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Abstract. In this paper, we explore the weak solutions of the Cauchy problem and an inverse source
problem for the heat equation in the quantum calculus, formulated in abstract Hilbert spaces. For this,
we use the Fourier series expansions. Moreover, we prove the existence, uniqueness and stability of
the weak solution of the inverse problem with a final determination condition. We give some examples
such as the g-Sturm-Liouville problem, the g-Bessel operator, the g-deformed Hamiltonian, the fractional
Sturm-Liouville operator, and the restricted fractional Laplacian, covered by our analysis.

1. Introduction

It is well known that quantum groups provide the key to g-deforming the fundamental structures of
physics from the point of view of the non-commutative geometry. An important concept in this theory is
integration and Fourier theory on quantum spaces, see e.g. [1-3]. Nowadays, the theory of quantum groups
and g-deformed algebras have been the subject of intense investigation. Many physical applications have
been investigated on the basis of the g-deformation of the Heisenberg algebra [4] and [5]. For instance, the
g-deformed Schridinger equations have been proposed in [6] and [7] and applications to the study of the
g-deformed version of the hydrogen atom and of the quantum harmonic oscillator [8] have been introduced.
The fractional calculus and g-deformed Lie algebras are closely related. A new class of fractional g-deformed
Lie algebras is considered, which for the first time allows a smooth transition between different Lie algebras
[9].

The origin of the g-difference calculus can be traced back to the works [10, 11] by F. Jackson and
R.D. Carmichael [12] from the beginning of the twentieth century, while basic definitions and properties
can be found e.g. in the monographs [13-15]. Recently, the fractional g-difference calculus has been
proposed by W. Al-salam [16] and R.P. Agarwal [17]. Today, maybe due to the explosion in research within
the fractional differential calculus setting, new developments in the theory of the fractional g-difference
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calculus have been addressed extensively by several researchers. For example, some researchers obtained
g-analogues of the integral and differential fractional operators such as the g-Laplace transform and g-
Taylor’s formula [18], g-Mittag-Leffler function [16]. Moreover, in 2007, M.S. Ben Hammouda and Akram
Nemri defined the higher-order g-Bessel translation and the higher order g-Bessel Fourier transform and
established some of their properties, as well as studied the higher-order g-Bessel heat equation [19]. In
2012, A. Fitouhi and F. Bouzeffour established in great detail the g-Fourier analysis related to the g-cosine
and constructed the g-solution source, the g-heat polynomials [20], and solved the some Cauchy problems
[19, 21].

The paper is organized as follows: The main results are presented and proved in Sections 3 and 4 for
direct and inverse problems, respectively. In the final section the examples are given. In order to simplify
these presentations we include in Section 2 the necessary preliminaries.

2. Preliminaries

In this section, we recall some notations related to the g-calculus. We will always assume that0 < g < 1.
The g-real number [a], is defined by

1-g*
[a]q = 1-g .
The g-analogue differential operator D, f(x) is defined by
f@) ~ flgx)
D,f(x) = ————, 1
The g-derivative of a product of two functions has the form
Dy(f9)(x) = f()D4(9)(x) + Dg(f)(x)g(x)- (2)
The g-integral (or Jackson integral) is defined by (see [11])
X (ee]
[ st = - Y g, ©
0 m=0
and, more generally,
b b a
ff(x)dqx = ff(x)dqx - ff(x)dqx/
a 0 0
provided the sums converge absolutely. Note that
f Daf(Ddgt = f(x) = f(@). 4)
The g-version of the integration by parts takes the form
b b
| reopsgea = s - [ o@D, ®

Let H be a separable Hilbert space and let £ be an operator with the discrete spectrum and eigenfunctions
{Prlker in H, where I is a countable set (I = IN* or I = ZF for some k). We assume that the operator L is
diagonalisable (can be written in the infinite dimensional matrix form) with respect to the orthonormal
basis {¢k}ker of H with the eigenvalues Ay such that Ay > Ag > 0, where Ay is some constant independent of
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k. In further calculus for our analysis we will also require that Ay — co. The Plancherel identity takes the
form

1
2

lillys = [}: )<u,cpk>H|2] , ©)

kel

foru e H.
We denote the domain of the operator L™ for m € INg by

Dom(L™) = {u € H: L% € Dom(L), i=0,1,2,--,m—1}.

The space C°°(H) ﬂ Dom(L™) is called the space of test functions for £. Moreover, we introduce the
=1

Fréchet topology of C°° (H) with the family of norms

llullen = max [|L7ull,

j<k

form e Ny, u € C7(H), and the space of L-distributions D (H) =2 (C"L"(H), C). Consequently, we can also
define Sobolev spaces Wj: associated to L as

H = {u € D (H) : L'%u € H]
for any d € R. Using Plancherel’s identity (6), we can write the norm in the following form:

lllggs == 1L 2ulls = [ZA [u, q>k>H|] 7)

kel

We introduce the spaces C}" ([0, T] ;7—(1) and L*® ([0, T] ;7{%) as

m
lllep o ity = -, X 1Dy,
i=0

0<t<T
and

eell oo (10 7102y 2= sup [[(E)llgge,
L ([0,TL;HE) ong He,

respectively, where D’;u =Dy (D’g’lu)
As given in [13, Chapter 9, P. 29], two g-analogues of the exponential function are defined as

X _ . x_k X _ . k(k=1)/2 X" Xt
9= Ly 5L ®
Moreover, we can rewrite
N
Ey = Jim [[(1+a-g9q%),

i=0
and we have
XT—X __
quq =1.

We will be making the following assumption:
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Assumption 2.1. We assume that v is a continuous function on [0,T] and, there are some B,a > 0 such that
a<vu(t)<Bforallt €0, T].
For 0 <t < T we denote

yolt) i= ———— . ©)

Jim [T(1+ (1= gig'v(g'D)
—0 ()

So, by Assumption 2.1, we obtain
1 1 1
< <

= <
1]0 1+ -tqp) liTIO(l +(1-tgv(g't) lj(l +(1-gtga)

7

and it can be written as

1 1
E—gt < ')/v(t) < E—gt. (10)
Form (1) and (4) it follows that
D, [y (At)] = Aew®yy @ Aet) (11)
and
T T
» 1 Dy y,f(Aks)]
R e
0 0
1 -1
> m Dq [)/U ()\ks)] dys
0
-1
o (AT)
= L VD) T ﬁk (12)
and
t t )
_ 1 Dq Yo (/\ks)
[rrtos - 3 [ 2
0 0
T
1 -1
< 1o f Dy [y7" (Ais)] ds
0
-1
_ Y (Akt)
= (13)

Notation. The symbol M < K means that there exists y > 0 such that M < yK, where y is a constant.

3. Direct problem for the g-heat equation
We start to study a Cauchy problem:
Dgsu(t) + v(t)Lu(t) = f(t), ueH, t>0, (14)
with the initial condition

u(0) =@ € H. (15)
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Theorem 3.1. Assume that Assumption 2.1 holds. Letd € R, ¢ € ‘Hi*z and f € L® ([0, T];?(?Z). Then there
exists a unique solution of Problem (14)-(15):

u e Cp ([0, T HE?) N L= ([0, TL; HE?). (16)

Moreover, this solution can be written in the form

ut) = Y [(@ pouys(Aet)

kel t
+ Yo(Aid) f Vgl(q/\kSXf(S)rqu)quS} o (17)
0

which satisfies the estimate
2 2 2
@l +IDuOE, < 1@l + 1O (18)

Proof. Existence. We start to solve the equation (14). We can use the system of eigenfunctions, and look for
a solution in the series form

u(t) = Y utii, (19)

kel

for each fixed t > 0. Such an expansion always exists due to completeness of the set of eigenfunctions
{¢r};2, in H. The coefficients will then be given by the Fourier coefficients formula: uy(t) = (u(t), ¢i)n-
We can similarly expand the source function,

i) = ; feldr,  filt) = <FB), P (20)
From (19) we have L = Axx, k € I. Hence,

Lu(t) = kZ (DA ey (1)

and )

Dyu(t) = ; Dy (). (22)
Substituting (21) and (22) into the equation (14), we find

kZ | Dyrt(t) + Aw(tyuu(t)| e = kZ O (23)

= =

But then, due to the completeness,
unk(f) + Akv(t)uk(t) = fk(i’), kel (24)

which are ODEs for the coefficients u(t) of the series (19). Using the integrating factor y,(Axt) and (2) and
(11), we can rewrite this equation as

Yo @ADf(®) = 7 @A)Dgu(®) + 75 (A Akv(Du(t)
Vo @ABDgui () + Dy [ (M) | ()

= D, [y, (Abu()]. (25)
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Form (4) and (23) we get
t t

f D, [y (Asyue(s)] dgs = f Vo qAks) fils)dgs

0 0

t
=¢;¢mmwm=w@+j}ﬂmmmwm
0

t

- wm=mumW@+%mm1}£@wm@%s

0
But the initial condition (15) and (19) imply
u0) =) wOpr=¢ = ul0)=/(p P
kel

Thus,

w@—@@MmMﬂ+%MMj‘ GAS)FE), domdys.

So the solution can be written in the series form as

ut) = Z

kel

(@, PHYv(ARt) + Yo (Akt) f Vo (@AkS)(f(s), <Pk>quS} o

giving (17).
Convergence . By using Assumption 2.1 and (8) and (10) we obtain that

Aks Ak
mwm@$k<¥”<lo<<t
/\ - algt — algt — 77 51,
Vo(Axs) Eq E‘7

since E;Mk ! is an increasing function for ¢ > 0. Indeed, using (8) we see that
EaAkt Z qm(m D2 [g) ]k =1 > (.
- [m]q

for t > 0.
Hence, form (10) and (26) it follows that

(3.13) t v/\t
), pom| < mwwm@w+f;&JWM@Mm
0

t
= % )(ﬁox ¢k>H| + f|<f(5), ¢k>H| qu
I 0

1
max{—,1
{Ei;'“ }

IN

t
'(@/(Pk>H|+f|<f(s)/¢k>H|qu‘/
0

8146

(26)

(27)
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and using (24), we get that

IN =
=
e

A2 D] L AT o) [, dom] + AV KF®, G

< AT o, o + AT AL F(E), o]
< BRLY g, dou] + A5 L), i
< max{p, Ay} [|<1:“’/2“<p, diyul + sup L4 £(5), i (28)
and
AP [Lu®), o] = AL [(Aiau(t), i

t

(3.14)
<A, | + f AT £(5), ] dgs

0

t
|<£d/2+1(P/ <Pk>H| + f|<£d/2+1f(5)r ¢k>H’ dys
0

< KL, pom| + T sup (LY £(s), don|
0<s<T
< max(LT) [|<1:d/2“<p,q>k>ﬂ|+ sup [(L7*£(s), ionl | (29)
0<s<T

Since ¢ € 7'{?2, feL® ([0, T] ;?{j:*z), and using the Plancherel identity, we have
I1£5 D)l

Y u D)

IDgu(BIE,

kel
(3.15) 2 2
< Z KL g, ¢yu| + sup Z L2 £(5), |
kel 0<s<T "y
= II(pIIi,?z + IIfIIzm([O,TW?Z) < o,
and
ILu®lB, = 1L Lu®l
L
2
= ) AjLut), poul
kel
(3.16) 2 2
< Z |<-£d/2+1(P’ ¢k>H‘ + sup Z |<£d/2+1f(5), ¢k>H|
kel 0<s<T "y

2 2
< ”(P”'HZ*Z + £l = ([0,T1H2) < 0.
Hence, the above estimates imply that

2 2 2 2
L@y + DO S 10l + I sy <

which means that u € C; ([0, T] ;7{?2) NnL® ([O, T]; 7’{?2> and this yields the estimate (33).
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Uniqueness. 1t only remains to prove the uniqueness of the solution. We assume the opposite, namely
that there exist the functions u(t) and v(t), which are two different solutions of Problem (14)-(15). Thus, we

have that
{ Dy u(t) + p(t) Lu(t) = f(), t>0,
u(0) =@ € H,

and
Dy o(t) + () Lo(t) = f(£), >0,
v(0)=¢ € H.
We define W(t) = u(t) — v(t). Then the function W(t) is a solution of the following problem

Dyw(t) + p(t)Lw(t) =0, t>0,
w(0,x) = 0.

From (19) it follows that W(t) = 0, that is, u(t) = v(t) and this contradiction to our assumption proves the
uniqueness of the solution. The proof is complete. [J

4. Inverse source problem

In this subsection we consider the following problem: find a pair of functions u(t) and f in the space H
satisfying the g-heat equation:

Dgsu(t) + v(t)Lu(t) = g(t)f, fe€H, t>0, (30)
with the initial condition
u(0) =@ €eH, (31)
and the final condition;
u(T)=neH. (32)
In the sequel we will make use of the following;:
Assumption 4.1. We assume that g : [0, T] — R is a function satisfying:
® g(s)>0for0<s<T.

T
. 0<a0§fg(s)dqssﬁo<oo,
0

where ay, Bo > 0.

Theorem 4.2. Assume that Assumption 2.1 and Assumption 4.1 hold. Letd € R, ¢, 1 € (Hf’z. Then there exists a
unique solution of Problem (30)-(32):

ue Ch([0, TLHE) N L= ([0, T HE?), feHE?

Moreover, this f and the solution u can be represented by

Z Vs AMT) =@, dom

U [yl qMs)g(s)dgs
0

(Pkr
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and

kel 0

ut) = Yy {yvmko

t
(@, diom + {f, Pon f y;l(quS)g(S)quH%

respectively. Here the solution u satisfies the estimate
2 2 2
el + IDquBlyyg 5 lplly ez + Il gea- (33)

Proof. Existence. Since the system {¢x}xes is a basis in the space H, we expand the pair of functions (u(t), f)
as follows:

ut) =Y e, f=)  fidw (34)

kel kel

where ui(t) = (u(t), pryn and fi(t) = (f, Px)u. By repeating the arguments of Theorem 3.1, we start from the
formula (24). For the last term of the equation (24), we have

Dyui(t) + Aro(Hur(t) = gt) fr, k€1, (35)

and a general solution of the equation (36) is given in the following form:

u(t) = yu(Axt)

t
i 0) + fi f y:}(qus)g(s)dqs‘, (36)

0

where the constants u(0), fx are unknown. By using the conditions (31) and (32) and Assumption 4.1 we
find u(0) = (¢, px)n and

M pon =u(T) = yu(AkT)

T
(P, b + fr f 751(61Aks)9(s)dqs‘.

0
_ Yo AT, Gidr — @, Pidn

= fi T (37)
[ vs' @As)g(s)dgs
0
Substituting f, ux(t) into the expansions (35), we find that
M, duyy (AT) =@, Prdn
fo= Z T Prs
kel [ 73 @Aks)g(s)dys
0
and
t
ult) = Z {Vv(/\kf) (@, Pu + fr fy;l(q)\ks)g(s)dqs}}@-
kel 0
Convergence. From Assumption 4.1 and (9) and (10) we get that
= BT gt
RGO N (38)

T N )
[yt qAs)g)dgs [ g(s)dys
0 0
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Using (10), (37) and (38) we find that

AT
A< —22BD e doul + 7 Ko, dooul)
[v51qAes)g(s)d,s
0
(4.9) E§T
< - [Kn, iodm| + EaT @, dom|
pT
< a_qo {|(T], ¢k>H| + ((QO, ¢k>H|}-
Hence,
By = AR
kel
“ LAt goul + )<Ad/2“<p, dou[

2
||n||7,{d+2 + ”(P||Hd+2

which means that f € H4+2,
Form (10), (36) and (39) and Assumption 4.1 it follows that

Ko, dedu| + | fe| [ 751 (@Aks)g(s)dgs
0

IA

[k (t)]

Ef;t
. )(QD, ¢k>H| + Eﬁtﬁo |fk|
= Egzt
ElY
< Eat |<(PI (Pk)H‘ 180 Eat |fk|

K, dedu| + K, pidnl-
By Assumption 2.1 and (35) and (40) we get that

AP < A Ol + A gOllf
po

IA

ﬁ/\Z/2+1 (t)| + /\d/2+1 |f |

610,410 (A2, ep| + |<A,f/ o, oo
KLYy, pivu| + (LY, il

Since n, ¢ € 7-{?2 and the Plancherel identity we have that

2

IDu®IZ, = Y AL|Dyut)]
< kel

(412)

Y |l gonf” + £, guouf |

kel
= Il + Il < oo,

8150

(39)

(40)

(41)
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and

ILu®l, = Y AL, oaf

kel

¥ (A o]

kel

Y [lee i guuf + 27 0, o |

kel

A

= ”n”é{mz + ||(P||3,[d+2 < 00.
L L

Hence, the above estimates imply that u € C}7 ([0, T]; ?{z) NL® ([0, T] ;?(?2) and this yields the estimate
(33).

Uniqueness. 1t only remains to prove the uniqueness of the solution. We assume the opposite, namely
that there exist the functions u(t) and v(t), which are two different solutions of Problem (30)-(32). Thus, we

have that
{ Dysu(t) + o) Lu(t) = f(H),  t>0,
u@)=¢peH, uT)=neH

and
{ Dyo(t) + () Lo(t) = f(t),  t>0,
v0)=¢peH oT)=neH

We define W(t) = u(t) — v(t). Then the function W(t) is a solution of the following problem

Dyw(t) + p(t)Lw(t) = 0, t>0,
w(0,x) =0, w(T)=n€H.

From (34) it follows that W(t) = 0, that is, u(t) = v(t) and this contradiction to our assumption proves the
uniqueness of the solution. The proof is complete. [

5. Examples

In this section we give several examples of the settings where our direct and inverse problems are
applicable.

W The g-Sturm—Liouville problem: Let H = L; [0,a] be the space of all real-valued functions defined on
[0, a] such that

||f||L§[o,a] = [ If(x)Iqux] < 0.
/

The space Lﬁ [0, a] is a separable Hilbert space with the inner product:

(f,9) = ff(x)g(x)dqx, f,geLg [0,a].
0

Moreover, we denote Cso[O,a] the space of all functions y(-) such that y, D,y are continuous at zero.

M.H. Annaby and Z.S. Mansour considered a basic g-Sturm-Liouville eigenvalue problem in the Hilbert
space L7 [0,a] [22, Chapter 3]:

—%Dq_quy(x) + v(x)y(x) = Ay(x),
L(y) = Ui (y) = any(0) + a12y(0), (42)
Uz (y) = axy(a) + axny(a),
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for 0 < x <a < ooand A € C, where v(") is a continuous at zero real valued function and a;j, 7,j € {1,2}
are arbitrary real numbers such that the rank of the matrix (a;j)1<;j<2 is 2. The basic Sturm- Liouville
eigenvalue problem (42) is self adjoint on C;/O[O, aln L; [0, 1](see [23, Theorem 3.4.]). The eigenvalues and

the eigenfunctions of the problem (42) have the following properties:

e The eigenvalues are real.
e Eigenfunctions that correspond to different eigenvalues are orthogonal.

o All eigenvalues are simple.

W The q-Bessel operator. Let @« > —1 and 1 < p < co. Then the space L, denotes the set of functions on
]RL;r = {g* : z € Z} such that

o) P

i, =| [ Lol 2| <o

0

The set H = L, 4 is an Hilbert space with the inner product
o Proy, = f F()g(x)x*d,x.
0

Moreover, we introduce the space C’; o fork e IN:

Cko(RY) = {f : R} — R; sup |Dkf(x)] < oo and DE£(0) = DEf(e0) = 0).
xeRY
The g-Bessel operator is defined as follows (see [24] and [25]):

Bgaf) = Dy [P0 7

2a+1

1-q

_ 20+1
= g A f(0) + —(1 7

Dyf(q"), (43)

where

Aqf(x) = Dif(77'x).
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For f,g € C;,o (]R;’ ), using formulas (43) and (2) of g-integration by parts, we obtain

Boafi Pripa = f D, [x2a+1qu ] (7' )g(x)dyx

0

= [yl - [ [0, @D
0

= —fqu(x) [XZ(MDW] (x)dgx

0

= —[qu(x) [xZ“”Dqg] (x)](o)o+ f f(gx)D, [xz‘”qug] (x)dgx
0

= f f(x)D, [xzaHDqg] (@ " x)dyx
0

= (f/ Aq,ag>Lq,2,a .
It follows from [26, Proposition 1], that the function

(1)k k(k-1) X k
oA 7) 2(OéJrl)Zdl"z(oz+k+1 Tpak+1)\1+q) "

with the eigenvalue A € C for the eigenfunction x — j,(Ax;4?), where j,(-, %) is called the normalized
g-Bessel function defined by [24] and [25].

m The g-deformed Hamiltonian. The field of g-deformed oscillator algebras and quantum orthogonal
polynomials continues to be at the core of intense activities in physics and mathematics. In 2015, W.S. Chung
and M.N. Hounkonnou and A. Sama ([27]) constructed the g-deformed Hamiltonian. For the clarity of our
exposition, let us briefly discuss in this section main relevant results on g-Hermite functions. Let Hr be the
Hilbert space spanned by the basis vectors {{(x),n = 1,2,---} such that

H;y(x) 1 & (1ykghe- iy -
A ) 2 Cn=0,1,2---,
1(x) Jepi, e *[n = 2K1, k] 2! (121,2)" ", n

where the g-analogue of the binomial coefficients [n],! are defined by

[n],! = 1, ifn=0,
) [y x[2]y x---x[n], if n €N,
Moreover, we can write
Dyin() = (J1214[n1g¢)_, ().
The vectors |n) are eigen-vectors of the g-deformed Hamiltonian (see [27, Proposition 1])

H, = (AA+ +AA)

2],

with respect to the eigenvalues

q

El = [21] ([l + [ +11,),
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where the annihilation (lowering) A and creation (raising) A" operators are

A:LD Af = [2]x—ﬁD
,_[2],7 q q [Z]q 9

In the limit when g — 1, one recovers the uncertainty relation for the non deformed harmonic oscillator
(or the classical case).

W Fractional Sturm-Liouville operator.

Let1/2 < @ <1 and [4,b] € R. Then we consider a fractional problem with boundary conditions in the
form (see [? ]):

—Dy_ (p(0)Dg, y(x)) (x) + u(x)y(x) = At(x)y(x),
Loa(y) = any(a) + alZIg:a (PDgY) lx=a = 0, (44)
a1y (b) + axnl,=* (D5, ) li=b = 0,

where D} _is the right-sided and Dg, is left-sided Riemann-Liouville fractional derivatives, I;:“ is the right-
sided Riemann-Liouville fractional integral, (44) is a self-adjoint operator in H = L?[a, b], the constants in
the boundary conditions verify a3, +a3, # 0,43, +43, # 0 and p, u and 7 are continuous functions, such that
p(x) > 0 and 7(x) > 0 for all @ < x < b. The function 7 is called the “weight” or “density” function and the
values of A are called eigenvalues of the frational boundary value problem.

W The restricted fractional Laplacian.

In [28], L.A. Caffarelli and Y. Sire introduced a fractional Laplacian operator by using the integral

representation in terms of hypersingular kernels in the following form:

fe) - f(B)

TR dt, 0<a<l. (45)

(~Ar:)* = CyaPV.

The operator (45) is a self-adjoint in L, ((2) with eigenvalues A, > 0, k € IN. The corresponding set of
eigenfunctions 1, x, k € N, in L, (Q2) (bounded domain Q) C R").

m Differential operator with involution.

As a next example, we consider the differential operator with involution in L?(0, 7) generated by the
expression

Cw) =u"(x) —eu’(m — x) (46)
for 0 < x < 1, with homogeneous Dirichlet conditions
u(0)=0, u(n)=0, (47)

where |e|] < 1. The nonlocal functional-differential operator (48)-(47) is self-adjoint (see, [29]). For |e| < 1,
the operator (48)-(47) has the following eigenvalues:

Aok =41 + e)k*, ke Nand Ayt = (1 —€)(2k +1)%,k e N U {0},

and corresponding eigenfunctions

w[%sinka, kelN
14

2
loge1 = \/; sin(2k + 1)x, k € IN U {0}.

m Landau Hamiltonian in 2D.
The next example is one of the simplest and most interesting models of the quantum mechanics, that is,
the Landau Hamiltonian. The Landau Hamiltonian in 2D is given by

1((.9 > (9 ’
L= 5 ((1$ —By) + (18_y +By) ), (48)

Uk
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acting on the Hilbert space L? (R), where B > 0 is some constant. The spectrum of £ consists of infinite
number of eigenvalues with infinite multiplicity of the form (see, [30] and [31]):

AM=Q@n+1)B,n=0,1,2,

and the corresponding system of eigenfunctions (see, [? ] and [? ]) is

k+1

Olin(x, y) = | GlmB ™ exp (—w)(x +iy)LY (B(x2 + yz)) for 0<k

k+1

Olin(x,y) = |7 BE exp (—%yz’)(x + iy LP (B2 + ) for 0<j,

where L are the Laguerre polynomials given by

o] - tk
L@ = Z(—1)kc;"+§ﬁ, a> 1.
k=0

Note that in [32], [33] and [34] the wave equation for the Landau Hamiltonian with a singular magnetic

field was studied.
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