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A study of convergence problem in functional norm

H. K. Nigam?, Swagata Nandy*®
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Abstract. In this paper, we delve into the convergence challenges concerning with the functions § and ¢’
representing as conjugate Fourier series and derived conjugate Fourier series respectively within general-
ized Holder norm. Our approach involves utilizing the generalized Norlund-Matrix (N*7A) means of the
function g of conjugate Fourier series and the function ¢’ of derived conjugate Fourier series in order to
examine the convergence phenomenon of these functions. Furthermore, we conduct a comparative analysis
of the convergence outcomes through applications.

1. Introduction

Numerous researchers, including [4, 5, 10-13, 23, 25] and others, have dedicated their studies to the
utilization of Fourier series for function approximation. Their focus extends to different function spaces.
These investigators, with the help of many references, have incorporated summability methods as essential
tools to advance their investigations.

Present paper explores the challenges related to the convergence of conjugate function § and conjugate
derived function § associated with conjugate Fourier series and derived conjugate Fourier series respec-
tively in generalized Holder norm, where g is a 21t periodic function associated with Fourier series. This
exploration is conducted by making use of generalized Norlund-Matrix (N?9A) operator.

The structure of the paper is outlined as follows: In the second section, we present key definitions central
to our research work. In Section 3, we establish the auxiliary results that are utilized in proving our main
results. The fourth section focuses on establishing the convergence results of the functions § and § within
generalized Holder space. In this section, we also discuss some applications of our convergence results.
Section 5 serves as the conclusion, summarizing our key insights.

2. Preliminaries

2.1. Conjugate Fourier series and its derived Series
The conjugate Fourier series (C.ES) i.e. conjugate series of Fourier series, is given by

g(t) := Z(ay sinyt — b, cosyt). (@)

y=1
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The partial sums of (1) for the " term are denoted as 5,(J; t) and are defined by

§(g:t) —gt) = f Yo () ————F— COS(y - z)w w,

where
Vi) = gt + w) = gt - w)
and
10 =5 [ yo@eot (£} @
g = o O)/(t)a)CO 2 wl|1].
The first derived series of (1) i.e. derived conjugate Fourier series (D.C.ES), is given by
g'(t) = Z(ay cos yt + b, sinyt). 3)
y=1

The ™" partial sum of the derived conjugate Fourier series (D.C.ES.), denoted as §(¢;t), is defined as
follows,

SHORYAO)

__2 (" IP(f)(w)( 1 7 sy (w) cos(y + 2)a)

1
+ —|si + d 14], 4
)y 4sing Z)SIH(y Z)w YT o 4sin%y  tan$ dw14] @)

where 4’ is the conjugate derived function of 2r-periodic function g, which is expressed as

g = ﬁ f: Yo (w) csc? (%)da)

Note 1. A detailed work on Fourier series and its allied series can be found in [1].

2.1.1. Generalized Norlund-Matrix (NPA1A) product operator
Generalized Norlund-Matrix NP7A product means is given by

ywA R Zpy quZawsl, (5)

Y u=0

where NP4 and A stands for generalized Norlund transform and matrix transform respectively. When the
limit of o)\"'4 approaches s as y tends to infinity, it is asserted that the Fourier series is summable to s
through the product NPAA.

The regularity of NP4 and A methods implies the regularity of product N*7A method.

Note 2. The readers may refer [3] for more details of matrix (A) and generalized Norlund (NP1) transforms.

Remark 2.1. NP7A product operator is reduced to

y=u+p-1
(i) NPACP operator if a,,, = (f%ﬁ))
5
(ii) NPAC! operator if ay,, = y%
(iii) NPAHP operator if ay,, = 1

logh~ 1(1/+1)Hm olog" (y+1)
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) ; . _ 1
(iv) NPH operator if ay,, = o=rfyiors -

(v) NPANP operator if ay,, = p’ ~, where P), = fo:o Pu-
(vi) NFA operatorifq, =1, for all y.

(vii) CPA operator if p, = (7’+ﬁ Y,B>0andq, =1, forally.

2.1.2. Generalized Holder space

Consider an arbitrary function p : [0,211] — R with the conditions p(w) > 0 for 0 < w < 2m, and
im0+ p(w) = p(0) =
The function class Hﬁp ) is now characterized by the following definition

HY = {!7 € L"[0,2n] : sup llgt, +) — gOy

w20 p(w) Seovz 1}[1]’

The norm associated with the function class Hﬁp ) can be formulated as

”g(r +w) - g()”v v>1

7 =

g1 = 1lgll, + sup

w#0 p(w)

It is observed that p(w) and 7(w) represent the moduli of smoothness, satisfying the condition that 2 EZ;

positive, non-decreasing, and

is

lgll) < max (1, 2 Ez ;)n I <

It is evident that Hip )is a complete normed linear space. Furthermore, our observation reveals that
H? c HP c L¥ [0,27]
v v ’ .

2.2. Degree of convergence

The degree of convergence of a summation method to a given function g is a measure that how fast o,
converges to g, which is given by

1
g —oyll = O(—) (2],
9= Py
where 0, is a trigonometric polynomial of degree y and ¢, — coasy — co.

2.3. Notations

K cos l+ )
NWA .
(@) = 2nR gpy “q“z W Gin(2) sin(§)
y u
s1r1(l+2)a)
e TN M o

/

u
Hz _ _ﬁ Z ZO‘ cos(jcg).
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3. Preliminary Results
The proof of our main theorems necessitates the use of the following auxiliary results.
Lemma 3.1. If {p,} and {q,} are monotonic decreasing and monotonic increasing sequences respectively, then
(y + Dpyq0 = O(R,). (6)
Proof. The proof of this Lemma is straight forward. [

Lemma 3.2. [T)""4(w)| = ( ) for0<w < y+1

Proof. When 0 < w < it is ensured that sin(%—’) > %, |cos (Z + %)wl <1

y+1’

I |Cosl+ ) |

p)/—HqHZ Ayl =Ty |51n( )l

T4 (w)| < Ri

NlH

~ |\M\<
o

u

1
Py-ufu Z Qulg

1=0 n
u

Py-ufu 2 Ayl

=0

IA
|-
=
i

IA
|-
\'W =

=
Il
[=}

o)

Lemma 3.3. [T}""4(w)| = O(m),for ﬁ <w<m.

IA
N

1=

Py-ufu

<

=
I
o

\—/

O

w
Proof. when m <w < 7, it is ensured that sin(%) > .

cosl+ )

NPAA
1" @) < 271R Zpy ”q”Z Ml sin(2)) |sm(“’)|

l
! ZPV MHZ’ZHICOS i

4 e

IA

Fl=
=

Y

u
Z Py-ufy Z @y, COS (l + )

u=0 =0

IA
£
|-

Using Abel’s lemma we have,

|TNPLIA( )| < [Z Py-uu Z(Clyl —ayu- 1l+1)ZCOS( )

Y p-1 ! H
11 1
< ZR_ Z Py-ufy Z Aay, Z cos (v + 2)(0 +ay, Z cos (l + E)w
7 u=0 1=0 v=0 1=0
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y p-1 .
11 1
= _wR_ZpV e ZlA”#lH”wl&iﬁ ZCOS(U+ E)w
u=0 1=0 o
< . 1 +0 1 l
SRy I Opy—pqy p+1 p+1)] w
1 V 1
< o2 , Fopa/—y% m .

Further using Abel’s lemma, we get

y
11 1
NPAA
|Ty (a))| = 2R, Z(PV pJu = Py-p- 1‘7u+1)Z nt1 +p0’hZ m
4 u=0 u=0
[y-1 m
11 1
< C(?R_y § |(nyu€ly - p)/fyflq,qul)l + |PO%|} Orgjas)r(n L v+ 1

Using lemma 3.1, we have

1
1)<
1
- O(aﬂ(y n 1))

Lemma 3.4. [13] Let g € Hﬁp), then for0 < w < 1
(@) lpC, )l = O(p(w));
.. _ JO(p(w)),
(i) [P +x ) =Y, o)l = O(p();

(iii) If p(w) and t(w) are modulus of smoothness, then

O

90+ 3,@) = ¥, @)l = Oe(xD( 2 )

Lemma 3.5.
(i) [22, Lemma 2] |1H;| = O (y + 1), for0 < w <
(i) [22, Lemma 3] |H,| =

- v+1’

(—wz(yﬂ)),for T <@ <.

Lemma 3.6. |H,| = (ﬂz ),for D<w< ),H

Proof. For0 < w < sin(3) > %, | cos(lw)| < 1.

—y+1’
Y 0
11 |cos(la))|
S —5) Py a,
4m R, ZO ’ “; sind(9)]
11 < u
S4_R_Z VMHZ #l“,z
u=0 1=0 e

8027
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y
Z, - #‘7#2“#1

Lemma 3.7. |I:I/2| = O(m),for y% <w<T.

Proof. When -5

7 <w < 7, it ensures that sin(%) > 2.

, 11 cos(la))
| 2|SER ZP;/ #‘7#2 |51n2(

11 - cos (lw)
< R Z Py-ufu Z Al

u=0 1=0 2

wz R Zp)/—y%zﬂyzcos (lw)|.

Using Abel’s lemma we have,

|H|_ 4w2R_

IN
=~

e
%|._‘

IN
=~
3B

<

IA
R
|-
D1 Li02-

IN
S
g
w
Bl=

[Z Pyl

Y u=0
y
Py—uqu

b
(=}

Py-ufu

Py-ufu (

1l
o

w

u-1

!
Z Py-uqu Z Aay, Z cos (vw)
1=0

MT

Z(ayl — Ay-1)41) Z cos (vw)

u

Z cos (lw)

1=0

R

cos (la))]

I

Il
[==}

+

v=0
[u-1

Z |Aay, | +ay, Hl max

L I=0

m

Z cos (vw)

v=0

ol) el 2

1
p+1)

Further using Abel’s lemma, we get

r-1

Z(Py uqu —

u=0
-1

| =0

Z I(py wdu = Py-u— 1‘7p+1)| + |Po%/|] max

b4

1
Py-p- 1‘7u+1)z u+1 PO%Z TS
—0

vO

m

1
Z5v+1

v=l

8028
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Using lemma 3.1, we have

~ 1
|I_I|S R_ Mo

a)
B (w3(7+1 )

4. Main Theorems

O

4.1. Analysis of convergence of the function of conjugate Fourier series
Now, we proceed to establish our fundamental theorem.

Theorem 4.1. If g is a function of period 21t and Lebesgue integrable, then the degree of convergence of § of conjugate
Fourier series in generalized Holder class using generalized Norlund-Matrix (NP41A) operator, is given by

0 =0 f ralzbe)os() 1)

Proof. We write

1 (" +3)
550 =90 =5 [ vl = e

ny

Now,

M, () = o)™ = g(t)

1 < p
=R Z Py-ufu Z ay,i(3y(g;£) = g(1)

Y u=0 i=0
y K cos l+
ZRR f I,Dt(a))Zpy ol ”Za”l sin(%)
=0
= fo ()T (w)daw. 7)

So,
M, ,(t +x) = My, () = f W(t +x, @) = P(t, )T} (0)dw
0
Using generalized Minkowski’s inequality [1],

¥, + ) = ¥, Ol < fo (- + %, @) =, @)l TN A (@)dew

= fo‘“l (- +x, w) = P(., w)”vT}Iyp'qA(a))da)

# [ I+ 50 = 9ol TY oMo

y+1
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Using Lemmas 3.2 and 3.4 (iii), we get

1

| = fo e+ xw) - U, )l TN (@)dew
(o) [ ” o) Lo
p( Y ) 7+1
[ (-5 : f 14

- o] D“”l) (M)]

+1)

Using Lemmas 3.3 and 3.4 (iii), we obtain

VI = f 1W(+x, @) = Y, @l Ty " (@)da

= [ f . pre) Ew; y+11)w2)dw]

p(w)
T(l |)fl T(a)) a)2

From (8), (9) and (10) we get,

”M%H(' + x) - M}’r%l(')”v _ P(),%) 1 1 7T p(ﬂ)) 1
. () - O[T(#) log(y 1))+ O(m f @\

1

By applying generalized Minkowski’s inequality [1] again and utilizing Lemma 3.4 (i), we obtain

W, Oll = 16774 — g0,
<( fo " f i, Ty A e
=o(f0’m %p(a))dw)+0(fn (ﬁ(wZ)P( )) )
=ofp{ ) es(i)) ol [, v ko)

It is well known that
||My,y(' + x) - M}',y(')”v

x#0 T(|x|)

1ML, (I = 1IN, ()L +

Using (11), (12) and (13) we get,

Wt 0= Ofp{ 1 Jos()) ol [, o)

8030
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(11)

(12)

(13)
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P71 1 1 (" plw)( 1
o 1) (7)) + ol f e He) 9
Due to monotonicity of t(w), it follows that
) = £ (@)
p(m)
< %T(Tl).

For 0 < w <  we get,

uMmmm9:<iZ%?h%(y1J)Hi;%zfzgg%&%yw) 0

Now we have,

L S o= e S -4

v+l 2
y+1 1 T(w)\w

1 y+1 T(% w
1
= (ﬁf:g;(y 1))
(1)
:OZ%J
Thus,
(57 n
o) o [ 2 )
Now, from (15) and (16)
0= o [ 20 L))

O
Corollary 4.2. Let § € Hup)v;v 2 1 and assume that p(w) = o®, 1(w) = wPand 0 < B <a <1, then
~ ol +1 P2 -logy+1)),  ifosp<a<t,
VL O =4 |
O[m (n(r(y + 1)) (1 = In(y + 1)) ] i p=0,a=1.

4.1.1. Application

Let us consider f EZZ; = e“w3. Then, from (17), we have
- y 1 ye?'%
MO = ([ sNA 5 0y _ 5 — Tl _
I, kO = 102 4(G38) = 30 = O g =1+ T2 )=y + 1) |

Presently, we depict the graphs of M, () for different values of y:
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y ¥, (B), = o[),i1 (e - 1)+ 255 )(1 “In(y+ 1))]
1000 0.29843601
10000 0.04150614
100000 0.00531507
1000000 0.00064793
00 0
Table 1: Values of ||]\7I},,H(-)|| for different y.
50 1 T T T T T T T ™ - q 50
a0 40F
30 1 30T
g" 20t g 20}
0 0
10 e —— | 10 e B
20 o 1
0 1 2 3 4 5 6 T 8 9 10 o 1 2 3 4 5 6 T 8 8 10
X axis (7) «10* X axis (7) %10°

(a) For y=100000 (b) For 1=1000000

Figure 1: Graphs of IIM;,, 4Ol for different y.

4.2. Analysis of convergence of the function of derived conjugate Fourier series

Now, we proceed to establish another fundamental theorem.

Theorem 4.3. If g is a function of period 21 and Lebesgue integrable, then the degree of convergence of § of derived
conjugate Fourier series in generalized Holder class using generalized Norlund-Matrix (NP4 A) operator, is given by

y 1 1 fnl iEZ;(wc;l)dw)'

7+

v (0 _
I, I = O

Proof. According to [15], the integral representation of S?'y(j ;1) is provided as follows:

s =
s~’y(g~’,-t):% I g(k)%(Zsinr(k—t))dk

m r=1

1 (Td cos(%’)—cos(y+%)a)
[ 2

i 2sin(%)

1 (T d (cot(§) 1 (™ d (cos(u+ 3w

-3 |, al T e £ [ (S e
1 (7 ) 2 (™ Pw) 1\ . 1
= E[) cscz(E)lpt(a))da) -z ; 4sin(§)(# + E)sm(‘u + E)wda}

)(g(t @) + gt — w))dw
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1 (7" () cos(u + 2w
T Jo 4sin(3)  tan(%)

§;,(g"/;t) - i j: csc? (%)lpt(w)dw = —%(y + E) | " Yol) sin (y + ;)a)da}

4m

™ () cos(y+ 2)w cos(% ) o

T o 4sin% sin §
™ @) ( 1) " i) COS(Hw)
S (g t) g (t) - - 0 4811'1 @ smiu + 2 wdw T Jo 4sin ¢ 5 sin € 2
Now,

Mw(t)—oN”A(g H—g ()

"% Z Py—uly Z a1, (7 35— 7 (1)

‘uO

o 2u1 (T Yw) . )
R Ry zpy m ZLIM sin(l + E)a)dw

o 4sin%

R, Jo 4sin%

T Py(w) 5L cos(lw)
Py-ulu Z Tl ~5in 2 dw
y—O 1=0
£ sin(l + 2)a)
=_ER_f llft(w)zpy MHZ‘”M sn
- Cos(la))
- E R_ l/’t(w) Z Py—uqu ZOJ ”#1 2

=

- fo (lpt(m)H’lda))+ fo (g[)t(a))I:I'zdw)

_ fo " ¢t(w)(H’1 + H’z)dw. (18)

So,
M, (t+x) - M, (t) = f W(t + x, @) — Y(t, @) (H] + H)do.
0
Using generalized Minkowski’s inequality [1], we have

VL, (- + ) = M, ()l < fo (- + @) =, @)l (] + Hy)de

_ fo T+ 2,0) — 9 @)l (B + Ay

. f 9 + 3, @) = Y )W, + H)da

-Y+Z (19)



H. K. Nigam, S. Nandy / Filomat 38:23 (2024), 8023-8037

Using Lemmas 3.4(iii), 3.5(i) and 3.6, we get

1

Y= fo I+ x, @) = 9 @)l (G + Ao

< :’r(lxl)‘foy11 %(7/ +1+ )dw]

- :T(|x|)£iil(} f’l %(y +1+ %)da)]

PG 1\
= | ( 1)hm(w+w‘5)€ ]
: p(ﬁ) 1
= _T(|x|) T(),L) ((y + 1)(m) -(r+ 1))]
= ofy T(|x|>pzi; :

Using Lemmas 3.4(ii), 3.5(ii) and 3.7, we get
7] = fo et 1,00 = e I+
- [ f Lol s + oo e
= O (s |)fl P ).
From (19), (20) and (21) we get,

up IM,, (- +x) = M, , Ol _ O(y P(y+1))+o( 1 ff p(a))(cu+1)da))'

*#0 T(|X|) T()/+1) Y+ 1 L T(a)) w3

Applying generalized Minkowski’s inequality [1] once again and using Lemma 3.4(i), we get

IM,, Ol = llo)" 4@ ;) = 7 @)l

<([ i f it DI+ H' o
~of [ (o e o) +of [ (25
ol ol [ o5 )

We know that
||M;/,y( + x) - M;/,p(')HV

x¢0 T(|x])

IV, OIS = IV, ()l +

8034

(20)

(21)

(22)

(23)

(24)
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Using (22), (23) and (24) we get,
~ 1 1 T w+1
O =
1M, Ol O[y p()/+ 1)] " O()/+ 1 f11 p(w)( w3 )da))

oyt rofst [ (=t )

y+1

Due to monotonicity of t(w), it follows that

p(@ = 2 (w)

(w)
p(70)

< %T(TC).

For 0 < w < 711, we get

I, I = Ofy p(#)) vo(—5 | PO @), 26)

T(ﬁ) y+1J1o t(w)\ B

y+1

Now,

1 f”p(w)(w+1)dw> 1 PG) “(1+i)dw

y+1J1 t(w)\ «? _y+11(1,%) L 0 W
1 P(ﬁ)[ 11 ]"
1

Tyrlapl @

y+1

w 2w?
+1

(2 e
L2 T(y-li-l
(537)
> O(%Z(%)).
Thus,
(5:7) "
o) ol L [ et

Now, from (26) and (27), we get

WL, (I = O(y — f iﬁii(“;l)dw) ¥ O(y/ = f iEZZ(‘”Jsl)dw)

y+1 y+1

ol [ 2 )

4
y+1

0
Corollary 4.4. Let § € Hiap);v > 1 and assume that p(w) = 0, 1(w) = of and 0 < p < a < 1, then
O((y + 1) 2, fo<p<a<l,

I, (I =
O(%(ln(n()/ 1)+ + 1))), if p=0,a=1.
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Let us consider 2% = ¢“w?3. Then, from (28), we have

T(w)

-~ - an, v 1 n eﬁ
WL, O = Y4 ;6 — § Ol = o(y—(ne )

+1 _)/+1

1
'}/ ||M;,,H(t)||1/ = O( )/11 (T[en - eyy+i ))
10000 0.00726
100000 0.00072
1000000 0.00007
) 0

Table 2: Values of IIMV,M(‘)II for different y.

Presently, we depict the graphs of M;/,y(-) for different values of y:

y axis (M)

x axis () %10*

(a) For y=100000

5. Conclusion

-4
S

x axis ()

(b) For »=1000000

Figure 2: Graphs of IIM;,H(-)H for different y.

8036

After examining the convergence results in all the applications, it is clear that both the norms provide
excellent approximations. We see that as the value of y increases, the convergence rate of both § and ¢’
intensifies. After a thorough analysis of the convergence results, it is unequivocally evident that both norms
excel in offering remarkably best approximations which approaches to zero.

Acknowledgement: The authors wish to thank the referees and editor for their insightful comments
and valuable suggestions for improvement of the paper.
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