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Abstract. We connect through the Fourier transform shift-invariant Sobolev type spaces V, c H*, s € R,
and the spaces of periodic distributions and analyze the properties of elements in such spaces with respect
to the product. If the series expansions of two periodic distributions have compatible coefficient estimates,
then their product is a periodic tempered distribution. We connect product of tempered distributions
with the product of shift-invariant elements of V. The idea for the analysis of products comes from the
Hoérmander’s description of the Sobolev type wave front in connection with the product of distributions.
Coefficient compatibility for the product of f and g in the case of “good” position of their Sobolev type
wave fronts is proved in the 2-dimensional case. For larger dimension it is an open problem because of the
difficulties on the description of the intersection of cones in dimension d > 3.

1. Introduction

Our main interest is the analysis of the product of distributions f and g defined in a neighbourhood of a
point xo belonging to shift-invariant spaces Vs, s € R. We show that, locally, this product is also an element
of a shift-invariant space V,, for some sy € R. For this purpose we use the idea of Hérmander’s wave
front set (cf. [17, 18]) and the fact that the product exists if the wave fronts are in an appropriate position.
Actually, for periodic distributions and shift-invariant distributions we introduce the corresponding notion
of compatible coefficient estimates which imply the existence of the product. The results for periodic
distributions are transferred to the results for the product in shift-invariant spaces of distributions and vice
versa.

Following the range function approach used in Bownik [11]-[13] (cf. [9], [10], [16], [22]), we investigated
in [4] the structure of shift-invariant subspaces of Sobolev spaces H® = H3(R%), s € R, denoted by Vs,
generated by at most countable family of generators (cf. [1] for Sobolev spaces). In this paper we consider
V, generated by a finite set of generators, elements of A, = {@1,...,¢:} € H%; V; is the closure of the span
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of integer translations of functions in As,, s € R. We will use the notation V(¢;, ..., ¢,) when we want
to underline the generators of this space. In the case s = 0, Bownik [11] gave a comprehensive analysis
of the space V (V = Vy, A, = Ap,). A deep extension of results in [11] was obtained in [2], [3], [22], [25].
Our investigation goes towards the multiplication in spaces V; for which we need to extend some results
concerning the product of periodic distributions.

Let Es(As,) = {pi(-+k) : k€ Z%,i=1,...,r} bea frame of V; (cf. [15] for frames). An f € S’(IR?) belongs to
V, if and only if its Fourier transform has the form f = Y.I_; figi, fi = @i € LA(RY) and g; = Yycz0 a}e*™ VEICR)
with (a;()kezd € ?,i =1,...,r. This is shown in [4]. Note that, the products figi, i = 1,...,r, exist in
L2(RY) = F (H®).

Another approach, with the frames consisting of the finite set of generators A, C L%(IR?) and expansions
with coefficients in ¢2-sequence space, was developed in [5], [6], [19]. The spaces with the sequences of
coefficients in €2 were treated in [21], where the weights are (1 + [k|?)*/2, k € Z%, s > 0, and the finite set of
generators are subsets of Lg = ¥ (H®%),s > 0. Actually, in [5] and [6], ff ,p = 1, were considered, but here we
restrict ourselves to the case p = 2. Moreover, connecting two different approaches to shift-invariant spaces
Vs and V2, s > 0, under the assumption that the generators ¢;,i = 1,...,r, belong to H° N L?, we have given
the characterization of elements in V; through the expansions with coefficients in ¢2. The corresponding
assertions hold for the intersections of all such spaces and their duals in the case when the generators are
elements of S(R?) (see [4]).

Our framework in this paper is the space of periodic distributions, see for example [20] and [24], where
the authors studied wave fronts through the analysis of Fourier expansions of periodic distributions. See
also [14] and [23], where the authors studied generalized functions on the d-dimensional torus T and
discrete wave fronts.

The paper is organized as follows. After recalling in Section 2 the basic facts about periodic distributions
and shift-invariant spaces, we repeat in Section 3 our results of [4] concerning different approaches in [5], [6],
[11], [21], connecting shift-invariant spaces with the subspaces of periodic distributions. In Section 4, after
recalling results for the multiplication of periodic distribuctions f; and f, belonging to spaces &1, 225
respectively, we give our main result, Theorem 4.3 related to periodic ultradistributions which (according
to Definition 4.4) have compatible coefficient estimates. Then, in Theorem 4.5 we transfer this result to the
product of elements of finitely generated shift-invariant spaces V;. Since our approach was motivated by
Hoérmander notion of Sobolev’s wave fronts, we devote Section 5 to the product of periodic distributions
and of shift-invariant distributions (and vice versa) relating the wave front sets with the compatibility
coefficient condition in the expansions of f; and f,.

2. Notation

Letx = (x1,...,%;) € K¢, where K € {R?, Z?). We use notations |x| = {/x? +--- + x3and (x)* = (1+[x?)*?,
s € IR. Obviously, |x| < (x). Let 0 < 1 < 1. As in [20], we use the notation

d
Ty = H (x]- - g,xj + g) and T, :=T,p, T =T;.
Define the Fourier transform f of an integrable function f by F£(f) = f(t) = Ja f0)72 V-Ih dy, t € RY
(Ff(H) = ﬂ—t)), where (x,t) = Y4, xt;, x,t € R%. Further on,

&= 0@ = {(@hezr s )l ®P* < +o0), sERp>1.

kez4

We will consider the case p = 2. Then, the scalar product is given by ((ck)keze, (dikeze)2 = Likeze crdi (kY.
In the sequel we will denote by C constants which are not the same in general; from the context will be
clear that in various inequalities they are different.
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2.1. Periodic distributions

Our framework is the space of functions and distributions on IR? which are periodic of period 1 in
each variable, i.e. T,f(x) = f(x —n) = f(x), x € R% n € Z%. We refer to the next literature [7], [8], [24],
[26]. Let x, y € K% We use notation ey(x) = 2 V-1 (y,x) = Z?zl yix;). The space of periodic
test functions 2 = 2(IR?) consists of smooth periodic functions of the form ¢ = Y, 7« e, such that
Y ezt |l (n)?* < +oo for every k € Z (¢, = fwr @(x)e—n(x) dx, n € Z°%; its topology is given via the sequence
of norms [lplly = SUP,cr e lp@(x)|, k € Np = N U {0}. The dual space of &, the space of periodic
distributions, is denoted by ’. One has: f = Y ,czd fuen € &' if and only if Y,cza |ful>(n) 20 < +oo, for
some ko € IN. We use notation #2"% when this holds. If f = Y, .74 fuen € " and ¢ = Y., .70 Pne, € P, then
their dual pairing is given by (f, @) = Y. ezt fa®Pn-

Denote by 2275, p > 1, s € R, the space of elements i € D'(IR?) with the property that h = },c ayen,
where (a,),cz: € €!. These spaces are subspaces of &’ for s < 0. Note, (59 ZP° = & and | J,og 2P° = &'.

Let xo € RY, ¢ € D(T,,,) and f € D'(RY). Then (fi),e is defined as the periodic extension, by
(fP)per(t) = (f)(x), where t +k =x € T, o, k € Z¢ (this k is unique). So,

(FOhot) = ) mper(t), teR,

kezd

where a; = fqr (f)(He_r(t)dt, k € Z?. We denoted by f@l’i : the local space which contains distributions
n,X0

fe DY (RY) such that ( f)per € P4, for all xg € R? and P € D(Tyy,). In particular, we consider the cases
p=12

2.2. Shift-invariant spaces
Recall ([4]), the Hilbert space H(T, £2) consists of all vector valued measurable square integrable functions

1/2
F: T — 2 with the norm ||Fllg,2) = ( f; IF®IR dt) ~ < +o0. In the case s = 0, it is denoted by LX(T, 2). If

A, C L*(R?), then A, = {p € S (RY) : p = 1//;\<-)’5 for some ¥ € A,}.
Note that any space W C H® is called shift-invariant if ¢ € W implies Typ € W, for any k € Z*. We define
Vs =span{(1 — 225) Ty : Y € A, k € Z7}, where A is the Laplacian. It is a shift-invariant space.
Following the definition of the mapping 7 : L? — L*(T, ¢2) ([11]), we define in [4], T : H® — H(T, ¢2)
(7 =7, fors =0) by
Y(t +k)
700 = ("5 )

where (1 - A)S/Z(p = (e LA(RY)).

4n?

, teT, peH,

Lemma 2.1 ([4]). Lets € R.
a) Ts: H® — H(T, €2) is an isometric isomorphism.

b) The following diagram of isometries commutes

12 Lt
1 as »Lﬁs
w5 HT e,

where as(g) = 7’“‘1(%) and ﬁs((fk('))kezd) = ({2()) )keZd; in particular, ﬁs(('g'( + k))kezd) = (%C—;k))kezd.

¢) Let ¢ € SRY). Then T, Tip() = e_(’)T=(:), j € Z".
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3. Structural theorems

We introduce the following assumptions on generators Ip", i=1,...,r0f Vs(tpl, ..., ¥"), in order to have
that their linear combinations determine subspaces of H® and of L?:

Y eH NLINLY, i=1,...,r (1)
Recall [6], the Wiener amalgam type space, denoted by L™ is defined by
L7 = {17b lllgs = sup Z [t + j)l < +oo}
teT jezi

and following this paper in the case p = 2, in [21] is defined:

V2 = { fif= Z 2 AT, (Ckeze €, i=1,. r} (2)

i=1 kezd
Theorem 3.1 ([4]). Lets > 0, and (1) hold.

a) Assume that V2 and F (V?) are closed in L2. Then, V> C H® and V? = V (!, ..., ¢"). In particular, any
element f € Vs(Y', ..., Y") has the frame expansion as in (2).

b) Assume thats > } and that V? is closed in L2. Then, F (V?) is closed in L2 and both assertions in a) hold true.
c) Assume that the conditions of assertion a) or conditions of assertion b) hold. Then in (both cases),

(i) (V2 = V2, where V2, is the space of formal series of the form

¥

F() = Z Z bii(-+k)  such that Z Z b (k)™ < +oo,

i=1 kezd i=1 kezd
with the dual pairing (F, f) = Y.i_y Ygeza bici, (f is of the form given in (2)).
(i) V*,=V_s.
Theorem 3.2 ([4]). Assumet' € S(RY),i=1,...,7. Then, (o V? = Neso Vs and the expansion for their elements
has the form as in (2) with

sup |c,i||k|s <400, i=1,...,7, foreverys > 0.
kez?

Moreover, 7:( Nss0 (VSZ) = {Zle POD() : Dy € 9}, where ®;(-) = Lyez ciex(), (¢ keze € €2 for every s > 0,
i=1,...,rand V. = V2, Ugso Vi = U V3. Also, F(Uso V) = { LI WOF() 1 Fi € 2}, where
Fi(-) = Lreze ciex(), (Crezr € €2 for somes <0,i=1,...,r.

4. Multiplication
Let fi = Y ezt finen € P2V and fo = Y,czi fonen € 5. Their product is defined as

f=hh= Z fuen, where f, = Z fin-ifoj, n€Z°

nezd jezd
Then ([20]), f € #2** and the mapping
PVEX P35 (fi, fo) o fifr € P
is continuous. If s, s1, s, € R satisfy s; + s, > 0 and s < min{sy, 55}, then the mapping
P X P25 (fi, fo) o fifh € P 3)

is continuous.
This implies the following assertion.
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Pl‘OpOSitiOl‘l 4.1. Let fl() = Zkezd fl,k(P(' + k), so that (fl,k)kEZd € fsll, fz() = Zkezd fZ,k(;Z)(' + k), so that (f2,k)k€Zd €
€2, where ¢ € H, ¢ € H2 N 7—"1<L°°(]Rd)) and s1 + sy > 0. Then f = fi * f € V, where s < min{sy, sy}, is

generated by @+ € H', i.e. f() = Y ezt ful@ * O)(- + n), where (fu)peze € €2

Proof. By the assumptions, (}5{5 € L2(IR?). Since

FR=73 Y e

nezd
where f, =}, jez fiu-jfj n€ z¢ belongs to 2, by (3) one has that
fO=fieO= (@O Y fidt+m =) fulpxd)t+n), teR’,
nez4 nez4
whence the assertion follows. [

The previous considerations allow us to introduce multiplication in the local versions of these spaces.
Let f; € 9;)5 and f, € @i: . To define their product f = f; >, we proceed locally. Let xp € R? and 0 < 1 < 1.
Let ¢ € (T y,) be such that ¢(x) = 1 for x € T, ¢ < 1. We define f, ,, as the restriction to T, ., of the
product (¢ f1)per(P f2)per- SO, fyx, € Z' (T x,)- By the use of the partition of unity the authors of [20] have the
next assertion.

Corollary 4.2 ([20]). The product f = fif of fi € @lz’fl and f, € 3”120;2 is an element of @i; , where sy +s5 > 0
and s < min{sy, sp}. Moreover, the mapping

@i,’:l X 95,52 5, fif=f€ 9,20:

is continuous.

Now we consider the product of two periodic distributions.
Theorem 4.3. Let fi, f, € &, i.e.
ll 12
— i — j
DML WML
i=1 kez? j=1 kez?

such that there exist sets A}, i=1,...,11, and A'J’r, j=1,..., 1, subsets of Z% so that

Z |ﬂg’k|2<k>—2a1 < +00, Z la;,k|2<k>2ﬁl <400, 1i=1,...,1;, (4)
keAl keZA\A!

Z Ia;/m|2<m>—2az < +00, Z |a£,m|2<m>2ﬁ2 < +00, ]': 1,...,1, (5)
meA; meZA\A?

for some B1 > a; 20, B2 = a1 >0, and A} N (—A?) =0,i=1,...,5, j=1,..., 1. Moreover, we assume that for

everyi=1,..., 1, forevery j=1,...,1 and every n € 74, there exist C > 0 and y = 1 such that
cil’].(n) =cardlkeZ? : n—ke A]z. AkeA<Clnl. (6)
Then there exists T € R such that fif, € 27'".

We give the proof of Theorem 4.3 immediately after the following definition, which seems reasonable.
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Definition 4.4. It is said that fi, f, € &7 have compatible coefficient estimates if (4)-(6) hold. We say that fi,
fo € D' (RY) have compatible coefficient estimates in a neighborhood of xo if for some ¢ € D(Ty4,), (fi@)per and

(f20)per have Fourier expansions so that (4)-(6) hold. The sequences (ﬂg,k)kezd,i =1,...,51,and (a;,k)kezd, i=1...,b,
are compatible if (4)-(6) hold.

Proof. [Proof of Theorem 4.3] First, we note that if c?i(n) =cardfk e Z' : n—-ke Al ANke A?}, then

cl.(n) = c2.(n).
ij i
The proof will be given for /1 = [, = 1. The transfer to the general case is just repetition of arguments
which are to follow. So, we will cancel indexes i and j. Thus, we have

=T ¥ e Do X Jmwen= 0+ i A
keAl  kezZd\A! meAN?2  meZd\A?

and assume that
2T > max{4y(a1 +a)+2y+d+1,201 +d+ 1,20, +d + 1}.

We will estimate separately all the summaries. We have

1.1 _ 11 1 _ d
fifh = Z a,e,, where a, = Z M-k f, N € Z°.

nezd n—keAl
keA2
There holds,
2
Y ey <y ( Yl sl =™ a7 - (n = ™ (o) | (m)7.
nezd neZd \ n-keal
keAZ
By (6), fork € A% and (n —k) € Al,
(n—ky < <(n1 +inl, ... g+ |n|V)> <Cny?, (ky < C(n)”.
We continue,
2
4y (o +an)+2y
Y e Em<C )y ( Y laneln =Ry |az,k|<k>-“2) w7
nezd nezZd  n-keal (n)
keA2
- _ 1
<C Z ( Z |y, n-kl*(n = k) 2“1)( Z laz (k) 2a2)<n>d+1 <C Z i1 ST
neZd N n—keal n-keAl nez4
keA2 keA2
Let us estimate
fllfz2 = Z a},zen, where a}lz = Z a1 p-kiof, MNE z7°.
nezd4 n—keAl
kezd\A2
There holds,
2
_ _ (n —ky* _
Y a2y < Y ( Y, sl = R aas ) - S | ()7
nezd nez4 an;{ﬁ\lz

Since, (n — k)" < C(n)*1 k)™ and B, > a1 > 0, we have

e 1
Z |5l},2|2<7/l> T<C Z WTZM < +00.

nez4 nez4
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Further, we will use the inequality

<]/>r < C<x>r<y - x>\7|, X, y € Rd/ re R/

8017

(7)

which we now show holds. Indeed, since (1 + t)> = 1+ 2t + > < 2(1 + ?) for every t > 0, if we choose

t = |y — x| then we get
() < ) + 1y =2 < QA + 1y = xl) < 22y - x).
Thus, for r > 0 inequality (7) holds. For r < 0 we have
() _ (x)" - C{M(y — i
QT (i

Hence, the inequality (7) holds for every r € R.

= C(y —x)".

Now, by (7) fork, n € Z% and o, > 0, we have that (k) < C{k — n)®(n)* holds. Using the last inequality

and B1 > a; > 0, the estimate for f2f) simply follows:

Y 2P < Y

nez4 nezZa ( n-kezA\AL
keA2

2
N el = 0Pl G <n<’i>k>ﬁl) ()2

20, 1
<c). ( Y, min - k>zﬁl)( Y. |az,k|2<k>-2“2)% <C ZZ" T e

n—kezd\Al n—kezd\Al
keA2 keA2

nezd

The estimate for f7f7 is proved in a similar way. Hence, fif, € 2’*. [0

Theorem 4.5. Let g1 € V, ((p%, . .,(pll1 ), 92 € Ve, (3, ... ,(pl22), 1,5, = 0, so that

I3 I
71O =Y. Y d,@ic+h, 00=)" Y d el¢+h,

i=1 kez4 j=1 kez4

and that there exist sets Al,i=1,..., 1, and A?, j=1,..., 1, subsets of Z? such that A} N (—A?) =0,i=1,...,1,
j=1,...,1b. Moreover, assume that (4) and (5) hold and that c}/j(n) (cii(n)), i=1,....h, j=1,..., 1, satisfy (6).

Then, there exists s € R such that for ¢*, qoé eVinV2i=1,...,1,j=1,...,1, we have

g1 *gQEVS((pi*(pé,i=1,...,11,j=1,...,l2).

More precisely,
ll 12

@0 =Y Y. ), Y a, al (@ @)+ ).

i=1 j=1 nezd n-kez?

Proof. Again, we discuss only the case /; = I, = 1 and cancel indices i and j. We have

71(0) = 1N AK),  72(x) = P20 folx), x€RY,
where f; and f, are the same as in Theorem 4.3. Thus,
R = Pr0Pa() Y| aen(), xeRY,
nezd

and coefficients a,, n € Z¢ satisfy

Y e (ny > < oo,

nez4
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by Theorem 4.3. This implies
(1% @) = (@r+)B)+ Y aud(t+m) = Y au@rr@a)(t+n), teR.
nezd nezd

Lets = —7. Hence, g1 * g2 € V(@1 * 2).
The general case is again the repetition of the given proof but with much more complex notation which
we skip. O

5. Wave front characterizations

We analyze the product of distributions considering them in the space of periodic distributions and then
we transfer the obtained results to the shift-invariant spaces V. We recall Héormander’s definition [18].

Definition 5.1 ([18]). Let f € 2'(RY), (xo, &) € R x (IR? \ {0}), and s € R. We say that f is Sobolev microlocally
reqular at (xo, &o) of order s, that is (xo, £0) ¢ WFs(f), if there exist an open cone T around &y and ¢ € 2(RY) with
Y = 1 in a neighborhood of xo such that

fr P FE)R(EYE dE < +co.

The next theorem is the characterization through the localization and the representation through the
Fourier coefficients.

Theorem 5.2 ([20]). Let f € 2'(R?). The following two conditions are equivalent.
a) There exist an open cone I' around &, p € D(T, ) with n € (0,1) and ¢ = 1 in a neighborhood of xo, such
that
Z [a,[>(n)> < +00, where (fP)per = Z ae,.

nernz4 nezd
b) (xo,&0) & WEs(f).
The next assertion is interesting in itself.

Theorem 5.3. Let I be an open convex cone in R\ {0} and f = Y.,cza anen € &', 50 that ¥, crnzs lan>(n)* < +co.
Then (xo, £o0) ¢ WFs(f) for any xo € R? and &y € T.

Proof. Let € D(T,x,), ¢ =1inT,y,, 0 < & < 7. We know that g € S(R). LetT'g, c ['and Iy cC Iy, (thatis,
I'1 N$%1 is a compact subset of 'y, N $%~!, where $7~! is the unit sphere). Then there exists C > 0 such that

el A neZ'n(RI\{O)\Ty) = (E-n)>C). 8)
We have, by (7) (withy =&, x = —n, r = 2s),

&)+ Y and(e o+ de

r<cf>25|(?>7f(<§>|2dcf= r<5>25|<a* AEPRdE = fr (&

nezd
2
- [P Y adtesnf e < [ <5>25(Z|an|2|a(<s+n)|)(z|?p‘(<s+n>|)da
I nezd I nezd nezd

<C f ( Y lan P Ip(E + mle + n)zs')dg _c.1,

nez4

where we have used that Y. [p(& + 1)| < +0, & € RY, because pE S(R%). Further on,

I= f Y laPOERE +mE+ P e+ | Y laPoEpE + mKe +m?dE =1 + .

U wezinry, T nezivry,
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For I;, we have

h= Y laPm® f IPE+mIE+mPdE<C Y lauP(m < +eo,

nezZinr, nezZiNr,

since fIRd (& +n)(E +nY?1dE < C,n € Z4, also because ¢ € S(RY). Concerning I, we note first that f € &’
implies Y, ez |a,/*(n)™>" < +oo for some m € N. By (8), we have

<n>2(m+s)

d
WQC, Eel,ne”Z \rgo.

So
2y 1 >2(m+5) 2(m+s+s])| 7
12 - I, HGZ;\F |an| <n> é + >2(m+s) <5 + 7’1) I(P(é + 7’1)| dE
C Z |an|2<1’l> —2m f <5 + n>2(m+s+|s|)|(P(€ T T’l)l dé < +oo,
neZMN\T,

where we used that [, (& +n)*™**$)|p(& + n)| A& < +oo. This completes the proof. [J
We have the following corollary.

Corollary 5.4. Let ¢ € D(RY) and h € V(¢), so that

()= ) apC+k) and Y el < +oo

kezd kezinr

for an open cone T C R\ {0}. If ¥ pez lax|*(k)™2% < +o0 for some sy € IN, then for every x € Q (Q C R? is open set)
and £ €T, (x, §)¢WF(h)

Proof. Let hy = Y yeze arex. Then, W= @ho. We know by Theorem 5.3 that for any x € RY and & € T,
(x,&) & WFs(hp). Since the multiplication by a function in S(R?) does not decrease the set of Sobolev

microlocal regular points, we conclude that (x, &) ¢ WEs(h). O

Next, we consider the case when Lambdas are the sets of intersections of cone and Z?, where the cones
are such that the projection of the wave front on the second variable is contained in them. This is an
interesting case. Thus, we will take

Al=T1nZ' and A’=T,NZ4
such that pm(WPs1 (fl)) cTiand pr2<WFS2 (fz)) C Iy, where pra(x, &) = &, x, € € RY.

Theorem 5.5. Let fi, f» € &' (ie. f € P'™, fr € ™), T'1 and I'; be cones of]Rd so that T1 N (-T'y) = 0 and that
the following conditions be fulfilled.

a) There exist C > 0and y > 1 such that
cardfke Z% : n—kel; AkelL}<Cn’, nez’.
b) Let (xg, &) € RY x (R \ {0)) and let Y € D(T,x,) withn € (0,1) and p = 1in Ty, € <1, so that

pro(WEL (i) € T1,  pra(WEL(fay)) € T,

where s1 = T and S, > 1.
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Then, f = (fi)per(f20)per exists in D (RY). Moreover, fes.

Proof. Let
(fllP)per = Z a1 k€k, (f2¢)per = Z a k.-

kezd kez4

Note, if x € supp ¢ and & € (R%\ {0}) \ Ty, then (x, &) ¢ WF;, (fiY). The same holds for f1. Since f; € '™
and f, € ', we know that

Y P < oo, Y a0 < oo, 9)

kezinl, kezinr,

Now as in the proof of Theorem 4.3, we show that f = (fi{)pe,(f20)per €Xists and f € 2. O

Remark 5.6. Theorem 5.5 can be easily transferred to the case when one has several cones T i i=1,...,1 (related
to fi)and T}, j=1,...,1 (related to f>) so that T} N Z* and T, N Z? contain index sets for fyand fo,i=1,...,1,
j=1,..., 1 which are compatible index sets.

Remark 5.7. We will show below that under the assumption that I'1 N (=T2) = 0 then condition in a) of Theorem
5.5 holds in the case d = 2 with y = 2. Our hypothesis is that condition a) also holds (with y = d) for d > 3, but the
structure of cones is more complex and we do not have the proof of this hypothesis for d > 3.

Proof. [Proof of the assertion in the Remark 5.7 in the case d = 2] We can assume that cones are acute because
if it is not the case, we divide them into finite sets of such cones. So, assume that cones I'; and —I'; are acute

and have empty intersection. By translation with vector (0, 0), (111, 12), there are several different positions
of cones so that they have different surface of the domain laying between them. It can be equal to zero but
the optimal case (maximal number of points with integer coordinates inside the intersection) is when they
intersect in four points. Let us explain this case. We present the simplest position of cones (by rotations,
this is not the restriction)

F1 :{(t,S)Zk1t>S,t>0}, —Fzz{(t,s):k2t>s,t<0}, k2>k1 > 0.
Now translating —I'; so that the tip of the cone is (11,17), one can calculate the points of intersection of

cones I'; N Z2 and ((nl, ny) — Fz) N Z2. Coordinates of the sets of intersections, set points Ay, Ay, Az, Ay are
linear combinations of the form

(0(;/11/11 + 0(;/21/12, 06;/11’11 + 06;,21’12), i=1,2,3,4,
where ozj. ; depend on ki and k. Now, by calculating the surface of the area of the intersection of these cones,
we conclude that the domain surface between two cones can be estimated by C(n +n3), for some C > 0. [J
Using Theorems 4.5 and 5.5, we obtain the following statement.

Corollary 5.8. Let ¢; € H%, i =1,2, and let 'y and T’ be cones so that I'1 N (=I'2) = 0. Assume that assertion a) in
Theorem 5.5 holds.

a) Let xo € R?, fi, fr € Z'(RY) and ¢ € D(T,,) with 1 € (0,1) so that Y = 1in Tey,, € < 1. Assume that
RO =d1 ) mee, B9 =3 Y biew,
kez¢ kez?

and that (9) holds for Y yczq axex and Y iczq brex. Moreover, assume that condition b) of Theorem 5.5 holds.
Then, there exists s € R so that

YO =Y api+0,  Hp6) = ) bipa(-+ 0

kez4 kez?

are elements of Vs(¢1), Vs(p2), respectively, and their product (fi¢) * (f2¢) € V(@1 * @2).
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b) Let g; € Vi (i), i = 1,2, and let (xo, &) € R x (R \ {0}). For §; = @; f; we assume that prz(WFsi(fi)) cT,,

i =1,2. Moreover, we assume that (9) holds, where s1 = 1, 2 0 and s, > 11 > 0. Then, there exists s € R so
that
g=qi g eViprrg) and g()= ) au(@r+@a)(-+n).

nez4
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