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Abstract. In this article we establish that if the metric g of a compact almost Co-Kihler manifold M>*+!
is a Ricci-Yamabe soliton whose potential vector field is point-wise collinear with the characteristic vector
field, then M?**! is a K-almost Co-Kéhler manifold under certain condition, whereas in dimension three
the restriction is not required. It is proved that if a (2n+1)-dimensional (x, u)-almost Co-Kéhler manifold
Mwith x < 0 admits a Ricci-Yamabe soliton of gradient type, then M is a N(k)-almost Co-Kéhler manifold.
We also show the non-existence of gradient Ricci-Yamabe structures with DW = (CW)C on a compact («, u)-
almost Co-Kéhler manifold with x < 0. Then we establish that in a Co-Kéhler 3-manifold M® with gradient
Ricci-Yamabe solitons, the scalar curvature of the manifold is constant and also, either M® is flat, or the
gradient of the potential function is collinear with the characteristic vector field C. Finally, we construct two
non-trivial examples to ensure the existence of such solitons.

1. Introduction

According to the famous Goldberg conjecture, any compact Einstein almost Co-Kéhler manifold is
integrable in complex geometry and any compact Einstein almost Co-Kédhler manifold is Co-Kéhler, which
is the analogue of this conjecture in contact geometry. Co-Kéhler manifolds are actually odd-dimensional
versions of Kédhler manifolds and are one of the most significant research topics in contact geometry. So,
one might query if the Co-Kéhler geometry framework contains a Goldberg-like conjecture. For Co-Kéhler
manifolds, a conjecture like-wise Goldberg was recently derived in [5], stating that any compact Einstein K-
almost Co-Kéhler manifold is Co-Kdhler. Additionally, with an n-Einstein condition, Cappelletti-Montano
and Pastore [5] presented a necessary criterion for a compact K-almost Co-Kéhler manifold to be Co-Kéhler.

Recently, differential geometry of almost contact Riemannian manifolds has focused a lot on the Ricci-
Yamabe solitons, a scalar combination of the Yamabe and Ricci soliton. Consequently, it is a fascinating
subject to investigate the existence and classification of Ricci-Yamabe solitons on almost Co-Kéhler mani-
folds. According to our awareness, the literature contains many findings regarding Riemannian manifolds
[12], spacetimes [18] and f(R)-gravity [9] with Ricci-Yamabe solitons, but there are just a few results in
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almost Co-Kahler manifolds. We want to fill this gap in this article and focus on investigating the almost
Co-Kéhler manifolds that satisfy Ricci-Yamabe solitons.

Goldberg’s conjecture has so far only been verified for manifolds with non-negative scalar curvatures,
but its contact geometry analogue has been affirmed for manifolds with Killing characteristic vector fields
in [5]. Then, Wang [21] extended this result and established that

Theorem 1.1. A compact almost Co-Kihler manifold that admits a Ricci soliton is Ricci-flat and Co-Kihler if the
potential vector field is point-wise collinear with the characteristic vector field C.

In this article we generalize the above result by replacing Ricci solitons with Ricci-Yamabe solitons.

In recent years, many mathematicians have become fascinated with the theoretical rather analytical idea
of geometric flows like the Yamabe flow and the Ricci flow. Under the name Ricci-Yamabe map, Guler
and Crasmareanu [14] recently published the analysis of another geometric flow. This is also described
as the (a, ) type Ricci-Yamabe flow. Ricci-Yamabe flow represents a development of the metrics on the
Riemannian manifold proposed in [14] and defined as

%g(t) = —2aRic(t) + pR(H)g(t), g0 = 9(0), (1)

in which R is the scalar curvature, Ric indicates the Ricci tensor, and «, § € R.

Because of the signs of the relevant scalars, a and f, Ricci-Yamabe flow can be thought of as Riemannian,
semi-Riemannian, or singular Riemannian flow. This wide range of choices may be useful in a physical,
or mathematical model, such as relativistic theories. Consequently, the constraint of the Ricci-Yamabe flow
soliton typically causes the Ricci-Yamabe soliton to emerge. Despite the fact that Yamabe and Ricci solitons
are equivalent in dimension 2, they are fundamentally different in higher dimensions, which served as even
another powerful motivation for beginning the study of Ricci-Yamabe solitons.

A Ricci-Yamabe soliton in a almost Co-Kéhler manifold M is described by

£vg = —2aRic + (BR - 21)g, 2)

in which A € R and £ denotes the Lie-derivative. Here, V is called the potential vector field of the soliton.
Let V be the gradient of ¥, a smooth function. Hence, the preceding idea is named gradient Ricci-Yamabe
soliton and (2) turns into

V2W = —aRic — (A - %,Br)g, (©)

where V2V indicates the Hessian of W.

The Ricci-Yamabe soliton (or gradient Ricci-Yamabe soliton) is termed expanding if A > 0, whereas
shrinking for A < 0 and steady when A = 0.

Recently, in almost Co-Kédhler manifolds, several authors studied various type of solitons such as Ricci
([21], [22]) and Yamabe solitons [19], gradient Yamabe and gradient Einstein solitons[11], (1, p)-quasi-
Einstein solitons [10], cotton solitons [7], respectively.

According to our knowledge, the study of almost Co-Kahler manifolds with Ricci-Yamabe solitons is
still open. We decide to fill up this gap in this article and focus on characterizing the almost Co-Kihler
manifolds that satisfy the Ricci-Yamabe soliton. Also, with and without the assumption of compactness,
we study (k, u)-almost Co-Kahler manifolds admitting a gradient Ricci-Yamabe soliton. Next, we study the
gradient Ricci-Yamabe soliton on a 3-dimensional Co-K&hler manifold. Lastly, we establish the existence
of gradient Ricci-Yamabe solitons on almost Co-Kdhler manifolds and Co-Kdhler manifolds, respectively
by creating new examples.

2. Preliminaries

Let M?"*1 be an almost contact manifold with almost contact structure (p, ¢, 1), in which C indicates a
unit vector field, ¢ is a (1, 1)-tensor field and 1 denotes a 1-form satisfying:

¢*(E)=-E+n(E), 0@ =1 (4)
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Equation (4) readily yields
pC=0, g(EQ=nE), nleX)=0,

g(pE, F) = g(E, F) — n(E)n(F), (5)
9(@E,F) = —g(E,F), g(E,E)=0,

for all smooth vector fields E, F.
Let us define the 2-form @ as:

O(E, F) = g(E, pF),

for any E, F defined earlier.

An almost Co-Kéhler manifold fulfills the conditions d® = 0 and dn = 0 [13]. In particular, an almost
Co-Kéahler manifold is said to be a Co-Kihler manifold if it is normal, which is identical to V& = 0. An
almost Co-Kéhler structure is called strictly almost Co-Kéhler if it is not a Co-Kéhler structure. According
to Blair [2], an almost cosymplectic manifold and an almost Co-Ké&hler manifold are the same.

Let M?"*1 be an almost Co-Kéhler manifold. The operators h and ¢ in the manifold are described by
h= %Ec(p and / = K(., C)C in which K is the curvature tensor, satisfy the subsequent relations( [16], [17]):

ho+¢@h=0, hl=0, trh=trk’ =0, (6)
Vep=0, VC=W, )
Vih = —hPp — ¢t

plp — € =217, (8)
Ric(C,C) + tri* = 0. 9

Any Co-Kéhler manifold is a K-almost Co-Kdhler manifold, as is well known, but the converse is usually
not true. Yet, in a 3-dimensional manifold, it is valid.

Lemma 2.1. [13] In dimension three, any almost Co-Kihler manifold is Co-Kdihler if and only if C is Killing.
In a manifold M?® of dimension three, the curvature tensor K can be described as
K(E,F)G = Ric(F,G)E — Ric(E, G)F + g(F, G)QE — g(E, G)QF

g{g(F, G)E - g9(E, G)F} (10)

for any vector fields E, F, G.
In a 3-dimensional Co-K&hler manifold, we have[20]

QE = ?E - ?n(E)C, (11)

in which the Ricci operator Q is described by g(QE, F) = Ric(E, F).

Proposition 2.2. In a almost Co-Kihler 3- manifold, we have

R = 0. (12)
Proof. From (11), we acquire
Ve = EE - el 13)

Contracting E from the above equation, we get (12).
Hence the result.
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3. Ricci-Yamabe solitons on Almost Co-Kihler manifolds

On an almost Co-Kéahler manifold M*"*1(n, C, ¢, g), we acquire (£c9)(E, F) = 2g(W'E, F), where we have
used the second equation of (7). From the previous expression we conclude that the Characteristic vector
field C is Killing if and only if & vanishes.

Definition 3.1. If the characteristic vector field Cis Killing, an almost Co-Kiihler manifold is referred to as a K-almost
Co-Kiihler manifold.

On an almost Co-Kéhler manifold, the distribution indicated by D is described by O = Kern. Hence, an
almost Co-Kihler structure (gp, ¢p) on D can easily be obtained by using d® = 0 and (4), (5). In [16] Olszak
established that the almost Co-Kéhler structure is integrable if and only if

(Ve@)F = g(hE, F)C — n(F)hE, (14)

for all E,F, which entails that an almost Co-Kdhler manifold is Co-Ké&hler if and only if it is K-almost
Co-Kéhler, also the associated almost Co-Kéahler structure is integrable. In [5], Cappelletti-Montano and
Pastore have given another characterization of Co-Kéhler structure and deduced that

Theorem 3.2. Every Einstein compact K-almost Co-Kihler manifold is a Co-Kihler manifold.
Now, we generalize the Theorem 1.1 as follows:

Theorem 3.3. If the potential vector field is point-wise collinear with C, then a compact almost Co-Kihler manifold
admitting a Ricci-Yamabe soliton reduces to a K-almost Co-Kihler manifold, provided the scalar curvature remains
invariant under the characteristic vector field C.

Proof. For a non-zero smooth function v, we suppose that the potential function V = vC.
Hence, we get

VeV = (Ev)C +VI'E, (15)
where equation (7) is used. Now, from equation (2), we acquire

vg(VeC, F) + (Ev)n(F) + vg(VeC, E) + (Fv)n(E)
= — 2aRic(E,F) — 2A — PR)¢(E, F),

which implies

2vg(h'E, F) + (Ev)n(F) + (Fv)n(E)

16
= —2aRic(E, F) — (2A — BR)g(E, F). (16)

The foregoing equation is equivalent to
2vl'E + (Ev)C + (Dv)n(E) = —2aQE — (2A = BR)E, (17)

in which Dv indicates the gradient of v.
Using trh = trh’ = 0 and putting E = F = ¢; in (16), where {¢;} is an orthonormal basis and taking sum
overi(l <i<2n+1)gives

2n+1
2

@) = B—alR—(Q2n+1A. (18)

Taking covariant Differentiation of (17) yields

2v(VENW')F + 2(Fv)W E+VE(Ev)C + (Ev)VEC + n(E)VeDv + Dv(Ven)E

= — 2a(V;Q)E + B(FR)E. (19)
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Contracting the preceding equation and using divC = 0, we obtain
2vdiv(WE) + 2((W'E)v) + C(Ev)C + n(E)av
2n+1
, (20)
= - 2a(divQ)E - 20 Y 9(QVeE, e:) + B(ER),
i=1

in which A, the Laplacian operator is described by A = div.D.
Putting E = C in the foregoing equation and using (6) and (7)

() + av = —a(CR) — 2atrQl’ + B(LR). (21)
Then, using (18) in (21) yields

Av = 2atrQl + an_ 1ﬁ(C7€). (22)

Again, substituting E by hE in the equation (17) infers that

2vWE + (WEv)C = —2aQK'E — (2A — BR)WE. (23)
Since > = h? , using (6) the previous equation yields

virh* + trQH = 0. (24)
Now, equations (22) and (24) together give

av = 2avtri? + 2 - Lsem). (25)
Let the scalar curvature remain invariant under the characteristic vector field C and therefore we have

av? =2|| Dv |? +4a®Vtri?. (26)

By hypothesis M is compact, thus we acquire
f || Dv | +4a*?trh?)dM = 0, (27)
M

where the divergence theorem is used. Therefore, v is constant and h is vanishing, since « is a non-zero
constant. Thus, M is a K-almost Co-Kihler manifold.
This ends the proof.
O
Now using Proposition 2.2, equation (25) reduces to
av? =2 Dv |* +4av2trk?.
Hence, like-wise the last part of the above proof, we obtain that M is a K-almost Co-K&hler manifold.

Corollary 3.4. If the potential vector field is point-wise collinear with C, then a 3-dimensional compact almost
Co-Kiihler manifold admitting a Ricci-Yamabe soliton reduces to a K-almost Co-Kihler manifold.

The Ricci-Yamabe soliton turns into a Ricci soliton for « = 1 and = 0 [15]. Hence, equation (25) reduces
to

v =2 Dy [P +42trh?.
Hence, similarly to the last part of the foregoing proof, we say thatM is a K-almost Co-Kdhler manifold.

Also, from equation (17), we acquire that M is an Einstein manifold, since § = 0, @ = 1 and v = constant.
Thus, using Theorem 3.2 we conclude that M is a Co-Kahler manifold.

Corollary 3.5. If the potential vector field is point-wise collinear with C, then a compact almost Co-Kihler manifold
admitting a Ricci soliton reduces to a Co-Kihler manifold.

The above corollary was established by Wang [21].
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4. Gradient Ricci-Yamabe solitons on (x, y)-almost Co-Kdhler manifolds
In contact metric manifolds M, Blair et al. [4] established the concept of (x, u)-nullity distribution. If
K(E, F)C = x[n(F)E — n(E)F] + uln(F)LE — n(E)F], (28)

%, 4 € R holds, then M is named (k, u)-contact metric manifold. In this situation we say C € (x, u)-nullity
distribution.

An almost Co-Kdhler manifold M?**! is named a (x, w)-almost Co-Kéhler manifold if C fulfills the
equation (28).

A (x, u)-almost Co-Kéahler manifold M?**! satisfies

W’E = x¢?E, (29)

Ric(E, C) = 2nxn(E) and QC = 2n«(, (30)

Q is the (1,1) Ricci tensor described by g(QE, F) = Ric(E,F). Equation (29) reflects that x < 0. Moreover,
« = 0if and only if M*"*! is a K-almost Co-Kéhler manifold. The manifold is named N(x)-almost Co-Kéhler
manifold [8] if u = 0. Any Co-Kéhler manifold obeys (28) for k = u = 0.

Lemma 4.1. [1] In a (x, p)-almost Co-Kiihler manifold M?™*! with k<0, the subsequent relations hold:
QE = uhE + 2nxn(E)C, (31)

(VEh)F — (VEh)E =«[n(F)@E — n(E)pF + 2g(pE, F)(]
+uln(F)phE — n(E)phF],
for any vector fields E, F.

(32)

Theorem 4.2. Let a (x, p)-almost Co-Kihler manifold M*"™*! with x < 0 admit a gradient Ricci-Yamabe soliton.
Then, the manifold M is a N(x)-almost Co-Kihler manifold.

Proof. Let the (k, pt)-almost Co-Kédhler manifold M admit a gradient Ricci-Yamabe soliton. Therefore from
(3), we write

p

VeDW = ~aQE - (1 - SRE. (33)

Covariant differentiation of (33) yields

VeVEDW = —aVeQE — (A — '[;R)VFE + g(FR)E. (34)
We can write from (34)

VeVEDW = —aVEQF — (A - gR)VEF + ‘[;(ER)F. (35)
Using (33), we infer

Vien DV = —aQ(VEF — VEE) — (A - gR)(VEF — VEE). (36)

Making use of (34)-(36) and R = 2nk = constant, we acquire
K(E,F)DW = —a[(VEQ)F - (VFQ)E]. (37)
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Using (31) in (37) yields
K(E,F)DY = u[(Veh)E — (Vgh)F] (38)
+2nk{n(E)YW'F — n(F)h'E}
+[(Fu)hE — (Eu)hF].

Making use of (32) in the foregoing equation, we obtain

K(E F)DY = alkuln(E)pF — n(F)@E + 2g9(E, pF)(] (39)
—*[n(E)}'F = n(F)WE] + 2nk{n(E)l'F — n(F)h'E}
+[(Fu)hE — (Ep)hF].

Now, contracting equation (39) gives

S(F,D¥) = —a(hFu) =0, since duAn=0. (40)
Equations (31) and (40) together reveal

p(hE)W + 2nkn(E)(CW) = 0. (41)
Replacing E by C in (41) yields

2nk(CW) = 0. (42)

Since x < 0, from the foregoing equation we acquire (C¥) = 0. Hence from (41), we obtain u(hE)¥ = 0
which implies either u # 0, or u = 0.
If 4 # 0, then (hE)W = 0. Putting E = hE, we get

(FPE)W = x(¢p’E)¥
= x(E + n(E)QO¥
=0. (43)

Since x < 0 and (CV¥) = 0, the foregoing equation gives EW = 0, thatis, W = constant. If we put W = constant
in (33), we get that the manifold is an Einstein manifold which contradicts (31).

If 4 = 0, the (x, u)-almost Co-Kdhler manifold reduces to a N(x)-almost Co-Kédhler manifold.

Hence the proof is finished. [

Theorem 4.3. There does not exist gradient Ricci-Yamabe structures (g, W, A) with DV = (CW)C on a compact
(x, w)-almost Co-Kihler manifold of dimension greater than three with x < 0.

Proof. From (31), it follows that the scalar curvature R = 2nk. Differentiating DWW = (CW)C along the
arbitrary vector field E, we get

VDY = (E(CW))C + (CW)I'E. (44)
By (31) and (56), equation (3) takes the form
2nxan(E)n(F) + apg(hE, F) + (E(CY)n(F) + (CV)g(W'E, F)
= —(xp-Ng(EF), (45)

for all vector fields E, F on M?'*1,
Replacing E by @E and F by ¢F, we obtain

aug(hE, F) + (CW)g(WE, F) = (B - A)g(@E, oF)
Contracting the preceding equation, we get

A =B (46)
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Setting E = F = Cin (58) and using (46), we have
2nka + C(CW) = 0.
Again, contracting (56), we find
AV + C(CY) = 0.

where A = —div D is the Laplacian operator.
Using (47) in (48), we obtain

AV = 2nka

By divergence theorem

Zan dM = 0.
M

8076

(47)

(48)

Given that M is orientable, dM represents the volume form of the manifold and is positive. As a result,
since k < 0, the left hand side is negative. The aforementioned relation is therefore false.

This ends the proof. O

5. Gradient Ricci-Yamabe solitons in dimension three

Let a Co-Kéhler 3-manifold admit a gradient Ricci-Yamabe soliton. Therefore we write:

Theorem 5.1. If a Co-Kiihler 3-manifold admits a gradient Ricci-Yamabe soliton, then the scalar curvature of the
manifold is constant. Also, the gradient of the potential function is collinear with the Reeb vector field C, or the

manifold is flat.
Proof. By virtue of (34)-(36) and (11), we acquire
K(EPDY = -l DO E - B0 - S -0

P
2
By contraction, we have

+ Z[(ER)F - (FR)EL.
Ric(F, DW) = —%(m) + B(FR).

From (49), we easily infer

9K (E, AV, C) = -5 IERIE) ~ PRI

In a Co-Kéhler manifold we have K(E, F)C = 0 and hence we obtain

B (ERIE) - FR(E) = 0

As B # 0, the foregoing equation yields
(ER)(F) - (FRN(E) = 0.

From Proposition 2.2, we acquire (R = 0 and hence the above equation gives ER =

R = constant.

(49)

(50)

(51)

(52)

(CR)N(E) = 0. Therefore,



Y.J. Suh et al. / Filomat 38:23 (2024), 8069-8080 8077

In view of (11) and (50) and using R = constant, we obtain
Rr
S (F9) — @)n(F) =0,

which entails either DV = (CW)C or, R = 0. If R = 0, from equation (11) we conclude that the manifold is
Ricci flat. Therefore, (10) yields that the manifold is flat.
Hence the theorem is proved. [

Since the scalar curvature R is constant, (11) yields that VQ = 0 and hence the equation (10) gives VK =0,
in other words, it is a locally symmetric manifold. Therefore we get:

Corollary 5.2. If a Co-Kihler 3-manifold admits a Ricci-Yamabe soliton of gradient type, then the manifold becomes
locally symmetric.

We are aware of the following outcome due to Perrone (Proposition 3.1 of [17]) and Wang (Corollary 4.3 of

[23]):

Lemma 5.3. Any Co-Kihler 3-manifold (locally symmetric) is locally isometric to either a Euclidean space R® which
is flat, or the Riemannian product of R and a Kihler surface with non-zero constant curvature.

Combining Corollary 5.2 and Lemma 5.3 provides

Corollary 5.4. Let a Co-Kihler 3-manifold admit a Ricci-Yamabe soliton of gradient type. Then the manifold is
locally isometric to either a Euclidean space R® which is flat, or the Riemannian product of R and a Kihler surface
with non-zero constant curvature.

Let in a 3-dimensional Co-Kéhler manifold the scalar curvature is non-zero. Hence, we have DW = (CW)C.
Covariant differentiation along E yields

VeDW = (E(CW))C. (53)
Using (53) and (11) in the equation (3), we find
QN =~ E - nE)) + (- ERE. 64

Putting E = C in the above equation, we obtain

Cewc=- Ry,
that is,
cery =0 -En.
Contracting (54), we see that
C(CY) =3(A - {;72) - aR. (55)

a+f

The last two equations yield A = ( > )R Thus we write:

Corollary 5.5. Let a Co-Kihler 3-manifold having non-zero scalar curvature admit a Ricci-Yamabe soliton of gradient
type. Then the soliton is steady, expanding, or shrinking according as (#) R=0, (#) R<0,o0r (#) R>0.
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6. Examples

Example 6.1. Let M® = {(u,v,w) € R® : w > 0}, where (u, v, w) are the standard co-ordinate of R®. On M®, the
metric g is defined by

2 2 —2w
u-+ov-+e v u
— dw®dw - —du ®dw - —dv ® dw.

4w Vw N,

g=du®du+dv®dv+

Let

d d d d d
_ 5y = — 52 = ve’ — w40 w 2
aw 2T BT o e v +2 e ow
Then, the vector fields 01, 02, 03 are orthonormal with respect to the metric g.

We also acquire

01 =

[61,00] =0, [01,03] =€"02, [62,03] = €“01.
We define the 1-form n, the vector field C and (1-1)-tensor field ¢ by
e—w
n= 2@

then it is simple to establish that the 1-form 1 and 2-form ® are closed. Therefore, M? is an almost Co-Kiihler manifold.
Making Use of Koszul’s formula, we acquire

dw, C=063, @61 =0, @bo=-01, @o3=0,

V5,01 =0, V5,00 =—€Y03, V5,03 =0,
V5,01 = —€“03, V5,00 =0, V5,03 =01,
V5,01 =0, V5,00=0, Vs5,03=0.
The components of the curvature tensor K are described by
K(61,62)01 = —e*82,  K(b1,62)02 = €261, K (61,62)03 =0,
K(61,85)01 = €703, K(61,03)02 = 2 Vwe*™ 53,
K(61,03)03 = —€*“01 — 2 Vwe* 6, K(52,03)01 = 2 Vwe? o3,
K (52,03)0, = €203, K (62,03)03 = =2 Vwe*d; — e*°5,.

Using the curvature tensor’s expression, we calculate the Ricci operator Q by

Q61 = =2 Vwe* 6y, QO = =2 Vwe*™ 6y, Qo3 = —2e%53. (56)
The tensor field h is described by
h61 = —ewél, h62 = ew62, h(S?, =0. (57)

Suppose that W = w. Then, DV = 2 \Jwe" 3. By directed computation, we have

Vo, DW = 2 \we*s,,
V5, DV = 2 \fwe*s,, (58)
Vo, DW = 262°(1 + 2w)33.

From (3), we find that
V5, DW + aQd; + (A — ER)o,
V5,DW + aQ0; + (A — ER),
Vi, DW + a Q03 + (A — ER)o;

0,
0,
0.

Therefore, using (56) and (58), we can easily verify that the foregoing equations are satisfied for « = 1, A = [%R
Hence, the almost Co-Kiihler manifold M® admits a gradient Ricci-Yamabe soliton.
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Example 6.2. Let the Riemannian metric g of M = R is defined by
g = du? +dov* + (P + v*e* + 1)dw?* — 20e*du dw + 2ue* dv dw.

We see that {01 = %,62 = %,63 = er% — ue® 3% + e‘w%} is an orthonormal basis. Hence, [01,02] = 0,
[61, 03] = —€“0y, [52, 03] = €“61. We set

n=e"dw, (=03, f= —% ®dv + % ® du — Zuezu’% ® dw — vezwj—v ® dw.

The 2-form @ is described by
® = —2du A dv — 20e*dv A dw + 2ue*dw A du.

M is an almost Co-Kihler manifold, since n and @ are closed. As h = 0, M is a Co-Kihler manifold. The Riemannian
connection V is described by
V(S]él . 0, Vm (32 = 0, Vél 63 = 0,

V5,01 =0, Vs5,0,=0, Vs503=0,
V(§351 = ewéz, V(§352 = —ewél, V53(53 =0.

From above we see that K(E, F)G = 0 for all E, F, G € x(M). Therefore, Ric = 0 and R = 0.
Suppose W = e“. Thus DV = 63. Hence, VEDW = 0 for any E € x(M). Using this result in (3), we acquire

aQo1 + (A - ER)61 =0,
aQo, + (A - ER)6, = 0,
aQo3 + (A - ER)6; = 0.

Hence, the above equations are satisfied for A = —a, since R = 0. Thus, the Co-Kiihler manifold M® admits a gradient
Ricci-Yamabe soliton.
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