivalent to d = { o d..

In this paper, we shall discuss the notion of interpolative metric [4], which is a natural generalization of
a standard metric space.

In what follows, we shall state the definition of (&, ¢)-interpolative metric.
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Definition 1.1. [4] Let X be a nonempty set. We say that d : X x X — [0, +o0) is (a, c)-interpolative metric if

(m1) d(x,y) =0, ifand only if, x =y forall x,y € X
(m2) d(x,y) =d(y,x), forallx,y € X,
(m3) there exist an « € (0,1) and ¢ > 0 such that

d(x,y) < d(x,2) +d(z,y) +c |(d(x,2)" (@zy) ],

forall (x,y,z) € X x X x X.
Then, we call (X,d) an (, c)-interpolative metric space.

Note that each metric space can be considered an («, c)-interpolative metric space with ¢ = 0. In the
following example, we shall clarify that the converse is invalid.

Example 1.2. Let (X, p) be a standard metric space. Define a function d : X x X — [0, c0) as follow

d(x,y) == p(x,y)(p(x,y) + A),

where A > 0. Since p is a metric on X, the conditions (m1) and (m2) are straightforward. For (m3), it is enough to
consider ¢ > 2 for any a € (0,1). Thus, (X,d) is (1,2)-interpolative metric space.
Indeed, we have

d(x,y) =p(xy)(p(xy)+A)
< (o(x,2) +p(z,y))(o(x,2) + p(z,y) + A)
= [p(x,2)(p(x,2) + A) + p(x,2)p(z,y)] + [o(z,y)(p(z,y) + A) + p(z,y)p(x,2)]
= [p(x,2)(p(x,2) + A)] + [p(z,ly) (p(z,y) + Al + 2q(x,Z)p(zfly)
=d(x,z) +d(z,y) +2 (p(x,Z))f (p(x,2))? (p(lz,y))f (p(lz,y))f ]
<d(x,z) +d(z,y) +2 (p(x,Z))f lo(x,z) + Alz (o(z,y))? [p(z, y) + A2
=d(x,z) +d(z,y) +2(d(x,2))2(d(z,y))2

It is clear that the function d(x,y) does not form metric. Note also that the above estimation for the pair (1,2) is
very rough, and it can be improved in several ways.

Example 1.3. Let X be a non-empty set and define a function d : X x X — [0, 00) as follow
d(x,y) := |x —yf?, forall x,y € X.

Regarding the notion of the absolute value function, we conclude that the conditions (m1) and (m2) are satisfied
trivially. For (m3), it is enough to consider ¢ > 6 for any o = % € (0,1). Then, (X, d) is (3, 6)-interpolative metric
space.

More precisely, by a simple calculation and manipulation, we derive that

dley) = -y = ez +z—yf
=lx—zP+ |z —yP +3|x — 2P|z — y| + 3|x — z[|z — yI?
2 1
<d(x,2) +d(z,y) +3 | (d(x,2)% ([d(z,y)}] +3 |(@(x,2))
without loss of generality, we assume d(x,z) > d(z,v)

< d(x,2) +d(zy) +6 [(d(x,2))* (d(zy))]

Q=

@zy)]

Consequently, we conclude that (m3) is fulfilled. Hence, (X, d) is (%,6)-interpolative metric space.
Suppose that r > 0 and x € X. Denote

B(x,r)={yeX:d(x,y) <r},
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as an open ball in (&, c)-interpolative metric space (X, d)

Definition 1.4. Let (X, d) be a («, ¢)-interpolative metric space and let {x, } be a sequence in X. We say that {x, }
converges to x in X, if and only if, d(x,,x) — 0, as n — oo.

Definition 1.5. Let (X, d) be a («, c)-interpolative metric space and let {x, } be a sequence in X. We say that {x, }
is a Cauchy sequence in X, if and only if, lim, o sup{d(xy, xm) : m > n} = 0.

Definition 1.6. Let (X, d) bea («, c)-interpolative metric space. We say that (X, d) is a complete («, c)-interpolative
metric space if every Cauchy sequence converges in X.

In this paper, we shall consider the notion of («, ¢)-interpolative metric spaces [4] in the framework of
fixed point theory to derive the analog of some certain fixed theorems (such as, Ciri¢ type, Bianchini type,
Kannan type fixed point theorems) in this new structure.

2. Main Result

In this section, we shall consider Ciri¢ type fixed point theorem in the context of an (a, c)-interpolative
metric spaces. First, we state the renowned Ciri¢ fixed point theorem in the setting of an («, ¢)-interpolative
metric spaces.

Theorem 2.1. Let (X, d) be a (w, c)-interpolative metric space and let T : X — X be a mapping. Suppose that there
exists g with 0 < g < 1 such that

d(Tx, Ty) < qMa(x,y), (2)
forall x,y € X, in which,

M;(x,y) = max {d(x,y),d(x, Tx),d(y, Ty)} .
Then, T possesses a unique fixed point in X.

Proof. Take an arbitrary point x € X and rename it as xg := x. By using this initial point, let us construct a
sequence {x,} as follows: x,, 11 = Tx, forall n € Ny. If x,,; = x,,,41 for any ny € INg then x,,y = x,,) 41 =
Txp,; that is, x;,, becomes the fixed point and the proof is completed. Based on this discussion, throughout
the proof, we shall presume that x,, # x,41 for all n € INy. Consequently, we derive that d(x,, x,,+1) > 0
for all n € INp.

Due to the assumption (2) of the theorem, we have

d(xn, xn1) < qMa(Xn, Xn-1) 3)
= qgmax{d(x,_1,xn),d(Xn, Xy41)}-

Since 0 < g < 1, the case My (xy, x,—1) = d(xy, X,41) is impossible. Hence, My (xy, x,—1) = d(x,—1, xn) for
all n € Ny. In brief, the equation (3) turns into

d(xn, xp41) < gd(x,-1,xn), forall n € Ny.
Recursively, one can derive from the above inequality that

d(xpn, xp41) < g"d(x0,x1), forall n € Ny. 4)
Taking limit from both side of 3 implies that

lim d(x, Xys1) = 0. ()

n—00
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Note that the limit (5) yields also that there exists k € IN such that
d(xy, xy41) < 1foralln > k. (6)
Now suppose that, m,n € N and m > n > k. If x, = x,,, we have T"(xg) = T"(xp). Thus we have,
T™="(T"(xg)) = T"(xp). Thus, we have T"(xg) is the fixed point of T"~". Also,
T(T""(T"(x9))) = T""(T(T"(x0))) = T(T"(0)).

It means that, T(T"(x)) is the fixed point of T""~". Thus, T(T"(xg)) = T"(xp). So T"(xo) is the fixed point
of T. So without loss of generality, we can suppose that x, # x,.

In what follows, we prove that the constructive iterative sequence {x,} is Cauchy. For this aim, we,
first, assert that

nlgl;lod(xn/ Xntr+1) =0, )

forr ¢ N.Forr =1,
A, X2) < A ne1) + AEnsn, %r2) + € (@0 %11))* (@ i1, %012)) ®)

By letting n — oo and keeping (5) in mind, we derive that

lim d(x, Xps2) = 0. (9)

n—00

Further, we have

d(xn, xny3) < d(xn, Xnp2) +d(Xnt2, Xnv3) + [(d(xn,xnﬂ))“ (d(xn+1/xn+3))l_a] . (10)
On account of (5) and (10), by taking n — oo we derive that

lim d(xy, x,43) = 0. (11)

n—o0

Suppose that we have the following limit

lim d(xy, x4+r) = 0, for some r € IN. (12)

n—o0

Then, by the statement of the Theorem, we have

d(xn, Xppri1) < d(Xn, Xngr) +d(Xntr, Xppry1) +C {(d(xn, Xnr))* (d(Xntr, xn+r+l))1ia} . (13)

By taking the limits (5) and (12) into account, by letting n — co we observe that

lim d(x,, X,4r11) = 0. (14)

n—00

Consequently, one can deduce that

d(xXps1,xm) <1, (15)
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for m > n > k. As a next step, for m > n > k, we shall consider

17a}

d(xn, Xm) d(xn, Xpy1) +d(Xnq1, Xm) + c[(d(xn, x011))" (d(Xng1, Xm))
q

<
o
< "7kd(xk,xk+1)+d(xn+1,xm)+C[(6I”7kd(xkka+1)) (d(xns1,%m))

171X] (16)

On account of (15), we find that (d(x,41,xm))"* < 1. Hence, the right-hand side of the inequality (16)
becomes

o
< 4" Fd(x Xe1) + dnen, x)le (477F) " (@1, %)) (e Xeir)

k k)" A7)
< g (g xig) + (14 ¢ (077F) o, 0)d (e Xepn).
It is easy to observe the following estimation:
d(xn, xm) < 4"+ 1+ c(q" )" d (X g1, Xm)- (18)
Notice also that
d(xl’l+ll xm) < d<xn+1/ xn+2) + d(xn+2/ xm)
+e[ (" d (g, x1)) P (A (g2 20) ) PR (19)
< 7" (g xp41) + (A (X2, 20))* + (@) N (2, 20m)d (X, i41)
< g L e(q" ) A (X2, n)-
Emerging the inequalities (18) and (19), we find that
d(xn, xm) qn—k T qn—k-i-l [1 + C(qn—k)oc] 20)
H1 4 e(q" ) 1+ e(g" ) d (2, xm)
Keeping all these observations in mind, we determined that
B 1 i1 L
Ao, 3m) 4" G TN + et F4)e on

<grkym ity ]_[;;(1)(1 +cg/)*  sinceq < 1.
The right-hand side of the above inequality is dominated by the sequence }i°, S;, which is convergent
where,
i-1 ,
Si =] +cqg)"

j=0

In brief, the sequence {x, } is Cauchy.

Thus, we conclude that the constructed iterative sequence {x,} is a Cauchy. Since (X, d) is a complete
(«, ¢)-interpolative metric space, the sequence {x,} converges to z € X. We claim that z is the fixed point
of T. On the contrary, assume d(z, Tz) > 0. Note that

d(xp41,Tz) = d(Txy, Tz) < gmax{d(x,,z),d(xn, xp+1),d(Tz,2)}. (22)

Thus, taking the limit of both sides of (22), we have 4 < 1, which is a contradiction. Therefore, Tz = z, and
z is the fixed point of T in X. Also, the uniqueness of the fixed point is straightforward from (2). O

The following can be considered as the analog of Bianchini [2] theorems in this new setting.

Corollary 2.2. Let (X, d) be a (a, c)-interpolative metric space and let T : X — X be a mapping. Suppose that there
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exists g with 0 < q < 1 such that
d(Tx, Ty) < qNa(x,y), (23)
forall x,y € X, where,
Ny(x,y) = max{d(x, Tx),d(y, Ty)}.
Then, T has a unique fixed point in X.

The proof of this corollary is the mimic of the proof of Theorem 2.1, so we skip it.

Corollary 2.3. Let (X,d) be a (, c)-interpolative metric space and let T : X — X be a mapping. Suppose that there
exists g with 0 < g < 1 such that

d(Tx, Ty) < qK4(x,y), (24)
forall x,y € X, where,

Ky (x,y) = d(x, Tx) —Zi— d(y, Ty) .

Then, T has a unique fixed point in X.

The proof is straightforward due to the fact that ”%b < max{a, b} where a,b > 0.
The upcoming corollary is the analog of Banach’s Contraction Principle in the context of («, ¢)-interpolative
metric space.

Corollary 2.4. Let (X, d) be a (a, c)-interpolative metric space and let T : X — X be a mapping. Suppose that there
exists g with 0 < q < 1 such that

d(Tx, Ty) < gd(x,y), (25)
forall x,y € X. Then, T has a unique fixed point in X.

When we verbatim the steps of the proof Theorem 2.1, we derive the result without encountering any
difficulties. With this in mind, we skip the proof of this corollary.
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