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Abstract. In this work, we define a King type modification of §-Szdsz-Mirakjan operators which reproduce
2 -

u”. The aim is to study the approximation properties for our operators in weighted function spaces by using
the K-functional, second order and usual modulus of continuity.

1. Introduction and Preliminaries

On the g-calculus has taked an important part in the field of approximation theory since last three
contracts. In 1987, A. Lupas defined the definite g-calculus to approximation theory. He applied the
g-analogue and studied the approximation properties of Bernstein polynomials [16].
application of the quantum calculus was given in 1997 by Phillips [18]. He applied the g-calculus to
define the g-analog of the classical Bernstein operators. Ostrovska [23] obtained more consequences on
the g-Bernstein operators. Several mathematicians have studied the approximation properties behavior of

g-analogue [3], [6], [7], [8], [9], [14], [17], [20], [21]. Recently the g-calculus has also been applied to study
the g-analog of some summability methods in [28] and [22], respectively.

In 1950, Szasz [27] introduced and exhaustively investigated the operator

Sulgiwy =e™ Y (”;—f‘)jg(é). (1.1)
=

Another notable

The King type modification [18] of positive linear operators which preserve the function e,(u) = u? have
a better rate of convergence than the classical ones.

The operators V,,, : C[0,1] — C[0, 1], for any m € IN, are defined by

(V) ) 2( Jsu/a - s 2), :

j=0

for any function, g € C[0,1], u € [0, 1], where s}, : [0,1] — [0,1],
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u?, m=1

)= — + ULy 3 ! m=2,3
2(m—1) m—1 4(m —1)%’ e

This sequence preserves two test functions ey, e, and (V,,e1)(u) = s}, (1) holds.
This idea was implemented to some other familiar approximating operators in [11], [26],[25], [1], [19],

[2].
Let g € (0,1). The definition of g-integer is given by [15]

1_qm
)y = { To RO
1 m, g=1,

~1],---[1], m=>1,
[m],! ;={ [17,”]'1[’” Iy ZiO/
[ m ] L [m]q'
i, ©lgm = 1Y

m—1 —
(1+u)g1::{§1+u)(1+qu) (1+q" u) Zz

m—1 ©0
9o =1, = [ [1-q%), o =]]a-gw.
j=0 j=0

Gauss binomial is defined by
(u+ay = Z[ j ] =012 g1ym=],
j=0 q
There are two g-analogues of the exponential function e*, see [16]

1
for|u|< =

o 1
ot = ;W‘l—«l—q)u);‘”

for|ql<1,
where (1 - u)> = TT720(1 - q/u).
oo NS - JG=1) Mj 00
E) = [[(+ra-a0u) =) 0 g = (e (=g
<0 j=0 "

In [24] the classical Szasz-Mirakjan operators have been changed on a closed subintervals of [0, ), as

(1) im+c) 1.2)

J=




MLI. Ayari/Filomat 38:23 (2024), 8323-8336 8325

where0 <u<oo,c,de Nand0<c <d.

In [4], the generalized Szdsz-Mirakjan operators based on the concept of g-integer were defined by

[, b+l
Sualgi) = Ey [mlquﬁm](q, il s 1) (13)

forany m € N, 0 <u < o0, g € C[0,0),c,d € Nand 0 < c <d, Sy,j(q;u) = 0. We can easily check that

Y Sui(g;u) = Ey(=lmlyu) Y fujlg;u) = 1, (1.4)
j=0 j=0
where
(Il
ﬁm,]‘(‘i? M) —’1

(714!

2. Construction

We propose the operators defined in (1.3) which preserve the quadratic function e,, defining the functions

—g*[m +cl, + \/q‘l[m +c]7 + 4q[m]3[m + dlju?

(k) = 24, [+ cly

where 1 > 0, we consider the sequence of linear positive operators

L [, [m+cl,
S30(9310) = Ey(-Dml 50 0) Z i@ fo og) @3)
Lemma 2.1. foranym € N,0<u < oo, c,d € Nand 0 < ¢ <d,. We have
i . [m+c]l+1 ”sm(u)
i+1. 1 n.
Soatt0 = 22 1 ) T g a0 26

Proof. If we have

[l =q" + [ -1,
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we can write

[]'];H [Wl + C];‘Fl

(i+1) [m]f;l [m + d]f;l

Sing(t;) =5¢mmwm2(ﬂ

/(/

([m]qsm(u))]
X—

[j1,!
0o q[]]l[m + C]i+1
=&H%MWZOW%WJW*

g" T Y ([ (1))

[]_ 1]q

ﬂl(u)

gl +1j - 1]q)i[m + ]
= Ammmmz B+ 47

([m]qsm(u))] !

[] - 1]q Sm(u)
= qEq( [m]qsm(u))ZZ( ) (j-1)(i- n) [j- 1],1
j=1 n=0

g1

y = [m +cit ([mlgsn(u) ™!
qU2iim]gm + dlt [ - 11!

S (1)

[m+ c];"“r1

= E (- m : ) i i i
q q( [m]qS (u));( n qzn—z[m];—n[m_i_d]zq—nﬂ

© [] — 1]”[7)’[ + C]n ]—1)2(]'—2) ([m]qsm(u))];l
Zg(] “Snm]ym + dly n [/ = 1!

R )

= E - m l ) ; i i
q q( [m]qS (u))nzzé( n qznfl[m];‘"[m+d];‘”+l

y Z [ilglm +clg oo (mlgsm(@))™!

T+ (71,
_ i [ + ] s (1)
= ;( n ) q2n i 1[7”1]1 n[m + d]l n+1 mq

sm(1)

(t"; x)

which is desired. [
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3. Moments

Lemma 3.1. For Sy, 4(t;x),1=0,1,2, one has

(i)sm,q(l}u) =1

(i@)Smq(t;u) = —{Z:Z]]q”
q
(ifi)S,g (5 1) = (‘7” +[m]q)[m+d]§

. 3.y — 24> +q 2 7\t
(10)Smq(t5u) = (” + [m], [m]g )[m + d]s’

Ly o (W3 H29+1 5 30439+q 5 gt D
(©)Smq(thu) = (qz + qlml, e [mP2 * [m]} )[m +d]}

Lemma 3.2. Let S}, ,(g;u) be given by (2.5). Then the followings hold:

(i)S:,,,q(EO;U) =1
o [m +c],
(iD)Sy4(e1;u) = QMS"!(”)
(iii)S;,  e2;u) =
s o) = (S Ao T [+ cly
(@S (exin) = (shw+ ], S'”(””[m]fm(”))[ +dp
L (sk) 3P +29+1 3¢° +39+4q,
(©)S;, ,(es;u) = ( P ] S(1) + 2 S (1)
q4 [m+c]
MR ol ))[ +dlj’
Proof.
(0)Sp,q(e0;u) = 1
S o s (2l
(ll)smlq((i'l, M) = Eq(_[m]qsm(u)) ; ﬁmr](q’ Sm(u))( [m]q [m + d]qu_z)
_ Im+c]y
= q[ 4 ]qsm(u)smq(l 1/[)
_ Im+cly
= q[ T ]q Sm (1)
2
(iii)Sy, 4 (e2;1) = Eq(= [m]qsm(u))Zﬁm (@5 5m(u ))([[]]]q %)
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O S e
= +dl, Sm(“) (1) + [m] [m ]2 S(10) Sy (L 1
~ q[m+c],7 ) , lm+c ]5

= o ]2 sy, (u) +q —[m]q[m+d]§sm(u)

= 1,{2

3

((0)Sy4(e3;u) = Eq(=[mlgsm(u)) Zﬁm’(q S (1 ))([[]7”'1]]L7 %)

_ * 2.
= o d]fm(”’sm'q“ 0 [m}q[m " d]§

Sm(1)Sy,,q(t; 1)

q3[m+c]3
m sm(u)S mq(]- u)
q +q &2 7 [m+c]3
o ]zm<>)[ v

[l [m+cly )4
[m]; [m + d],q/2

= (s + L1

@S glesit) = Eg(=[mls(w) Z',ﬁ,n](q, sl

[m+cly 3[m ]3

= msm(u)s,*nlq(ﬁ; u) + msm(u)s;,q(tz; i)
+% (DS;,(50) + H 5 (1)S3,4(1;10)
_ ( ";(2”) Nl qﬁi”sm(u) % 2, (11)
* [,:];S’” ”))EZ: ;ﬁ, )

O

Lemma 3.3. Foru € [0,00),c,d € Nand 0 < ¢ < d, we have

. [m+cly
Sm,q((t —uju) = q [m +d], Sm(u) —u (3.7)
S:(t—uu) = (u L + cly 3.8
",q ; = q[ " d]q m(”)) ( .8)
and
1-gq 7*[m +

| Shg((t —uju) | < i+ 14~ [m]g[m +d), (G + 1)

)< 2(1- q) - 2¢*[m + clyu _
- \/‘+1 [mlg[m +d],(\g+1)

S (£ — 0% Bun(1). (39)
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Proof. From Lemma (3.2), using inequalities, (3.7) and (3.8) we get

—g*[m +cly + \/q4[m +clf + 4q[mlz[m + d]ju?
2[m]y[m +d],
2(glmlglm + dlqu® — g*[m + clqu — [m],[m + d],u?)

S} (( = 1);10) | —u

g*lm +cl; + \/q4[m + Iz + 4qIm]3[m + dlju? + 2[m]y[m + d]u
qlml[m + dlqu — g*[m + cl, — [m][m + dlqu
Valmlg[m + d]; + [m]y[m +d],

g-1 7*[m +
Vi+1 [mlglm +dl;(\g+1)

IA

IA

3_ 3 2 2
S (t= ) 4([m],[m + dlgu® — qlm],[m + dlqu® + *[m + clqu®)

m,q

g2[m + cl, + \/q4[m + 2 + 4qlmP[m + d12u + 2[m) [m + dl,u
2(q*[m + clqu + [ml[m + dlgu? — q[m],[m + d],u?)

Valmlg[m + dl; + [m];[m + d],
20-¢q) , 2¢2[m + clqu

i+ 1 T Tl lm + dl, (VG + 1)
= Ou(u).

IN

IN

O

4. Approximation Properties

The weighted Korovkin-type theorems were demonstrated by Gadzhiev [12]. Let y(u) = 1 + u? and
B, [0, o) be the set of all functions g satisfying the condition, | g(u) |[< M,y(u), where M, is a constant
depending only on g. B, [0, o) is a normed space with the norm || g ||,= sup{| g(u) | /y(u) : u > 0}, for any
g € B, [0, ). C, [0, o) denotes the subspace of all continuous functions in B, [0, o) and C;,[O, o0) denotes the
subspace of all functions g € C, [0, o) for which lim, . (9(u)/y (1)) exists finitely.

Theorem 5.1. Let g,, € (0,1), such that g,, — 1 as m — co. Then, for every g € C;,[O, o), we have
Tim |1S;,,, (0 - g@) I, = 0.

Proof. Taking weighted Korovkin theorem given by [13], it is enough to check the following three assertions

lim || S}, (t5u) —u"|l,=0, r=0,1,2. (4.10)
m—o0
Since, S}, (1;u) =1, the first condition of (4.10) is satisfied for » = 0. Now,

| S (10) — 1

I Sy, (G 1) =1 lly = uz[l;i) 1+ u?
Gm — 1 u qi [m+ C]qm
—1| sup 5~
Vi +1 o 1Hu> [mlg, [m +dly, (VG +1)
‘ qm — 1 _ '_ qgn[m + C]qm
\VGm +1 [mlg, [m + dlg,, (\fGm + 1)
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which implies that the condition in (4.10) holds for = 1. In a similar fashion, we can write

| Sy (1) = 142 |

ISyt =5, = sup s
2(1 = qm) 2
VIm+ 1 lidom 1+ 12
‘ 245, [m + cly, u
+ sup ——
[mlg, [m + dlg,, (Vgm + 1) leoe0) 1 + 142
21-q0) | 28 [m + cl,,
Vm +1 [mlg, [m + dlg, (\Gm + DI
Which implies that
lim ] Spugn(E51) =12, = 0,

(4.10) holds forr =2. O

Theorem 5.2. Let a > 0, g, € (0,1), such thatg,, - 1asm — coand g € C;,[O, 00). Then, we have the
following result

i | S (7:1) — g(u) |
m Ssu =
m—o0 ME[O,I;) (1+u?)®

Proof. For any fixed 1 € [0, o), then

| Shig,, (g5 1) — g(u) | - | Shig,, (g5 1) = g(u) | . | Shig, (95 1) = g(u) |
e S ) N e S G
; | Sy 1+ 2510 |
< * _ Mm
< | m,q,,,(g) g ”C[O,Ho] +1l g H)/ iiﬁ 1+ u2)1+a
rsup 1 4.11)

u>ug (1 + u2)1+0( ‘

lg(u)] liglly
(T+u2)+e = (14u2)2

Since | g(u) <[l g I, (1 + 1u?), we have SUP,5 Let’s choose ¢ > 0 to be arbitrary. We can

have u to be too large, so that

g Il €
—_— < - 4.12
1+ u%)“ 3 (412)
In view of Lemma (3.2) we obtain
| Spyg, (1 +1250) | 1+ 12 gl
lglly lim — = lgly=——=
m—oo (1 + u2)1+a (1 + u2)1+a (1 + MZ)O(
” !7 ”)/ &

< —F—< - 4.13
1+ "3 (4.13)

Using Korovkin’s theorem, we can figure out that the first term of the inequality (4.11), implies that

. €
Il S, (@) = 9 llcroul< 3 as  m— oo. (4.14)

3 4
Therefore, combining (4.12) - (4.14), we get the wanted result. [
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5. Local approximation

*

In this part, we obtain local approximation for the operators Sj, .. By Cg[0, c0), represent the space of
real-valued continuous and bounded functions g on [0, ). The norm on C3[0, o) is given by

g llo= sup |g()].

0<u<oo
K-functional is given by

Ka(g,9) = inf{llg=hllo +S I 1" |l),

inf
geW?

where 9 > 0 and W? = {h € Cp[0,00) : h',h" € Cp[0,0)}. In view (2.4) of [10], there consist an absolute
constant C > 0 such that

Ka(g,9) < Can(g, V9) (5.15)
where

w>(g, V9) = sup sup |g(u+2t)—2g(u+1t)+ g(u) |

O<t< \@ ue[0,00)

is the second-order modulus of smoothness of g € Cg[0, o). we state the usual modulus of continuity of
g € Cg[0, o0) is given by

w(g,d) = sup sup |gu+t)—gu)l.

0<t<9 0<u<oo

Theorem 5.1. Let g € Cp[0,00) and 0 < g < 1. Forallm € N, c,d € N and 0 < ¢ < d, and for constant C > 0 we
obtain

| S:n,q(gf' u)—gu) | < Cawig, ymqW)) + w(g, amgW)),

where
_ [2a-9) 2¢°[m + clgu 2
Vo) = e 2+ TRTETIReESY + (g (1))
_l-q  glm+dy
Ona) = =T Tl + Al (N7 + 1)

Proof. For u € [0, 0),such that S}, defined by
Su(gu) = S,.(g;uw) + g(u) — g (sm(u)).
From Lemma (3.2), we have
Su(Lu) = S, (Luy+1-1=1
S, tu) = S:n,q(t; u)+u—syu(u)=u
Su((t=u);u) = 5, u) —us, (Lu) =0.
Let 0 < u < oo and f € W2. By Taylor’s formula we have

t
9(6) = gw) + o)t — ) + f (t - 5)g" (5)ds.

u
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From above equation, we have

t
Su(g;u)—gw) = g WS, ((t—u);u)+85, ( f (t—9)g" (s)ds; u)

t
$Afaﬂwwwﬁ

L [m + cly "
- fu (q[ " d]qsm(u)—S)g (u)du.

Therefore

t
IKEECE

el
qmsm(u) [m + ] . d
L @[+ﬂmmﬂp@s

t t
f|f—S||!7”(S)|dSS||!]”||f|f—5|dSS(f—u)2||!]”||

[m +c], .
(1o an ) - Nras
We conclude that
Sulgw) —gw)| < S,., (f (t —s5)g"(s)ds; u)
[m+c]q
qmsm(l{) [m +C ]‘7 "
- fu ( [m v, ——— (1) - s) (s)ds
’7 * 7 [ ]L] 2
N N e P [ (e R
q

19" Nl V().
Now, taking S;,, we get

|Su@uw) | < 1S, (guw) | +211gl<3llgll.

Therefore

| Shug(g; ) —g) | < 15,09~ f;u)— (g - )|

[m+cl, _—
*Pﬁﬁ +d]smao) G|+ | Sy (fru) — f(w)
1S = fru) [+ 1 (9= f)w) |
) - g0 1,500 - 10
(g, Qg (@) + Vg @) | £ 1 +4 11 g = F1I.

Taking the infimum over all f € W?, we get

IA

IA

S (@10) = g | < (g, qmg(u)) +4Ka(g, 72, ().

From K-functional, we have

| Sig(@u) —g@) | < (g, amg()) + Cwa(g, YimqW))-
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which gives the proof. [

Theorem 5.2. Let q = q,, € (0,1), we have g,, — 1, as m — oo. For g € C:(0, o] and g*(w) = g(@?),0 < w < 0.
Then forallm e N, c,d €e Nand 0 < c <d, u > 0, we have

- qm qgn [m + C]l%n )
\/fi_m 17 Ty I+ dly, (V7w + D/

Proof. Let f € C;,(0, 00] is fixed. By g* we have

| Sy (@) — gu) | < Zw(

S:”rl%n (g’ u) = S:n,q,,, (g*( ‘\/—)I u)'

Now,

I 521 @ (N u) = g Vu |
[]]qm [m + C]qm

qm [m + d]qmq

| S, (95 1) — g(u) |

M

) KA W)}Sm,j(%n; Sm(0))

. []]q,,, [m + C]l%n . . ‘
- I ([m]qm [m + d]qmq{f) g (V)| S o s (1))
%, [j]l]m [m + C]qm 4 )
= a)(‘q ! [m + d]qmqZH—Z - \/ﬂ )Sm,](qm, Sm(1t))

el e~y

o _T4cly
0o [ime+dlg, gl

u
Zw(g*; (V- Vit | u S:ﬂ,qm“ V- \/ﬂ|;u))
ﬂlq,,,

=0
XS, j(Gm; Sm(10))

(o)

where

1G=1) )

T

Sulnti) = bt 3, o)
=0

7

from modulus of continuity we get

w(giad) < (1+a)w(g;9),

where a, 9 > 0, we obtain

IA

| S g, (1) — g(u) | w(g; S:n,q,,,(l Vo= Vil u))

[]]qm [m+c]'7n1
) [m am [m+d] gm qm
y Z )Sm,]‘(q;n} Sm(1t))
TV Sual V- il

2&)(9 ;Sm,qm | \/T_ \/ﬂ |; u))
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1
Since

1
< — and using Cauchy-Schwarz inequality, we get
[]Lhn [m+C]‘7m -+ '\/ﬂ u

[m]qm [m+d]qm qm

S| V= Vit [u) = Z /(@ S (1))
=0

]]qm [m + C]qm \/ﬂ S
(g, [ + d),,, 0

[]]qm [m+c]flm

m]qm m+d]'im qnx

00 u
= E — Sm,j(‘]m; Sm(1))
+
j=0 qm m+c am. — + \/a

[m]qm [m+dlg, dh

1 ([l [+l
7o g = ]S (G S(w)
u ] -0 Qm [m + d]qmqm

Ll

< fﬁm,umm»

2

] +
[] n L C]%n Sm,j(‘]m} sm(1t))

[1a, [+ d)y 0l

1—-gm e Gplm + ¢y,
Vam + 1 [mlg, [m +dlg, (Vam +1)
we get the desired result. [

From Lipschitz constant is given by

, 5.16
(t +u)% (5.16)

we study ordinary approximation where D is a positive constant, 0 < ¢ < 1.

lipp(0) = g € Cl0, 0);| g(t) — g(u) |< pt=tt

Theorem 5.3. Let g € Cp[0,00), m € N, q € (0,1), c,d € N, for any u € (0, o), we have

Cng ()
1S;,,,(9:1) — g(u)| - < D(#)

7

where
Cing(1) = S 4 (= )5 1),

Proof. For p =1 and g € lipp(p), we obtain

* []]q [m + ]
|S5,q(g; 1) — ()l ;Sm](qlsm(u))L]( ], m) - g(u)
N | Ll e, u|
< D Z [m]q ["1+d]qql_2
o il bmd

. [jl; [m+c], . . .
By using Vu < Tl Tl T U from Cauchy Schwarz inequality, we obtain
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. . [l [m+c]
Shuarnd =gl < 53 Z S s ot oo
q
D Cinq (1)
= e Smallt- w)u) < D=
The result for g = 1, is true. Now prove that 0 < g < 1 is true, From Holder’s inequality, p = %, q= 2%@, we
have )
X m+cl,
S0 = 900 < ]Z;‘ S W) - g(w)
o [l [m+cl, AR
< Z{ m,j (G Sm (1)) (' (@W) - 9(”)‘)

j=0

2-0

Sm,i(4; sm(u))}

\ngk

d

{Zsmj(q/sm(u))| ([n]’l]]q %) g(u)

1l
f==}

j

2
0

Since g € lipp(p), we have

4

Jl, e, 2y %
{Z Sin, (3 5m(u ))( [l T+ dl,g 2 ”) }

- g{ (- ));u)}gw(\/wy.

Therefore, the proof is completed. [

IA

|S:n,q(g; Lt) - g(“)l

6. Conclusion

We introduced a King type modification of g-Szdsz-Mirakjan operators which reproduce u? and estab-
lished different approximation results. We obtained some preliminaries such as moments, central moments
and uniform convergence of these operators. Moreover, the local approximation and weighted approxima-
tion properties of these new operators in terms of modulus of continuity are studied.
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