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Pinching results for bi-slant submanifolds in trans-Sasakian manifolds
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Abstract.In the present article, we consider bi-slant submanifolds in trans-Sasakian generalized Sasakian

space forms. Specifically, we establish both the Chen first inequality and the Chen-Ricci inequality on such
submanifolds. We provide an example of bi-slant submanifold.
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1. Introduction

The concept of slant submanifolds, which generalizes both holomorphic and totally real immersions
in complex manifolds, was introduced by B.-Y. Chen [6]. In a subsequent development A. Lotta, in [11],
introduced the concept of contact slant submanifolds within almost contact metric manifolds. Furthermore,
the notion of bi-slant submanifolds in almost contact metric manifolds was defined by ].L. Cabrerizo and
his colleagues, as discussed in [5].

B.-Y. Chen [7] proved an inequality which involves the mean curvature H, the scalar curvature 7 and the
sectional curvature K for n-dimensional Riemannian submanifolds M of a Riemannian space form M>"*1(c).

2(n — 2
o(p) ~ (nfK)(p) <

known as Chen first inequality.
For more details, references and applications of Chen invariants, see [8].

Also, the same author [9] established another inequality relating the Ricci curvature and the mean curvature
for any submanifold of dimension 7 in a Riemannian space form of constant sectional curvature c.

1
IHIP + 5+ 1)1 = 2)c,

2
Ric(X) < (1 = 1)e + “|HIP,

which is known as the Chen-Ricci inequality.
The above Chen’s inequalities provide relationships between the basic intrinsic invariants and the main
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extrinsic invariant (the mean curvature) of a Riemannian submanifold. Afterwards, many authors obtained
some Chen inequalities for certain classes of submanifolds in different ambient spaces.

This paper is built on the above inequalities for bi-slant submanifold in trans-Sasakian generalized Sasakian
space forms. These submanifolds were studied by several authors.

On Kenmotsu manifolds (a particular case of trans-Sasakian manifolds), PK. Pandey et al. [16] proved the
following inequality on an (m + 1)-dimensional bi-slant submanifold of a (2m + 1)-dimensional Kenmotsu
space form of constant holomorphic sectional curvature c.

(i) For any plane section 7 tangent to D; and invariant by P,
(m+1)*(m—1)

2m
c+1

1 —
T — K(n) < IHIP + z(m+1)(m—2)¥ —m

+3 [(n, — 1) cos? 61 + 1 cos? 0,].

(ii) For any plane section 7 tangent to D, and invariant by P,

m+12*m-1) ., 1 c—3
— < -—“* " _ —_ —_—
T—K(m) < 5 IH| +2(m+1)(m 2) i
+ 3C 1 [111 cos? 61 + (115 — 1) cos? 0,].

4

A corresponding result for bi-slant submanifolds in cosymplectic space forms was obtained by R.S. Gupta
[10].
Also D.W. Yoon [17] proved for any n-dimensional bi-slant submanifold tangent to & in a (2m + 1)-

dimensional cosymplectic space form M(c) the following result.
For each unit vector X € T,M orthogonal to ¢ and

(i) X tangent to D1, we have

Ric(X) < 411 {(n —1)c+ %(3 0s2 0y — e+ 12 || H ||2}.
(ii) X tangent to D,, we have

Ric(X) < 411 {(n —1)c+ %(3 0s2 0y — 2)c + 12 || H ||2}.

Corresponding inequalities for different types of submanifolds in a diversity of ambient spaces were inves-
tigated (see [1], [4], [15], [13], [14]).

2. Preliminaries

A (21 + 1)-dimensional Riemannian manifold (M, g) is called an almost contact metric manifold if there
exist a (1, 1)-tensor field ¢, a unit vector field £ and a 1-form 1 on M satisfying

P*(X) = -X+n(X)E, @) =1, g@X, oY) =g(X,Y) - n(X)n(Y),
for all tangent vector fields X, Y on M. Moreover, on an almost contact metric manifold, one has
PE=0, nPX)=0, nX)=gX?:).

An almost contact metric manifold M is called a trans-Sasakian manifold if there exist two real differentiable
functions a and  such that

(Vxp)Y = a(g(X, V)& = n(NX) + BG(dX, V)& = n(V)pX),
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which implies

Vxé = —apX + B(X — n(X)&). (1)

A Sasakian manifold is a trans-Sasakian manifold with @ = 1, g = 0, a Kenmotsu manifold is a trans-
Sasakian manifold with @ = 0, f = 1, and a cosymplectic manifold is a trans-Sasakian manifold with
a=0,=0.

J.C. Marrero [12] proved that a trans-Sasakian manifold of dimension greater than or equal to 5 is locally
isometric to either a a-Sasakian or a p-Kenmotsu or a cosymplectic manifold. Since this result is not global it
is worth to consider the general case of trans-Sasakian manifolds, not only the above mentioned particular
cases.

The notion of a generalized Sasakian space from was introduced by P. Alegre, D.E. Blair and A. Carriazo

[2]. Tt is an almost contact metric manifold (Z\_/I, ¢, &, 1, 9) whose Riemannian curvature tensor satisfies
RX,V)Z = iRi(X, V)Z + foRo(X, Y)Z + fsR3(X, Y)Z, 2)
where

Ri(X,V)Z = g(Y,2)X - 9(X, 2)Y,
Ro(X, Y)Z = g(X, pZ)dY (Y, pZ)pX + 29(X, pY)PZ,
R3(X, Y)Z = n(X)n(2)Y = n()n(2)X + g(X, Z)n(Y)E = g(Y, Z)n(X)<,

for any vector fields X, Y, Z, with fi, f,, f3 differentiable functions on M. Such a manifold is denoted by
M(fi, f2, f3). Particular cases of generalized Sasakian space forms are:

(i) Sasakian space forms, for f; = % and fo = f3 = %,

(if) Kenmotsu space forms, for f; = % and f, = f3 = %,

(iii) cosymplectic space forms, for f; = f, = f3 = 7.

Theorem 2.1. [3] Any contact metric generalized Sasakian-space-form M(f1, fo, f3), with dimension greater than or
equal to 5, is a Sasakian manifold. Therefore, if M is connected, then fi, f and f3 must be constant functions.

Let M be an m-dimensional Riemannian submanifold of a trans-Sasakian manifold M. We denote by V the

Levi-Civita connection on M.
Then the Gauss and Weingarten formulae are given by

VxY =VxY +h(X,Y), VxY=-AyX+VxN,

respectively, forall X, Y € TM and N € T+M, where V is the Levi-Civita connection on M and V+ the normal
connection, respectively. We mention the following relation between the second fundamental form / and
the shape operator A.

g(h(X,Y),N) = g(ANX, Y).

The Gauss equation is given by
R(X,Y,Z,W) = R(X, Y, Z, W) + g(h(X, Z), h(Y, W) = g(h(X, W), h(Y, Z)), ©)

forall X, Y, Z, W tangent to M.
Let p € M and {ey, ..., e} an orthonormal basis of the tangent space T,M. Then the scalar curvature 7 at p is
defined by

)= ) Keihey), 4)

1<i<j<m
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where K(e; A ¢;) is the sectional curvature of the 2-plane section spanned by ¢; and e;.
For e, = &, (4) becomes

m—1
27 = Z K(ei Aej) + 22 K(ei A &) )
i=1

1<i#j<m-1
The Chen first invariant 6y is defined by

om(p) = (p) — (inf K)(p),

where (inf K)(p) = inf{K(n); © € T,M, dim 7t = 2}.
Let L be a k-plane section of T,M and X € a unit vector; we choose an orthonormal basis {e; = X, ey, ..., e}
of L. Then the Ricci curvature Ricy, of L at X is defined by

RZCL(X) = K12 + K13 + -+ Klk- (6)

It is called the k-Ricci curvature.
Recall that the mean curvature vector H(p) at p € M is given by

H) = ) e ). 7)
=1

Denote by h;j = g(h(ei,ej),er), i,j=1,..,mr € {m+1,..,2n + 1}; then the norm of the second fundamental
form his
2n+l m

2=y )

r=m+11i,j=1

For any vector field X € TM, we decompose ¢pX = PX + FX, where PX and FX are the tangential and
normal components of ¢X, respectively. We put

IPI? = )" F(Peise)).

ij=1
Lemma 2.2. Let M be an m-dimensional submanifold tangent to & of a (2n + 1)-dimensional trans-Sasakian manifold
M. Then, one has:

(i) (&, &) =0;
(ii) (X, &) = —aFX, for any vector field X tangent to M orthogonal to &.

Proof. For any p € Mand X € T,M, we have
Vxé& = —apX + B(X — n(X)&).

By using Gauss formula we obtain
h(X, &) = —aFX.
Taking X = £ we get (i), and taking X orthogonal to £ we get (ii). [
Definition. A submanifold M is called

a) totally geodesic if the second fundamental form h vanishes identically;
b) totally umbilical if h(X,Y) = g(X,Y)H, for all X, Y € TM.

Definition [5]. A differentiable distribution D on M is said to be a slant distribution if for any p € M and
any non-zero vector X € D), the angle 0p(X) between ¢X and the vector subspace D, is constant, i.e., it
depends neither on the choice of p nor of X; Op(X) is called the slant angle.

Definition [5]. A submanifold M tangent to the structure vector field £ is called a bi-slant submanifold of
M if there are two orthogonal differentiable distributions D; and D, such that
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(i) TM admits the orthogonal direct decomposition TM = D; & D, & {&}, where {&} is the 1-dimensional
distribution spanned by ¢,

(ii) D1, D, are slant distributions with slant angles 01, 0,.

A bi-slant submanifold of a trans-Sasakian manifold M is called proper if both the slant distributions D;
and D; have the slant angles 6,0, # 0, 7.

Assume that M is a proper bi-slant submanifold of dimension m + 1 = 2d; + 24, + 1 in M. We consider
an orthonormal basis of T,M

e1,ex = sec01Pey, -+, €041, €04, = sec O1Peyy, 1,624,412 = sec O2Perg 11, -,
€24, +2d,—1, €24, +2d, = 5€C 02624, 42,1, €2, +2dp+1 = &.

Then

2 .
2 y_ ) cos”01, for i€{l,3,---,2d; -1},
g (geisein) ‘{ cos? 0, for ic {2 +1,---,2dy +2d, ~ 1),

Z F(Pej, &) = 2(d1 cos* 0 + dy cos> 0). (8)

i,j=1

Example. For any positive constants k; and ko,
x(u,v,s,w,z) = (u+w,0,s,ky cosv + ky sinw, v + s, ky sinv + ky cosw, w, 0, z),

defines a proper bi-slant submanifold with slant angles 01 = cos™(1/ /1 + k) and 6, = cos™(2/ /1 +k3)
in (R, ¢, 1, &, 9).

Proof. R’ together with the structure

—ldz—i Iy 5—2i
=3 z’:1y ’ T 7oz

4
1 i i i i
g——n®n+1;(dx Qdx' +dy' @ dy'),

o

4 . \
d d P 9 P P
X (v ZE] - L[ X+ L

1 1=

is a Sasakian manifold (IR?, ¢, 7, &, 9).
Furthermore, it is easy to see that:

e1 =(1,0,0,0,0,0,0,0,0) =

dxl’
1
ep = ————(0,0,0, —k; sinv, 1,k cosv,0,0,0)
v +1
1

= (—k1 sinvi4 + i +kq cosvi ,

,k% +1 axt oyt dy?
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J J
=(0,0,1,0,1,0,0,0,0) = — + —,
es = ( ) =55 oy
1
ey = (1,0,0,k cosw, 0, =k, sinw, 1,0, 0)
\2+k2
= ! (a+kcoswa ksinw8+a
- oxt 2 ot P a2 o)
\2+k2 Y Y
es=¢
form a local orthonormal frame of TM. We define D; = {ey, e} and D5 = {e3, e4}; then a standard computation
yields cos 01 = g(¢er, e2) = \/11+_k§ and cos 0, = g(¢des, es) = ﬁ, which prove that the distribution D; is

01-slant and the distribution D, is 6,-slant. [

3. Chen first inequality

In this section, we establish a Chen first inequality for proper bi-slant submanifolds in (a, ) trans-
Sasakian generalized Sasakian space forms, with respect to orthogonal subspaces to the structure vector
field &.

We will use a well-known algebraic lemma from [7].

Lemma 3.1. [7] Let ay, ...ax, c be k + 1 (k > 2) real numbers satisfying

k)2 k
[Z u,-] = (k- 1)(2 2 +0).
i=1

i=1
Then 2a1a, > c. The equality holds if and only if a1 + a, = a3 = - = az.

Theorem 3.2. Let ¢y : M — M( f1, f2, f3) be an isometric immersion from an (m + 1)-dimensional (m > 4) bi-slant
submanifold M in a («, B) trans-Sasakian generalized Sasakian space form of dimension 2n + 1 (n > 4). Then:

(i) For any plane section m invariant by P and tangent to Dy,

IHIP

+f1(m+2)2(m—1)

+3£[(d1 — 1) cos? 01 + dy cos® 0,]
—[mfs + 20%(dy sin? 61 + d, sin® 6,)]. 9)

T—K(T[)S%

(ii) For any plane section m invariant by P and tangent to D,,

(m+1)*(m—1)

7 - K(m) < o IHI?
+f1(m+2)2(m—1)

+ 3 folds cos? 01 + (d» — 1) cos? 65]
—[mfs + 2a%(d; sin® 61 + ds sin? 6,)]. (10)
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The equality case of the inequalities (9) or (10) holds at a point p € M if and only if there exists an orthonormal basis
{er, ez, ..., emp1 = &} of TyM and an orthonormal basis {ey+2, ..., €2n, €2n41} Of T;M such that the shape operators of M

in M(fi, fa, f3) at p have the following form

hil h;% o --- 0 11;
n M, 0 - 0 4
0 0 0 - 0 a
A= . . . R re{m+2,..,2n+1}.
0O 0 0 - 0 a
ay ay oay c-oay 0

Proof. Let Mbe an (m+1 = 2d; +2d, + 1)- dimensional proper bi-slant submanifold of a («, f) trans-Sasakian
generalized Sasakian space form, p € M and {ey, ..., e, em+1 = &} an orthonormal basis of the tangent space
T,M and {ey12, ...., €24+1} an orthonormal basis of T+,M, with Fe; = [[Fejlle,js1, Yj=1,--- ,m.

From equation (5) one has

m+1 m
2t= ) Rieejepe)= ). Rleejee)+2) Rie & e) (11)
ij=1 1<i#j<m i=1

In Gauss equation (3), weput X = W =¢;, Y = Z =¢j, Vi,j € 1,2,..,m, and we take the summation over
1 <i,j < m. We obtain

Y, Revejee)= Y, Repejepe)— Y glee)hlee))+ Y, glhie,e) e  (12)

1<i#j<m 1<i#j<m 1<i#j<m 1<izj<m

We calculate E(ei, ej, ej,¢;) using the formula (2) of the curvature tensorand put X = W =¢;, Y = Z =¢;,
fori,j=1,---m,i#j.

R(ei ej ejei) = fr{glej, ej)glei, er) — glei, ep)g(ej, ei)}
+ falglei, pej)g(pej, ei) — glej, pep)g(ei, ei) + 2g(ei, pe)g(pe;, e:)}
+ fa{n(en(ej)gle;, er) — nlej)nle;)glei, )

+ g(ei, ep)nlep)n(e) — glej, ep)nlen(e}, (13)
which implies
Rei ej,ej,e) = fi+3f20 (i e)). (14)
Then
Z I_Q(e,',ej, ej,e))=m(m—1)f1 +3f Z g2(¢e,-,ej). (15)
1<i#j<m ij=1

If we introduce the equation (15) in (12), we have

Z Roei,ej,ej,e)) = m(m—1)f1 +3f, Z 92@51,6].)

1<i#j<m i,j=1

= Y, gleep )+ Y glhte e, hieje). (16)

1<i#j<m 1<i#j<m
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From the equation (11) one has

2t =m(m—-1)f1 +3f Z 7 (e, ej)

ij=1
Y. glieep e e) + Y glhie e hieje)
1<i#j<m 1<i#j<m
m
+2 2 R(ei/ él él ei)'
j=1

We calculate Y. R(e;, &, &, €)).

Y KEne) =Y R & &e) =) Rie& & e+ Y g, &) hiejep) - Y glh(E,e), h,ep).

=1 j=1 j=1 =1 =1

The equation (2) gives

Z R(e;, &, & e) = m(fi — f).

=1
If we substitute the equation (19) in (18)

2n+l m

ZR(ez,a,a,e,) =m(fi=f)+ Y Y I — (i)l

r=m+2 j=1

If we introduce the equation (20) in (17)

m

2t = m(m-1)fi +3f Y F(¢ese))
ij=1
+ (m+ DHIP = 7P + 2m(fi = f3)
2n+1 m
DI WA
r=m+2 j=1
By using Lemma 2.2

m  2n+1 2n+1 m  2n+1

8088

(17)

(18)

(19)

(20)

(21)

Z Z () = i Z P(hie;, E) ) = o Z Z P (Feje) = a leFe 1 = 202(d; sin® 0y +d, sin? 0,).

=1 r=m+2 =1 r=m+2 =1 r=m+2 =1
Also, from (8) for bi-slant submanifolds we get
2t =m(m —1)f1 + 6fo(dq cos? 01 + d, cos? 65)
+ (m + V2 |HIP = |1l + 2m(fi — f3)
— 4a*(d; sin® 61 + d, sin® 6,),
which can be rewritten as

27 = m(m + 1) f + 6 fo(dq cos® 01 + da cos® 0,)
+ (m + D2||H|? = |[h]|? = 2[mfs + 2a%(d; sin® 0; + d, sin® 6,)].

(22)

(23)
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Now, we put

6=2T_(m+1)2(m—1)
m

- film+2)(m—1)
—6f2(d; cos? 01 + dy cos? 65)
+2[2a%(d; sin? 01 + d; sin® 0,) + m f3]. (24)

IHI?

We have

WP = (m + 1| HI* -
+m(m+1)f1 +6f2(ds cos? 01 + d cos? 6>)
—2[mfs + 2a2(d1 sin? 0 + d, sin? 02)];

then
m+1)2
e+l = "D e 40,
m
or equivalently,
(m + D2H|? = mllh|P* + m(e — 2f1). (25)

Let 7 € T,M a 2-plane section orthogonal to & and invariant by P.

We consider the following two cases.

Case (i). 7 is tangent to the differentiable distribution D;. We may assume that 7 is spanned by an
orthonormal basis {ej, e;}; if we take ¢,,4» in the direction of the mean curvature H, i.e., H = ||H||e;;4+2, then
the relation (25) becomes

[mih"’“] —m[mi (h;y+2)2+ Z h’”+2 zi mZH +e—2f1 . (26)

i=1 1<i#j<m+1 r=m+31i,j=1

Using Lemma 3.1, from (26) we derive

2n+1 m+1
e Y hm+2 £ Y (s +e—2f1. 27)
1<i#j<m+1 r=m+3i,j=1
From the Gauss equation
K(m) = R(e1, €2, €2, e1) =g(h(e, e1), h(ea, €2)) — g(h(e, e2), h(er, €2)) + R(ex, €2, €2, 01), (28)
or similarly,
2n+1 _
K(m) = R(ey, e2,€2,€1) = Z [}, h5, = (h3,)] + R(ey, €2, €2, €1). (29)
r=m+2

For calculating ﬁ(el, e, ez,e1) we will use (2).

R(e1,e2,02,€1) = fi + 3207 (er, €2). (30)
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By substituting (30) in (29), one has

2n+1

K(m) = R(er,ex,e0,01) = Y [ihihy = (Hip)] + fi + 3fs cos? 01,
r=m+2
or
2n+1 2n+1 )
K(m) = 522+ Y (i) = Y () + fi +3f 0% 01,
r=m+3 r=m+2
From (27) we have
1 9 1 2n+1 m+1 2 €
MR > () +5 3, Y (W) +5-f
1<i#j<m+1 r=m+3i,j=1
Then equation (32 ) becomes
1 5 1 2n+1 m+1 )
2 m+2 r
K(m) = 3f, cos” 01 + 7 Z (hij ) + 5 Z Z (hi].)
1<i#j<m+1 r=m+31i,j=1
e 2n+1 2n+1 5
to Y Hy = Y ()
r=m+2 r=m+2
or equivalently,
2n+1 m+1 5 5 1
+212
Kz Y, V) +05)]+5 Y, o
r=m+2 j=2 3<i#j<m+1
1 2n+1 5 1 2n+1 5
r r r
+3 Z Z (hij) +3 (h11+h22)
r=m+3 3<i,j<m+1 r=m+2

+3f2cos2 01 +g
> 3f2cos2 0; + g

Finally combining (24) and (33) we obtain (9).

e m+1>*m-1) __,
27T o M
_fl(m+2)2(m—1)

—3f,(dy cos? 01 + da cos? 0,)

+mfs + 2a2(d1 sin? 6, + d, sin? 0>),
It follows that
(m+1)*(m—1)

T—K(n) < . IIH|[?
+f1(m+2)2(m—1)

+3£[(d; — 1) cos? 01 + dy cos® 0,]
- [mf3 + Zaz(dl S'll’l2 01 +dp Sil’l2 92)],

8090

(81)

(32)

(33)
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which is equivalent to the equation (9)
Case (ii) 7t is tangent to the differentiable distribution D,. As in the case (i) we have

- K() < %HHIIZ
(m+2)(m-1)

+ f1 5
+ 3 fold; cos? 01 + (d» — 1) cos? 65]

— mf3 — Zaz(dl Sil’l2 91 + dz Sil’l2 92)],

which is equivalent to the equation (10).
The case of equality for the inequality (9) holds at a point p € M if and only if it achieves the equality in the
inequalities (27), (33) and Lemma (3.1), i.e.,

W2 = 2 = =2 = V3<j<m

1j 2j mj ’ ¢

th].:O, Vitj 3<i,j<mr=m+2,---,2n+1,
hi, +h, =0, Yr=m+3,---,2n+1.

m+2 m+2 — pm+2 — . — Jm+2 —
hll + h22 - h33 - - hm+1,m+1 =0.

(34)

we obtain the desired form for the shape operators, wherea! = h! . . O

A bi-slant submanifold M is ideal in the sense of Chen if at any p € M there is a plane section tangent to
D satisfying (9) or a plane section tangent to D, satisfying (10).

Corollary 3.3. Any ideal bi-slant submanifold of a trans-Sasakian generalized Sasakian space form is minimal.

4. Chen-Ricci inequality

In this section, we establish an estimate of the mean curvature in terms of the Ricci curvature for bi-slant
submanifolds in (a, §) trans-Sasakian generalized Sasakian space forms.

Theorem 4.1. Let M be an (m + 1)-dimensional (m > 4) bi-slant submanifold isometrically immersed in a («, p)
trans-Sasakian generalized Sasakian space form M(f1, f», f3) of dimension 2n + 1 > 9. Then we have the following:

(1) For each vector X € T,M orthogonal to & and

(i) X tangent to Dy,
1
Ric(X) < ’Z(m + DHI? + fi + % focos? 01 + (m —2)f — a®sin” 0y; (35)
(ii) X tangent to D,

1
Ric(X) < 2(m + DAIHIP + fi + g focos? 0y + (m — 2) f3 — a* sin’ 0. (36)

(2) If H(p) = O, then a unit tangent vector X at p satisfies (35) or (36) if and only if X € N,, where N, = {X €
T,M|h(X,Y) =0,YY € {&}*).

(3) The equality case of (35) and (36) holds identically for all unit tangent vector at p orthogonal to & if and only if
WX, Y)=0,forall X,Y € {&}*.
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Proof. (1) (i) Let p € M and X € T,M a unit tangent vector orthogonal to . We consider an orthonormal

basis {e1 = X, e, - ,em, ms1 = &, €man, ¢ ,€2u41) IN Tp]\_/I such that ey, -+, e;41 are tangent to M at p, with

€1, ..., 624, € D, €24, 41, - €m € Ds.
We recall the equation (23)

2t = m(m + 1) f + 3H|IPIP + (m + 1| H|? = |1 — 2[m f3 + 2a*(d; sin® 0, + d, sin? 6,)].
Then we can write the last equation as

(m + 1| HI? = 27 + ||1|* — m(m + 1) f = 3H|IPI? + 2[mfs + 2a2(d; sin® 61 + da sin” 0,)],
or equivalently,

2n+1

(m+ 1PIHIP =20+ Y |0 + (B + o+ B 42 Y ()
r=m+2 1<i<j<m+1

2n+1

=2 Y Y - mm+ DA

r=m+2 2<i<j<m

—36|IP|* + 2[mf; + 2a*(d; sin® 0; + d, sin® 0,)].

Then from the last equation we get

2n+1
(m -+ DPIHIP = 2t + N L+ B )P+ (= Ty = = T, ]
r=m+2
2n+1 2n+1
72 T
v2), L -2 ) m
r=m+2 1<i<j<m+1 r=m+2 2<i<j<m

—m(m +1)f; - 3£|PI
+ Z[mf3 + Zaz(dl SiI’l2 01 + dz Sil’l2 92)]

We have
1 2n+1
(m+17IHIP =2 ) Ky +2Ric(X) + 5 Y e )
2<i<j<m+1 r=m+2
1 2n+1
t3 Z (g = hyy ==+ = Iy)?
r=m+2
2n+1 2n+1
#2), ), -z}, ),
r=m+2 1<i<j<m+1 r=m+2 2<i<j<m

—m(m+1)fi = 3fIPI*
+2[mfs; + 2a2(d1 sin? 0 + d sin? 03)].

(37)

(38)
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We can add the term hg £ = 0.

2n+1
(m + D H|? - = Z (o oo My + W2 = 2 Z K;; + 2Ric(X)
r=m+2 2<i<j<m+1
2n+1
b3 Y =y =,
r=m+2
2n+1 2n+1
*2), ), Gf-2) ), hi
r=m+2 1<i<j<m+1 r=m+2 2<i<j<m

—m(m+1)f; = 3fIPI?
+2[mfs + 20 (dq sin? 61 + d, sin® 6,)].
We calculate
Z Kl] - Z R(elle]/e]/el) +2ZR(61/ E/ g/el
2<i<j<m+1 2<i<j<m

From the Gauss equation we find

2n+1
5 —
Y, Repepeper= Y Y, [mn -]+ ), Reieyepe.
2<i<j<m r=m+2 2<i<j<m 2<i<j<m
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(39)

(40)

(41)

We can substitute X = W =¢;, Y = Z =¢;, ¥i,j = 1,2, ...,m, in the curvature tensor formula (2); then we get

Reei ej,ej,e0) = filglej e)g(ei ) — glei, e))g(ej, e))
+ folg(ei, pej)g(pej, e;) — glej, pej)g(pei, e:)
+2g(ei, pej)g(de;, i)}
+ faln(en(ejg(e;, ei) — nlepnle;glei, e:)
+ glei, ep)n(epn(er) — glej, epnlenn(e}.

Because
m—1)(m—2
Y gteseppteney = 7002,
2<i<j<m
= m—1)(m —2)
Z R(ei,ej,ej,ei)—¢fl+3fz Z g(cei,e)).
2<i<j<m 2<i<j<m

If we introduce the equation (44) in (41), we find

2n+1

2 R(ei ej,ej,e;) = Z Z hl’lh;] (hi])2]+%f +3f Z g(ce;, ej).

2<i<j<m r=m+2 2<i<j<m
If we substitute the equation (45) in (40), we get:

Z Kij = (m—l)#ﬁ +3f2 Z 9(pei e))

2<i<jsm+1 2<i<j<m

2n+1

Y X [ ] e2) Rt e
i=2

r=m+2 2<i<j<m

2<i<j<m

(42)

(43)

(44)

(45)

(46)
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We compute

Z K(E Aej) = 2 R(ei &, &) = 2 R(ei &, & 0) + Z g(h(E, &), ey e))) — 2 g(n(E €, h(E, ).

j=2
From the expression of the curvature tensor (2)
Y R, & & e) = (m=1)(fi - f5).
=2
By substituting the equation (48) in the equation (47)
m  2n+1
Z R(ei, &, & 6) = (m=1)(fL — f3) + Z Z e = (3e)%],

j=2 r=m+2

which implies
Y Reei &, &,e) = (m=1)(fi - f3) - @*1(2ds = 1)sin® 61 + 2, sin? 0],

By using the equations (50) and (46), we obtain

Y, Ky= Wﬁ + gfz[npnz ~|IPexP]

2<i<jsm+1

2n+1

£ )Y, [ -y
r=m+2 2<i<j<m
+2(m — 1)(fi — f5) — 2a[(2d; — 1) sin® 1 + 2d, sin” 0].

If we introduce the equation (51) in the equation (39) we get:

2n+1

SOm+ VIHIP = Rie(X) + 5 Y (0, =y == I,
r m+2
2n+1 2n+1
+2 ) ) 0r-2 ) Y
r=m+2 1<i<j<m r=m+2 2<i<j<m

—m(m+1)f; — 3fI|IP|P
+2[mfs + 20 (dq sin? 61 + d, sin® 6,)]

+(m = 1)(m =2)fi + 3L[IPIP = |Pes ]
2n+1

v2 ) ) [ - )]

r=m+2 2<i<j<m

+4(m - 1)(fi — f3) — 2a%[(2d; — 1) sin” O + 2d, sin® 65],
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(47)

(48)

(49)

(50)

(51)

(52)
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which gives

2n+1
—(m+1) 2|H|? = 2Ric(X) + = Z(h Wy == H)?
r m+2
2n+1 2n+1
2y a2y, Yo
r=m+2 1<i<j<m r=m+2 2<i<j<m

—m’fy —mfi = 3fH|IPIP + 2mfs

+ [m*fi = 3mfy +2f1] + 3H|PI? = 3f2l[Pes |
2n+1

*2), ), [ -]

r=m+2 2<i<j<m

+4(m —1)f; — 4(m — 1) f; + 2a*sin® 0;.

It follows that

2n+1

1 .
SOn -+ 17 IHI? = 2Ric(X) + 5 )" () = by =+ = },,)?
r=m+2
2n+1 2n+1
2
20, ) 02, ) hik
r=m+2 1<i<j<m r=m+2 2<i<j<m

- 2f1 = 3h|IPey|* — 2(m — 2) f5 + 2a° sin® 0,
2n+1

2
*2), ), [ -],
r=m+2 2<i<j<m
which is equivalent to
—(m+ 1)%||H|P? = 2Ric(X)

2n+1 2n+1

o Y U=y 42 YY)

r=m+2 r=m+2 1<i<j<m

- 2f1 = 3f|IPey|l> — 2(m — 2) f — 2a” sin® 6;.
Then

1
E(m + 1)?||H|? = 2Ric(X) - 21 = 3follPe1|* = 2(m — 2) f3 — 2’ sin’ 0y,
or equivalently,
. 1 22 3 2 22
Ric(X) < Z(m + D)7HI*+ fi + §f2||P€1|| +(m—2)f3 +asin” 6,

which represents the inequality from (i).

(ii) If X tangent to D,, the same arguments prove the desired inequality.

(2) Assume H(p) = 0. Equality holds in (35) or (36) if and only if

{hgzzh;:s_ -=Hhj, =0,
hyy =y + e refmt2, e 20+ 1)
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(53)

(54)

(55)

(56)

(57)
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Thenh;j =0,foralljefl,--- ,m},re{m+2,---,2n+1}, thatis X € N,.
(3) The equality cases of (35) and (36) hold for all unit tangent vector at p orthogonal to & if and only if

Wy=0, 1<i#j<m, refm+2,--,2n+1},
Wy 4+ by, —20=0, i€{l,---,m}, re{m+2,---,2n+1}

It follows that (X, Y) = 0,VX, Y € {&}+. O
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