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Abstract. In this paper we investigate a class of first order fuzzy dynamic equations on arbitrary time
scales for existence of solutions. We give conditions under which the considered equations have at least

one and at least two solutions. To prove our main results we propose a new approach based upon recent
theoretical results.

1. Introduction

The theory of dynamic equations has many interesting applications in control theory, mathematical
economics, mathematical biology, engineering and technology. In some cases, there exists uncertainty,
ambiguity or vague factors in such problems, and fuzzy theory and interval analysis are powerful tools for
modeling these equations on time scales.

In this paper, we investigate the following class of first order fuzzy dynamic equations

ony = f(t,y), te(to,T] 1)
y(to) = o, (2)
where

(A1 f € C(lto, TI X E(R)), f : [to, T] X F(R) = E(R), vo € F(R), yo = 0, D(yo,0) < B for some nonnegative
constant B, ty, T € T, T is an arbitrary time scale with forward jump operator and delta differentiation
operator ¢ and A, respectively.

(A2) D(f(t, y(t)),ﬁ) < Bforany t € [ty, T] and for any y € Crua([to, T]).
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Here F(IR) denotes the set of all real fuzzy numbers, 0 denotes the zero fuzzy number and 6;; denotes the
first type fuzzy delta derivative on T. With D(., ) it is denoted the Hausdorff distance between real fuzzy
numbers.

The ordinary dynamic equations (ODE) and partial dynamic equations (PDEs) have been studied
in depth for existence of solutions, uniqueness of solutions, nonuniqueness of solutions, oscillations of
solutions (see [2], [4], [12] and references therein) and such concepts as boundary value problems (BVPs),
initial value prob lems (IVPs), and differential operators in general are the current focus in the papers being
written and published in the area.

In this paper, we will investigate the problem (1), (2) for existence of at least one solution and existence
of at least two nonnegative solutions. To the best of our knowledge, there is a gap in the references for
investigations of existence and nonuniqueness of the solutions of nonlinear fuzzy dynamic equations on
time scales. Here, in this paper we try to fill out this gap.

This paper is organized as follows. In the next section, we give some basic definitions and facts of fuzzy
dynamic calculus on time scales. In Section 3, we give some auxiliary results connected with some fixed
point theorems used in this paper. In Section 4we prove existence of at least one solution for the problem
(1), (2). In Section 5, we prove existence of at least two nonnegative solutions. In Section 6, we give an
example to illustrate our main results.

2. Fuzzy Dynamic Calculus Essentials

In this section, we will give some basic definitions and fact of fuzzy dynamic calculus on time scales.
For detailed study of fuzzy dynamic calculus on time scales we refer the reader to the book [9].

Suppose that T is a time scale with forward jump operator and delta differentiation operator ¢ and A,
respectively. With F(IR) we will denote the space of the real fuzzy numbers and with D(:,-) we will denote
the Hausdorff distance between the real fuzzy numbers. For more details for fuzzy numbers and Hausdorff
distance between the real fuzzy numbers we refer the reader to the appendix of the book [9].

Definition 2.1. ([9]) Assume that f : T — F(R) is a fuzzy function and t € T*. Then f is said to be first type right
fuzzy delta differentiable at t, shortly right 6y-differentiable at t, if there exists an element 6}, f(t) € F(R) with the
property that, for any given € > 0, there exists a neighbourhood Ut of t, i.e., Ut = (t — 6,t + 8) (T for some 6 > 0,
such that for all t + h € Uy the H-difference f(t + h) &y f(o(t)) exists and

D(f(t + 1) ©u flo®), O f()(h - p(#)) < ells = (P

with 0 < h < 6. In this case, 0}, f(t) is said to be first type right fuzzy delta derivative of f at t, shortly right
On-derivative of f at t.

Definition 2.2. ([9]) Assume that f : T — F(R) is a fuzzy function and t € T*. Then f is said to be first type
left fuzzy delta differentiable at t, shortly left y-differentiable at t, if there exists an element o, f(t) € F(R) with the
property that, for any given € > 0, there exists a neighbourhood Ut of t, i.e., Ut = (t — 0,t + 0) (T for some 6 > 0,
such that for all t — h € Uy the H-difference f(o(t)) ©n f(t — h) exists and

D(f(o(®) & f(t—h), 5 fE)(h + u(®))) < e(h + p(®))
with0 <h < 6.

Definition 2.3. ([9]) Let f : T — F(R) be a fuzzy function and t € T*. Then f is said to be first type fuzzy delta
differentiable at t, shortly Sp-differentiable at t, if f is both first type left and right fuzzy delta differentiable at t € T*
and 65, f(t) = 6, f(t), and we will denote it by 6y f(t). We call 6y f(t) the first type fuzzy delta derivative of f at t,
shortly 6y-derivative of f at t. We say that f is first type fuzzy delta differentiable at t, shortly dy-differentiable at
t, if its Oy-derivative exists at t. We say that f is first type fuzzy delta differentiable on T*, shortly oy-differentiable
on T¥, if its dy-derivative exists at each t € T*. The fuzzy function oxf : T — F(IR) is then called first type fuzzy
delta derivative, shortly Sp-derivative of f on T*.
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The defined 6y-derivative has the following properties.
Theorem 2.4. ([9]) If the dy-derivative of f at t € T* exists, then it is unique. Hence, Sy-derivative is well-defined.

Theorem 2.5. ([9]) Assume that f : T — F(IR) is a continuous function at t; € T and t; is right-scattered. Then f
is Oy-differentiable at t; and

f(a(t1)) ©n f(t1)
p(tr) '

Theorem 2.6. ([9]) Assume that f : T — F(R) is y-differentiable at t € T*. Then f is continuous at t.

ouf(t) =

Theorem 2.7. ([9]) Let f : T — F(R) be a fuzzy function and let t € T* be right-dense. Then f is Oy-differentiable
at t if and only if the limits

lim f—(t *h)ou fH) and lim f—(t) On ft =)
o0+ h h—0+ h

)
exist and satisfy the relations

ft+hyen f(t) .
m ————— = 111’1’1
ho0+ h ho0+

f(t) 9th(f -h _ Srf (D).

Theorem 2.8. ([9]) Let f : T — F(R) is 5y-differentiable at t € T*. Then
flo() = f() + u(®) - duf(t)

or
f#) = flo(®) + (=1) - (u(t) - 6 f (1)) -

Theorem 2.9. ([9]) Let f,g : T — F(R) be 6y-differentiable at t € T*. Then f + g : T — F(R) is Oy-differentiable
att € T* and

ou(f + 9)(t) = ouf(t) + oug(t).

Theorem 2.10. ([9]) Let f : T — F(R) be 6y-differentiable at t € T*. Then for any A € R the function
A f: T — F(R) is 6y-differentiable at t € T* and

ou(A- F)(t) = A - o f(t).

Theorem 2.11. ([9]) Let t € T¥, f : T — F(R) and fo(t) = [f(H)]*, a € [0,1]. If f is Ou-differentiable at t, then f,
is dy-differentiable at t and

oulf(O]* = dnfa(t), a€l0,1].

Theorem 2.12. ([9]) Let t € T*, f : T — F(R) is dy-differentiable at t. Let also,
FO1F =[f®O.F ®], a0l

Then f* and 7a are A-differentiable at t and

al s
Buf@F =0, 7 0|, acio
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Theorem 2.13. ([9]) Let t € T* and f, g be Oy-differentiable at t, and

I <0, I (<0, Iy (H<0,

f o g is du-differentiable at t. Then
On(f o g)(t) = f7(t) o dmg(t) + 6u f(t) o g(t). 4)
Theorem 2.14. ([9]) Let t € T* and f, g be dy-differentiable at t, and

a,l a,l a,1
1M 20, Ifh (=0, I (>0,

f o g is du-differentiable at t. Then
S11(f 0 9)(E) = f7(t) 0 dug(t) + Suf(®) o g(t).
Theorem 2.15. ([9]) Let t € T* and f, g be dy-differentiable at t, and
L2 =0, A (=0, L7 ()20,
f © g is dby-differentiable at t. Then
Ou(f @ g)() = f7(H) © dug(t) + ouf(t) @ g(t).
Now, we introduce the conception for the first type fuzzy delta integration on time scales. Let I C T.

Definition 2.16. ([9]) A function f : T — R s called a sector of the fuzzy function F : I — F(R) if f(t) € F(¢) for
all t € I. The set of all rd-continuous sectors of F on I is denoted by Sgp(I).

Theorem 2.17. ([9]) Let ty, T € T, to < T, F, G : [ty, T] = F(R) be oy-integrable. Then F + G : [ty, T] — F(R) is
Oy-integrable and

T T T
f(F(s)+G(s))6Hs:f F(s)6H5+f G(s)oys. (5)

to to to

Theorem 2.18. ([9]) Let to, T € T, ty < T, F : [ty, T] — F(R) be O6n-integrable. Then A - F : [to,T] — F(R) is
oy-integrable and

T T
f A-F(s)ogs = A - f F(s)oys
to tO

forany A € R.
Theorem 2.19. ([9]) Let t,, T € T, to < T, and F : [ty, T] = F(R) be Oy-integrable. Then

T ¢ T
fF(s)éHs:fF(S)éHs+f F(s)oys

forany t € [to, T].
Theorem 2.20. ([9]) Let ty, T € T, to < T, F : [ty, T] = F(R) is rd-continuous. If Xy € F(R) and

t
fB) =Xo+ f E(s)ous, te€l[to, T,
to
then f is Oy-differentiable and

(SHf(t) F(i’ te [t(), T]
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Theorem 2.21. ([9]) If f : [a,b] — F(R) is 6y-differentiable on [a, U], then

b
f 51f(t) = ) &1 f@).

Theorem 2.22. ([9]) Let f : [a,b] — F(R) be oy-integrable. Then

b
fa FOout = (1) fh” Ftout

Theorem 2.23 (Integration by Parts). ([9]) Let f,g : [a,b] — F(R) be oy-differentiable and f o g is also On-
differentiable on [a, b]. If

0 <0, I3, 0 <0, [y <0, telabl, ©
then
[} fe®) 0 bughout = (f0) 0 g) 01 (f@) o gl@) u [} ouf(®) 0 g(t)dnt. 7

3. Preliminary Results

Below, assume that X is a real Banach space. Now, we will recall the definitions of compact and
completely continuous mappings in Banach spaces.

Definition 3.1. Let K: M C X — X be a map. We say that K is compact if K(M) is contained in a compact subset of
X. Kis called a completely continuous map if it is continuous and it maps any bounded set into a relatively compact
set.

The concept for k-set contraction is related to that of the Kuratowski measure of noncompactness which
we recall for completeness.

Definition 3.2. Let Qx be the class of all bounded sets of X. The Kuratowski measure of noncompactness o : Qx —
[0, o0) is defined by

m
a(Y) = inf 6>0:Y=UY]- and diam(Y;) <6, je{l,...,m)},
j=1

where diam(Y ;) = sup{llx — yllx : x, y € Y} is the diameter of Y}, j € {1,...,m}.
For the main properties of measure of noncompactness we refer the reader to [5].
Definition 3.3. A mapping K : X — X is said to be k-set contraction if there exists a constant k > 0 such that
a(K(Y)) < ka(Y)
for any bounded set Y C X.

Obviously, if K : X — X is a completely continuous mapping, then K is 0-set contraction(see [7]).

Proposition 3.4. (Leray-Schauder nonlinear alternative [1]) Let C be a convex, closed subset of a Banach space E,
0 € U c Cwhere U is an open set. Let f: U — C be a continuous, compact map. Then

(@) either f has a fixed point in U,
(b) or there exist x € dU, and A € (0,1) such that x = A f(x).
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To prove our existence result we will use the following fixed point theorem which is a consequence of
Proposition 3.4 (see [3], [8], [10] and references therein).

Theorem 3.5. Let E be a Banach space, Y a closed, convex subset of E, U be any open subset of Y with 0 € U.
Consider two operators T and S, where

Tx=¢x, x€ l_l,
for e >0and S : U — E be such that
(@) I-S:U — Y continuous, compact and
(i) (xeU:x=A0-Syx, xedU}=0, forany A€ (0, 1).

Then there exists x* € U such that
Tx* + Sx* = x".

Proof. We have that the operator (I - S) : U — Y is continuous and compact. Suppose that there exist
xo € dU and o € (0,1) such that

1
Xo = Mo E(I = S)xo,

that is
xo = Ao (I = S)xo

where Ag = pp % € (0, %) . This contradicts the condition (ii). From Leray-Schauder nonlinear alternative, it
follows that there exists x* € U so that
1
x'=—-(I-98)x"
~(1-9)
or
ex 4+ Sx" =«
or
Tx* + Sx* = x".
[

Definition 3.6. Let X and Y be real Banach spaces. A map K : X — Y is called expansive if there exists a constant
h > 1 for which one has the following inequality

IKx = Kylly = hllx - yllx
forany x,y € X.
Now, we will recall the definition for a cone in a Banach space.
Definition 3.7. A closed, convex set P in X is said to be cone if

1. ax € P for any a > 0 and for any x € P,
2. x,—x € P implies x = 0.

Denote #* = P\{0}. The next result is a fixed point theorem which we will use to prove existence of at
least two nonnegative global classical solutions of the IVP (1). For its proof, we refer the reader to [6] and
[11].
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Theorem 3.8. Let P be a cone of a Banach space E; Q) a subset of P and Uy, U, and Us three open bounded subsets
of P such that Uy ¢ U, € Uz and 0 € Uy. Assume that T : Q — P is an expansive mapping, S : Uz — Eisa

completely continuous map and S(Us) c (I - T)(Q). Suppose that (U, \U)NQ#0, (Us \ Uz) NQ # 0, and there
exists ug € P* such that the following conditions hold:

(@) Sx # (I-T)(x— Aug), forall A > 0and x € IU; N (Q + Aug),
(ii) there exists € > 0 such that Sx # (I — T)(Ax), forall A >1+e¢, x € dUpand Ax € Q,
(iii) Sx # (I —T)(x — Aug), forall A > 0and x € Uz N (Q + Auy).
Then T + S has at least two non-zero fixed points x1,x, € P such that
x1 €U, N Qand x, € (Uz \ Uy) NQ
or

x1 € (UL \U) N Qand x, € (Us \ Uz) NQ.

4. Existence of at Least One Solution

In the book [9], it is shown that the IVP (1), (2) is equivalent to the following integral equation

¢
y(t) =yo + f f(5,E(5)0ms, telty, Tl
to
In X = Cy([to, T]), we introduce the norm

Iyl = sup D(y(1),0), € Crullto, TI),
te[to,T]

provided it exists. For u € X, define the operator

Suu(t) =u®—w—ff@am%&tGMJl
to

Note, that if u € X satisfies the equation
Swu@) =0, telt,T],
then u is a solution to the IVP (1), (2). Let
By = B(T — tp + 2).
Lemma 4.1. Suppose (A1) and (A2) hold. If u € X, |[u|| < B, then

D(S1u(t),0) < By, te[ty, Tl
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Proof. We have

D(S1u(t),0) D

t
u(t) — yo — f f (SIS(S))éHs,aJ
to

t
f f(s,é(s»éHs,ﬁ]
fo
t

2B + f D(f(s, &(s)), 0)6ys

to

D(u(#),0) + D(yo,0) + D

IA

IA

IA

2B + B(T - to)
= BQ+T-t)

= By, te [t(), T]
This completes the proof. [J
In addition, we suppose

(A3) there exists a positive constant A; such that A;(T - t9)B1 < B.

Set A = A1(T — tp). For u € X, define the operator

t

Szu(t) =A fSlu(s)(SHs, te [i’o, T]

fo

Lemma 4.2. Suppose (A1) -(A3) hold. If u € X and |lu|| < B, then

IS2ull < AB;.
Proof. By Lemma 4.1, we have that
IS1ull < By.
Hence,
t
D(S,u(H),0) = D|A f Slu(s)éHs,a]
to

IA

t
Aq f||51u||f5HS
to

A(T = to)By

IN

AB;, te€ [to, T]
Hence, we get (9). This completes the proof. [

8176
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Lemma 4.3. Suppose (A1)-(A3) hold. If u € X satisfies the equation
Sou(t)=C, telt,T], (10)
for some nonnegative constant C, then u is a solution to the IVP (1), (2).
Proof. We 6p-differentiate the equation (10) and we get
A1S1u(t) =0, tet,T],

whereupon we find
Slu(t) =0, te [to, T]

Therefore u is a solution to the IVP (1), (2). This completes the proof. O
Our main result in this section is as follows.

Theorem 4.4. Suppose (A1)-(A3). Then the IVP (1), (2) has at least one solution in X.

Proof. Let Y denote the set of all equi-continuous families in X with respect to the norm || - ||. Let also, Y = Y
and

u = {ueY:||u||<B and if’ ||u||2§, then u(to)>§}.

For u € U and € > 0, define the operators

Tu(t) = eu(t),

Su(t) = u(t)—eu(t) —eSyu(t), telty,T]
For u € U, we have

(I = S)ull

lleu + €Sou|
< ellull + ellSaull

< €By +€AB;.

Thus, S : U — X is continuous and (I — S)(U) resides in a compact subset of Y. Now, suppose that there is a
u € dU so that
u=AI-Su

or
u = Ae(u+ Syu), (11)
for some A € (0, %) Then, using that S,u(to) = 0 and [|ul| > %, we get u(ty) > g and
u(to) = Ae(u(to) + Sau(to)) = Aeuto),
whereupon Ae = 1, which is a contradiction. Consequently

{ueU:u:/\l(I—S)u, uedly=0
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for any A; € (0, %) Then, from Theorem 3.5, it follows that the operator T + S has a fixed point u* € Y.
Therefore

u'(t)

Tu'(t) + Su'(t)

eu (t) + u'(t) —eu(t) — eSu™(t), telty, T,

whereupon
Sou*(t) =0, telt,T]

From here, using Lemma 4.3, we conclude that u* is a solution to the problem (1), (2). This completes the
proof. O
5. Existence of at Least Two Solutions

Assume that the constants B and A which appear in the conditions (A1) and (A3), respectively, satisfy
the following inequalities:

(A4) AB; < L, where L is a positive constant that satisfies the following conditions:
r<L<Ry<B,
with 7 and R; are positive constants.

Our main result in this section is as follows.
Theorem 5.1. Suppose that (A1)-(A4) hold. Then the problem (1), (2) has at least two nonnegative solutions in X.
Proof. Let

P=fueX:u>0 on [t,TI}.
With P we will denote the set of all equi-continuous families in P.Forve X, define the operators

Twolt) = 1+ me)o(t)— elL—O,

Ss3u(t) = —€Syo(t) — mev(t) — elL—O,(t) € [to, T,

where € is a positive constant, m > 0 is large enough and the operator S; is given by formula (8). Note that
any fixed point v € X of the operator T7 + S is a solution to the IVP (1), (2). Define

Q = P,
Uy = Pr={veP:|v|<r}
U = Pr=weP:|vl <L}

Us; = Pr,={veP: vl <R}
1. For v1,v, € Q), we have
IT101 — Thooll = (1 + me)|loy — v2l,

whereupon Ty : O — X is an expansive operator with a constant 1 = 1 + me > 1.
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2. Forv e 51{1, we get

A

L
ISsell - < €ellSzoll + melll + 5

IA

L
6(AB1 +mRq + E)

Therefore Sg,(?’Rl) is uniformly bounded. Since S3 : i’Rl — X is continuous, we have that S3(¢R1) is
equi-continuous. Consequently Sz : Pr, — X is completely continuous.
3. Letv; € 7_)121. Set

1 L
Uy =01 + —Sov1 + —.
m 5m

Note that S,v; + % > 0 on [ty, T]. We have v, > 0 on [tg, T]. Therefore v, € QQ and

—€MU) = —€MV1 — €520 —GE —GE
or
(I-T)v, = —emvy+ e£
10
= S?,Ul.

Consequently 53(51{1) c (I-T)(Q).
4. Assume that for any vy € " there exist A > 0 and v € P, N (Q + Avg) or v € IPx, N (Q + Avy) such that

S3v = (I - T1)(U - /\"U()).

Then

L L
—€S,0 — mev — GE = —me(v — Avg) + (—:E

or
L
—-S,0 = Amyg + —=.
5
Hence,
L L
S0l = (A + == =.
5201 = oo + £ = £

This is a contradiction.
5. Leter = % Suppose that there exist a v1 € P and A; > 1 + €; such that

S3v1 = (I = T1)(A101). (12)
Moreover,
L L
—€S,v1 — mevy — (—:E = —-Aymevy + eﬁ,

or

Sov1 + é = (Al - 1)771?}1.
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From here,

L
2=
5>

L
So01 + 5” = (A = Dmllva]| = (A1 — 1)mL

and

2
%+1>A1,

which is a contradiction.

Therefore all conditions of Theorem 3.8 hold. Hence, the problem (1), (2) has at least two solutions u; and
U so that

lluall = L < luzll < Ry
or
r<|lurll < L <luzll < Ry.

O

6. An Example
Below, we will illustrate our main results. Let T =2Ne ¢, =1, T = 16, B = 1000 and

9 3 2
Ri=35 L=, r=% m=10", A=

1
10B; "

Then
B; = 1000(2 + 16 — 1) = 17000.

Next,
L
r<L<R;<B, ABl<g.

i.e., (A3) and (A4) hold. Take

1 1,) 3.1
ft,y) = QUIChE Za)zth(t)<y 2+2a2), tel1,16], ae[0,1],
1+(y—%—%a)3 1+(y—%+%a)

where
7H1 +12), te[l,4],
h(t) =
0, te]8,16],
3(1+t%)
+/ te [1/4]/
ho(t) =
0, te][8,16].
We have that

D(f(t,),0) < 1000, ¢t € [to, T].
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Next, let yo = (%, 1, %) Then (A1) and (A2) hold. Therefore for the problem

ony = f(t,y), telt,T],

1.3
=(z1,2
y(to) (2, , 2)
are fulfilled all conditions of Theorem 4.4 and Theorem 5.1. Two nonnegative solutions of the considered

problem are as follows

1 1 3 1
yl(t) = [E + EOL, E - Ea], te [1, 16], a e [0,1],

and
[t3 +3+3a,243- %Oc], tell4], ac€l0,1],
Ya(t) =
[%+%mg_%4, te[8,16], a€][0,1].

Then, we have

_1
1. fora =z

yﬁﬁ{%g,teﬂﬂ@

and
[t3 +3,2+ g] tell,4],
ya(t) =
[2,2], tels 6l
2. fora=1
511
yl(t) - [g/ g:l s te [1/ 16]/
and
[t3 +2,2+ %] tell,4],
ya(t) =
34] telse]
3. fora = %
® [ q Fe[1,16]
]/1 8/ 8 7 7 7
and

[t3 +I,2+ %] te[l,4],

n(t) =
[2.3], tels 16l
In the first four figures are shown y; for a = %, o= %, o= % and a = 1, respectively. In the second four
1 1

. _ _ _ 3 _ .
figures are shown y, fora = 2, « = 7, @ = 7 and a = 1, respectively.
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