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The area of Hiigelschiffer curves via Taylor series

Maja Petrovié®’, Branko Malesevié?

*University of Belgrade, The Faculty of Transport and Traffic Engineering, Serbia
YUniversity of Belgrade, School of Electrical Engineering, Serbia

Abstract. In this paper, we give new Taylor approximative formulae for the area of the egg-shaped
parts of Hiigelschiffer curves. Based on a parametrization of the Hiigelschiffer curve, a formula for the
area of the egg-shaped part of such a curve is derived via elliptic integrals of the first and second kind.
Furthermore, new approximative formulae for calculating this area derived from standard and double

Taylor approximations are given. A representation of the value 1 was also obtained using an appropriate
series.

1. Hiigelschiffer curve ¥, .,
The Hiigelschiffer curve [11] is an algebraic cubic curve given by the following equation
F i 2wxy? + 0% + (@ + why? - a’b* =0, (1)
where a,b, w > 0. In the papers [30], [31] and [33], a decomposition of this cubic curve is described:
I =Fegg Y Fhyp- @

The egg-shaped part ¥, of the curve is defined over [-a,4], and the hyperbolic part ¥, of the curve

(which consists of two branches) is defined over (-0, ), where y = —“22;”“2, see Fig. 1. It is easy to check
thaty < —a & (a —w)? > 0.

Let us consider just the non-degenerative cases of the Hiigelschéffer cubic curve (1) as in [30] and [33].
Let w be the distance between the two circle centers when constructing the curve (w = |00/, see Fig. 2).
Then, we consider the two cases (I) w < a and (II) w > a. The abscissa u at which the Hiigelschiffer curve
reaches its extremes over the segment [—a, a] is defined in [33] with the following formula:

-w . w<a,

"= —ajw : w>a. ®)
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Figure 1: A Hiigelschiffer curve F = %o U F, s Source: © First Author

Introducing the parameter g as:

1 : w<a, Va min{va, Vw)
q:{a/w : w>a}:%max{\/ﬁ,\/ﬁ}' @
Then, it is true that g € (0, 1].
The relationship between u and g (i.e. (3) and (4)) is given as
u=—q*w. (5)

Only case (I) of the cubic curve ¥, was considered by F. Hiigelschiffer in the work [11], while case (II) was
introduced by M. Petrovi¢ in the thesis [30]. In this section we show that it is possible to unify these two
cases:

Fa: 20°wxy* + 0% + @ + g'w?)y? - a*b’q* = 0, (6)
using the parameter g given by the formula (4). For the curve (6), the following:

Fo=F %)
holds if and only if

2 212 2 A2 21202

STl i G ®
i.e. the parameter g holds as defined in (4). Furthermore,

Fa=Fa.e90 9 Fqnps ©)

where ¥ ., is the egg-shaped part of ¥, over [-a,a] and ¥ 1y, is the hyperbolic-shaped part of ¥, over
(—OO, V’i)/ for Vq =7
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From the geometric point of view, Hiigelschaffer’s construction of the egg-shaped part of the curve is
defined using two non-concentric circles as considered in [11], [12], [30], [31], [37] and [38]. An analogous
construction for ¥, .4, is defined using the circles K; and K; (see Fig. 2) given by the parametric equations

x1(t) = acost, x(t) = —g%w + g b cost,
% - { 1) and % { ol) = —qw+q (10)

y1(f) = asint y2(t) = qbsint
for t € [0, 2nt], such that the points P; = (x(t), y(t)) € F4,e49 have the following coordinates
x(t) = —gPwsin® t + cos t 4/a? — g*w? sin’ ¢,
F 099 : { (t)=-4 1 (11)
y(t) = g bsint,

for t € [0,2m].

(I) w<a

(II) w>a

Figure 2: Hiigelschiffer’s construction of an egg curve Fg,5y; Source: © First Author

The parametrization (11), for 0 < t < 7, determines the upper part ¥/, of curve ¥ .5, from point

Py = (a,0) to point P, = (-a,0); while, for m < t < 27, the lower part ¥, .. of curve ¥, .5, is determined

from point P, = (—4,0) to point Py, = Py = (1,0). Let us note that (5) holds for the abscissa of point
Prj2 = (—q*w, qb).

The upper part ¥,

7.¢59 €an be further decomposed into an union of two disjunct portions

Fr

9,09 = {1 U, (12)

such that for 0<t<m/2 we get £, and for /2 <t <7 we get {1 (see Fig. 2).

Let us note that in the paper [33], surfaces A; and A, were considered for the egg-shaped part ¥, of
the Hiigelschiffer curve from (2) (i.e. % .5, from (9) because (7) holds when g = 1) wherein the arc ¢ is
part of the boundary of surface A; and arc ¢, is part of the boundary of surface A,.

2. The area of curve 7

In this paper, we give a new formula for calculating the area of the surface bound by the curve ¥ .y,
using the elliptic integral of the first kind, [13]:

/2

0
K<k>=f—, 0<k <1,
OVme%
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and the elliptic integral of the second kind, [13]:

/2
E(k) =f\/1 —K2sin?0d0, 0<k*<1.

0
Let it be noted that for K and E, it holds that

K(k):F(g,k) and E(k):E(g,k)

8056

where F(0, k) and E(0, k) are elliptic integrals defined in [13] with the formulae 8.112/1 and 8.112/2. Let us

also note that inequalities for these elliptic integrals were given recently in [16].

+

If the values of the parameter  from 7 to 0 are considered, then the points (x(t), y(t)) are located on ¥/,
from P, = (-a,0) to Py = (a,0). In view of this, let A, .;; denote the area of the surface bounded by the

curve ¥, ¢4 (see (11)), as given by the integral

0 i

Ag,eqg = 2fy(t) X' (tydt = —2fy(t) X' (H)dt .
m 0
Let
Ag eqg = Ag2 + Ay 1,
where
/2
Ay = —2fy(t) X' (t) dt
0
and

T

Ag1 = —2fy(t) x'(t)dt.

/2

1. Firstly, A, > is calculated. Substituting x(t) and y(t) from (11) in (15), we get

/2

4.2 o3 t zt
Ag2 = 2fqbsint(2q2wsintcost+sint\/m.;. g smicos b

Let

/2
L = fsin2 tcostdt,

(13)

(14)

(15)

(16)

(17)

(18)
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/2
) 2
I = f sin t4cozs t dt.
0 1- 1 ZZU sin? ¢
Then
Ay =4 o
q,2 = qZUbIl+2qﬂb12+2 13.
It holds that
1
11 = 5
For I, formula 2.583/4 from [13] is used and it follows that
sintcost 1 k2 2k2 -1 it
= -2 V1 — k2sin? _ _
I ( 3 1—Kk?sin“t + 2 E(t, k))(')
1-k? k2 2k -1
= WF( k) + E( k) — F(O k) - 7 E(0,k)
1-k? 2k2
= K+ S E),
4,2
where k% = = and it is true that 0 < k? < 1.
For I3 formula 2.584/13 from [13] is used and it follows that
intcost 2% - 4
_ [_sintcos 5
I ( —3k2 1= Rsin®t + — 20 + )(|)
2k% — 2k2
= 3 F(“,k) E(",k) F(O k) - E(O k)
2k> -2 2- k2
= —K((k)+ ——E(k
K + - E(b),
4,2
where k? = = and it is true that 0 < k* < 1. Based on the previous, it holds that

Sbwz
Ay =4gPwbl +2qabL+2 1

I3

o 2%2 -1
qub+2qub( o K®+ =3 E(k))+

5502 (H72 2
Pehws (2k* — 2-k
+2 . ( 7 K(k)+ 7 E(k))

- %abq((l— %)K(k)+(1+ = E(k)+2k).

2. To calculate Ay 1, substituting x(t) and y(t) from (11) in (16), we get

s
47002 Qi t Zt
A1 = 2fqbsint(2q2wsintcost+sintw/a2—q4wzsin2t+ m)dt.

a2 \J3 — grw? sin® t

8057

(19)

(20)

(21)

(22)

(23)

(24)



M. Petrovi¢, B. Malesevié / Filomat 38:23 (2024), 8053-8068

Let
= jVsin2 tcostdt,
/2
L= fsm t/1— —sm tdt,
/2
Is :f sin’ t cos? t At
q4w2 L,
/2 7[1— sin” t
Then
b w?
A1 =4q°wb]1 +2gab]r +2 J5.
It holds that
/2 /2
1= _5, L= fcos t / A _f cos? tsin®t
0 cos2 t
Analogously to the previous
1—k? 2k2 2k2-2 2—k?
f=t k) + 2 B0 =D, = 22Kkw + o Ew =1,
402
where k? = and it is true that 0 < k? < 1. Thus, we obtain that
a2
Phuw?
Ag1 =4qg°wb]1 +2qgab], +2 T

2 1 1
Zabg ((1 - E)K(k) ; (1 + E)E(k) - Zk).
In all, the following theorem has been proven.

Theorem 2.1. For the area Ay oy of curve Fy, g4 it holds that:

Agegy = A + Ay = %abq((l l)K(k) ¥ (1 . )E(k))

and
8wb/3 : w<a,
8 8 3
Ago2—Ay1=sabgk=swbqg’ = 8
3 3 —ba® . w>a
3w?
qw
where a, b, w are Hiigelschiffer curve parameters and k = R

Remark 2.2. Let us note that, for cases (I) and (II), the equality (33) is derived in [33] (p. 185).

8058

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)

(33)

Alongside the initial applications of Hiigelschaffer curves in aero-engineering (see [7], [11]), recently,
there has been research on the applications of these curves in: architecture and civil engineering (see [30],
[32]); poultry industry, ornithology and bioengineering (see [15], [23], [24], [25], [26], [27], [28]); traffic
engineering (see [34]) and hydro-engineering (see [14], [33], [44]). To aid in the application of Hiigelschéffer
curves and the practical usage of the area formulae for these curves, we have developed the applet [21].
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3. Taylor approximations of elliptic integrals

Let f : (o, f) — R be a real function. We state some definitions and characteristics according to [19].

Definition 3.1. Let Tﬁ’“* (x) be a Taylor polynomial for function f(x), of degree n € Ny, in the right neighborhood of
point a. If, for the real function f : (o, f) — R, there exist finite limits f@(ay) = lim,—,,, f?(x), fori € {0,1,...,n}
then

noi
Ty () = ZO', %(x ~a) (34)
is the first Taylor approximation of function f in the right neighborhood of point a, for n € Ny, where
RY™ @) = f() = T/ () (35)
is the remainder of the first Taylor approximation in the right neighborhood of point .

Definition 3.2. Let Tg’ﬁ " (x) be a Taylor polynomial for function f(x), of degree n € Ny, in the left neighborhood of
point B. If, for the real function f : (o, B) — R, there exist finite limits fO(B_) = lim,_5_ fO(x), fori € {0,1,...,n}
then

n (i)
Tﬁ,ﬁ,(x)zzf B, x— py (36)
i=0

is the first Taylor approximation of function f in the left neighborhood of point p, for n € Ny, where
R () = f@) - T @ (37)
is the remainder of the first Taylor approximation in the left neighborhood of point p.

Definition 3.3. For the polynomial of the form
a (x 0() f a
s, e T/ % (%) + R, :n>1
@y = § Do O g )
£62) . n=0

we say that it is the second Taylor approximation of function f in the right neighborhood of point e, for n € Ny, while
the polynomial

(38)

TP () = T}{’_ﬁl (x)+ ﬁﬁ;anﬁ( 4 onx1
flay) : n=0

is the second Taylor approximation of function f in the left neighborhood of point B, for n € INj.

(39)

Theorem 3.4 (Theorem WD). Suppose that function f is real over (a, p), i.e. f : (o, f) — Rand let n be a whole
natural number such that fO(a.) and fO(B_) exist, fori € {0,1, ..., n}.

Also suppose that (—1)® £ (x) is increasing over (@, ). Then, for each x € (a, ) the following inequality holds:
T () < fo) < TV () (40)
and supposing that f(x) is increasing over (a, ), then for each x € (a, ) it holds that:
TP ) > f@) > T ) (41)

When the function (=1)™ f()(x) is decreasing over (a, B), or when f"™(x) is decreasing over (o, ) then for each
x € (a, p) the reverse inequalities hold.
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The preceding theorem was proven by S. Wu and L. Debnath u [43]. In [19] and [20] some applications of
this statement were considered within the Theory of analytical inequalities, see also papers [4] and [9].

3.1 Taylor approximations of K and E elliptic integrals

Let us apply the previous consideration to elliptic integrals K(x) over (-1,1) and E(x) over [-1,1]. We
will use the well-known series expansions:

N .
K(x) = 3 Z( o ) , (42)
for xe(—1,1), see formula 8.113/1 in [13] and
moom 2i - 1)! > 2
B0 =532 (T)mx )

for x€[-1,1], see formula 8.114/1 in [13]. Let us note that the series expansion (43) has a radius of 1 and
that x = 1 can be included in the convergence domain, and that the series expansion (42) has a radius of 1
and that x = 1 can not be included in the convergence domain.

For the elliptic integral K(x), based on the series expansion (42), the first and second Taylor approximations
are obtained. The first Taylor approximation is:

/2]
K0/ \ _ (2i -1t
T, " (x) = ) ;( @ )x , (44)

where xe(-1,1). For a fixed B€(0, 1), the second Taylor approximation in the right neighborhood of point
a=0is:

T = | T+ (K -T8E) ¢ onx1 (45)
K(p) : n=0
where x€[-8, B].

For the elliptic integral E(x), based on the series expansion (43), the first and second Taylor approximations
are obtained. The first Taylor approximation is:

! B 2 2 i=1

)” 1 2i
Q) )21t

where x€[-1,1]. For a fixed (0, 1], the second Taylor approximation in the right neighborhood of point
a=0is:

TES G | T+ ;—H(E(ﬁ) ~T@) ¢ onz1 (47)

4

E(B) : n=0
where xe[-g, B].
According to [19], the following inequalities hold for the elliptic integral K(x) :

——TKO( =T %) < Ty () =Ty "(x) < ... < TR () =Th 3 (x) < ...

<K@ < (48)
x)=K(B)

. < Tf;o'ﬁ(x) << T < TP () < TP () < TP (1
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for a fixed f €(0,1) and an arbitrary x € [, f]. Furthermore, according to [19] the following inequalities
hold for the elliptic integral E(x) :

TC
5 =T =Ty (x) > Ty () =Ty °(x) > ... > To () =T (x) > ..
> E(x) > (49)

L2 Tf;o’ﬁ(x) > 2 TP ) > o ") = VP (x) = TP P () = E(B)

for a fixed (0, 1] and an arbitrary xe[—j, 5].

In table 1, we list the explicit forms of the polynomials T;.('O(x) and T f 0 (x),forp€(0,1)and j=0,1,...,10;

while, in table 2, we list the explicit forms of the polynomials Tf’o(x) and Tf; o 1(x), forj=0,1,...,10.

jo| T ) T*#(x) and C, = K() for €(0,1)

0 % Cy

1 % T(If;o(x)+(%—%)x

2 g+gx2 Tf;o(x)+(%—%)x2

3| 34pe T g

O | ST S 10+~ g g s~ )
I e e - i e A

Table 1.
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j Tf’o(x) C/Ff;o’l(x) and f=1
T
0 5 1
n E,0 _n
1|2 Ty () + (1 2)x
2| 32— 2 ) + (1-3) 2
3 g - ox? T (x) + (1 - 3%T)x3
T _ T2 _ 37 E,0 _3_n)4
4| 3 -Za - 2 T3 %) + (1 = )x
m_T,2_ 37,4 E,0 (_45_” 5
5 2~ 8F 1287 T4 (@) +(1 128)x
6 % - Ix2 - %x‘l - 55Tnzx6 Tg’o(x) + (1 - %) X0
755 Te00) + (1= 5547
m 3n 57 175n E,0 175n
8 | 25"~ "5 " e 17000 + (1 512 )+
m_ M. _ 3_7‘[ 4 5_7'[ 6 1751 g E,0 _ 110257\ 9
1278 T18Y Ts* et T @+ (1 32768 )x
m_moo_ 3 4 5m g 175m g 441m 9 E,0 _ 110257\ | 10
103 8% T iw® T2t " m7es” 13072 Tym) + (1 32768 )

Table 2.
3.2 Taylor approximations of D-elliptic integrals

For the process of determining a formula for the area A, ¢y, of curve ¥, .;,;, Taylor approximations of
D-elliptic integrals are of special interest. D-elliptic integrals are determined as follows

KW -E®)
D(x) = 2 : xe (-1, 1H)\{0} / (50)

0 : x=0

see formula 8.112/5 in [13]. For D-elliptic integrals, the series expansion

D =
W= Lo

i+1 ((21’ + 1)!!)2 2 51

2i+2)!!
holds for x € (-1, 1), see formula 8.115 in [13]. Let us note that the series expansion (51) has a radius of 1
and that x = 1 can not be included in the convergence domain.

For the elliptic integral D(x), based on the series expansion (51), the first and second Taylor approximations
are obtained. The first Taylor approximation is:

[n/2]
TP = n

i+1 ((21‘ + 1) )2x2", 52)

L 2i+ 1 \@2i+ 2
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where x€(—1, 1). For a fixed B€(0, 1), the second Taylor expansion in the right neighborhood of point a = 0
is:

LD ) = TWDL(l)(x)+Z—n(D(ﬁ)—TnD_’(1)(ﬁ)) conzl )

D(B) : n=0
where xe[-g, Bl
According to [19], the following inequalities hold for the elliptic integral D(x) :

T
yia T () =T> () < T2 () =Ty () < ... < To () =Ty (x) < ...

<D(x) < (54)

.. < C/F]].J;O'ﬁ(x) <. < TP ) < TP () < TV P (x) < TP () =D(B)

for a fixed $ € (0,1) and an arbitrary x € [-f,f]. In the following table, we list the explicit forms of the
polynomials T;.)’O(x) and T?;O’ﬁ(x), forpe(0,1)and j=0,1,...,10:

il T?O'ﬁ(x) and C, = D(p) for f€(0,1)

0|7 Co

'z (-2

2 g+%x2 T?;O(x)+(%—% x?

5| §+3e 20 (5555

4 g+zg 2+;5T7614 T?O(x)+(% ﬁ %)x‘l

6 g E%x2+;‘%x4+%x6 T?;O(x)+(%—%—§%—;557;)x6

7 %+%x2+%x4+%x6 T?%x)+(%—%—%—%—%)x7

0] 3o e e e e | 190G e 20 o

Table 3.

Let us note that there is recent research into elliptic integrals of the first and second kind (and their
convexity, monotonicity, approximations, inequalities, applications, ...), see the papers: [1], [2], [5], [10],
[16], [18], [22], [29], [35], [40], [41], [45]-[50]. An approach to the approximate computation of complete
elliptic integrals for practical use in water engineering is given in the paper [39].
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4. Taylor approximations for the area of Hiigelschiffer curve ¥ .4y

Let A(k) be the size of the area A, ., of curve ¥, .4, as a function of k € (0,1). For k = 0, a degenerative
case is obtained wherein the egg-shaped part of the curve is reduced to an ellipse. Then, we define that
A(0) = abgr. Additionally, for k = 1, another degenerative case is obtained wherein the egg-shaped part
of the curve is bounded by a part of a parabola and a line. Then, we define that A(1) = $abq. Based on
the degenerative cases and the formula for the non-degenerative case (32), with the use of the D-elliptic
integral, it follows that

abqm k=0,
4
Ak) =4 34 bq (K(k) +E(k)-D (k)) : ke (0,1), (55)
gabq k=1
For k € (0,1), using the formulae (43), (42) i (51) we obtain a series expansion:
~ = 1 @i -\,
A(k)=abgn abqn;(zl__l)(i+1)( o )k . (56)

Let us note that the series expansion (56) has a radius of 1 and that the value k = 1 can be included in the
convergence domain in accordance with Raabe’s test. Furthermore, for k = 0 and for k = 1 the formulae
(55) and (56) give the same results.

Remark 4.1. Based on the two previous expressions, (55) and (56), for k = 1:
8
A1) = gabq (57)

and

. 2
1 ((21—1)!!) 58

A) ”bqn_“b"”; 2i-Di+1)\ @)

the following representation holds:

1 3 S 1 @i- 1\’
%‘5[1_;(21‘—1)(”1)( Qi )] (59)

The approximation of the numbers 7 and % was the topic of research in the papers [3], [6], [8], [17], [36] and
[42].

For A(k), based on the series expansion (56), the first and second Taylor approximations are obtained,
which we denote with the formulae (60) and (61) in the remainder of this paper.

The first Taylor approximation is:

& ((21’ - 1)!!)2

A0y _ _ 2i
T™%) = abgn ubqn;(zl,_l)(i+1) aon | ke, (60)

For a fixed f€(0, 1], the second Taylor approximation in the right neighborhood of point a = 0 is:

xn
Tﬁ10(k)+ﬁ_"(ﬂ(ﬁ)—Tnﬂ!10(ﬁ)) c 2l o8 o
AB) P

T, (k) =
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According to [19], the following inequalities hold:
abqrn=T;"°()=T"°(k) > TS ') =TS k) > ... > T (k) =T (k) > ...
> Ak) >
L2 Cll“jﬂ"o’ﬁ(k) > 2T 0 = TV > TV P (k) > TP (k) =Ap)

for a fixed (0, 1) and an arbitrary k€ (0, f].
2
We specify a list of TavyLor approximations for A(k) where k = %, ie. ke(0,1], in table 4:

i | T 0P (ky and p = 1

0 |abgm §abq

1 |abgn Tﬂo(k)+abq(§ T[)k

2 abqn(l—%kz) Tﬂo(k)+abq(§ 7'[)k2

3 abqn(l—%kz) Tﬂo(k)+abq(§ gn)k3
4 abqn(1—§k2—6l4k4) Tﬂo(k)+abq(§ gn)k4
5 abqn(1—§k2—6l4k4) Tf‘o(k)mbq(g—z_in)kf?
6 abqn(1—%k2—6%k4—@k6) T?'O(k)+abq(§—z7in)k6
7 abqn(1—§k2—6%k4—m%k6) T?'O(k)+abq(§—%n)k7
8 |abgm (1- %18 - 6i4k4 - m%kﬁ—%kf*) TO%K) +abg (g 180725471)k8
2 ot (15 = ik g ) 0 +abg (5~ fom) €
10 ”bqn(l_éz 1k4 1024 _%kg_mllfnkw) Tﬂo(k)Jr”bq(g gggi )0

Table 4.
5. Approximative formulae for the area of curve ¥, .,

Theorem 5.1. (Theorem for the area of Hiigelschiiffer egg curves). The following two estimations hold:
gabq <AKk) <mabgq

and
gabq+Aqsﬂ(k)3nabq—vq
where
bn(a—w) Dw<a o , %bw2 ow<a
Ag=abqm(=k) = —bn(w—a) C w>a qugabqk ={ I a4y w>a
w? 8 w3

fork € [0,1].
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(62)

(63)

(64)

(65)
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Proof. The series expansion A(k) given by (56) is a monotonously decreasing function when k € [0, 1] (based
on the term by term differentiation of the series). Thus, the estimate (63) is obtained based on (55) and (56).

Based on (62) and table 4, the following is a proof of the estimate (64):

gabq <abqm+abq (; - n)k <AKk) <mabg (1 - %kz) <mabgq (66)
ie.
gabq < gabq +abgn(l-k)<AKk) <mabqg- gabqk2 <mabgqg. (67)
The estimate (63) is graphically illustrated in Fig. 3.
| y
\“ﬁi\- ﬁ o ~-~xZaz+yj =
~ RN \?\\\&
"//: X
PIE e
y=-t(xa)/2q |
|x:-a

Figure 3: A comparison of the areas of a parabola, Hiigelschéffer egg curve g .44, and an ellipse; Source: © First Author

Remark 5.2. Based on the series of inequalities (62), it is possible to obtain even better estimates for A(k) with the
appropriate polynomials given in table 4.

6. Conclusion

Applying Taylor series and double Taylor series (Section 3), we have obtained novel approximations
for K, E and D elliptic integrals (see table 1 - 3), as well as approximative formulae for calculating the area
A(k) of the egg-shaped part of Hiigelschiffer curves (see table 4 in Section 4). Furthermore, based on the
expression (57) which represents the area of a part of a parabola (see Fig. 3), and the expression (58) which
represents the series expansion A(k) when k = 1, a new representation (59) of the number 1/7 has arisen.

With the development of new software tools and applets (see [21]), the use of the newly-introduced
formulae (32) or (55) for the calculation of the area of the egg-shaped part of Hiigelschiffer curves Ay, ., or
A(k) could be significant in various areas of engineering, poultry industry and ornithology.
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