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Quarter-symmetric non-metric connection

Miroslav D. Maksimovié?

*University of Pristina in Kosovska Mitrovica, Faculty of Sciences and Mathematics, Department of Mathematics, Kosovska Mitrovica, Serbia

Abstract. The paper will study a new quarter-symmetric non-metric connection on a generalized Rieman-
nian manifold. It will determine the relations that the torsion tensor satisfies. The exterior derivative of the
skew-symmetric part F of generalized metric G with respect to the Levi-Civita connection coincides with
that of skew-symmetric part F with respect to quarter-symmetric non-metric connection, which implies that
the even-dimensional manifold endowed with non-degenerate 2-form F is symplectic manifold if and only
if it is closed with respect to quarter-symmetric non-metric connection. The linearly independent curvature
tensors of this connection and its dual connection are determined and the properties of these tensors are
discussed. Finally, the condition is given that the connection should be dual symmetric.

1. Introduction and motivation

The theory of linear connections holds an important place in Differential Geometry. In 1924, A. Fried-
mann and J. A. Schouten introduced the concept of semi-symmetric connection [11], while in 1932, H. A.
Hayden defined metric connections with torsion tensor [14]. E. Pak studied semi-symmetric connection
on the pseudo-Riemannian manifold and given the relationship between semi-symmetric connection and
Levi-Civita connection [27]. In paper [34], K. Yano studied semi-symmetric metric connection on the Rie-
mannian manifold in detail. Afterward, many authors studied the application of this connection to other
manifolds. With the aim of generalizing semi-symmetric connection, S. Golab introduced the notion of
quarter-symmetric connection [12]. In [25], R. 5. Mishra and S. Pandey studied several types of quarter-
symmetric connection on different manifolds, while in [35] K. Yano determined the relationship between
quarter-symmetric metric connection and Levi-Civita connection.

In [1], N. Agashe and M. Chafle defined a semi-symmetric non-metric connection on a Riemannian
manifold and observed properties of the curvature tensor and the Weyl projective curvature tensor. In

papers [3, 8], the authors defined a new type of semi-symmetric non-metric connection given by the
equation

1 g
VxY = VxY +an(Y)X + br(X)Y.
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This connection was also studied in papers [5, 6]. These papers motivated us to study the quarter-symmetric
connection on the generalized Riemannian manifold in the following form

1 g
VxY = VxY +an(Y)AX + br(X)AY, (1.1)

whose torsion tensor given with

T(X,Y) = (a - b)(n(Y)AX — n(X)AY),

where a and b are different real numbers (i.e. a,b € R, a # b) and A is the (1,1) tensor associated with
skew-symmetric tensor F.

Remark 1.1. Fora = 0andb # 0, the quarter-symmetric connection (1.1) is metric (for example, in papers [25, 35, 38]
the case for b = =1 studied). Fora # 0, b = 0, the connection (1.1) is non-metric (for example, see [2, 10] or equations
below equation (2.8) in [38]). In this paper, we will study the connection (1.1), where neither a nor b are equal to zero.
2. Preliminaries

Let M be an n-dimensional differentiable manifold and G be a non-symmetric (0,2) tensor. The pair
(M, G) is called the generalized Riemannian manifold. Based on the non-symmetry, the tensor G can be
represented as follows

G(X,Y) = g(X,Y) + F(X, Y),

where g is its symmetric part and F its skew-symmetric part, that is
1 1
gXY) = S(CX N+ G X)), FXY)=7(GXY) -G X).

We assume that the symmetric part g is non-degenerate of arbitrary signature. Symmetric part g and
skew-symmetric part F are related as follows

F(X,Y) = g(AX, Y), 2.1)
where A is the (1,1) tensor field associated with tensor F. Depending on the properties of tensor A, we can
observe various examples of generalized Riemannian manifold (see [16]).

1
In this paper, we will study the non-symmetric linear connection V on a generalized Riemannian

1
manifold, i.e. linear connection V with torsion tensor

1 1 1
T(X,Y) = VxY - VyX - [X, Y],

where [-,-] denote the Lie bracket and X,Y are smooth vectors on a differentiable manifold M. In the
following, we will use the (0,3) torsion tensor defined with equation

1 1
TX,Y,Z) = 9(T(X,Y), Z).
2 1
The dual connection V of connection V is defined with equation

2 1
VxY = Vy X + [X, Y].
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1 2 0
By virtue of connection V and its dual connection V, one can define symmetric connection V given with

0 11 2
VxY = S(VxY + V). 2.2)

0 1 2
Based on symmetric connection V and non-symmetric connections V and V, we can observe six linearly

independent curvature tensors (see [24])

0 0 0 0 0 0
R(X,Y)Z =VxVyZ - VyVxZ -Vixy1Z, 6 =0,1,2,

3 2 1 1 2 2 1
R(X, Y)Z =VxVyZ -VWWxZ+V, Z-V, Z,
VyX VxY

4 2 1 1 2 2 1
RX,Y)Z=VyxVyZ-VyVxZ+V. Z-V, Z,
VyX ny

5 11 1 2 1 2 2 1 2 1 2
RX,Y)Z = E(VXVyZ = VyVxZ + VxVyZ = VyVxZ = Vixy1Z = Vix1|Z).

g g
Riemannian curvature tensor R with respect to Levi-Civita connection V is defined with equation

g g 9 g 9 g
R(X, Y)Z = VxVyZ = VyVxZ — Vix i Z.

1
Linear connection V on a generalized Riemannian manifold is determined with torsion tensor and

covariant derivative of symmetric part g.

g
Theorem 2.1. [16] Let (M, G = g + F) be a generalized Riemannian manifold and V be a Levi-Civita connection of
1 1
g. Let V be a linear connection with torsion T and denote the covariant derivative of the symmetric part g of tensor G

1 1
with Vg. Then the connection V is uniquely determined by the following formula

1 1 1 1
97, 2) =g(Vx%,2) + 3(T(X,Y,2) + T(Z X, ) = T(,Z,X)

2.3
- 3(x0)(02) + (Vrg)Z, X) = (Vzg)(%, X)), -
The covariant derivative %F of the skew symmetric part F of tensor G is given by
(VxP(Y,2) =(VxF)(%,2) + 5(T(X, Y, AZ) + T(Z, X, AY)
+ %(Z}"(AZ, XY)+ %(AZ, Y, X) + ".}"(X,AY, Z)+ ".}"(Z,AY, X)) o
+ 3(Vxg)AY, ) - (Vxg)(¥, AZ) - (Vyg)AZ, X) |
+ 2 (V29 AY,X) + (Vazg) (¥, X) ~ (Vavg)(Z X)),
In particular, the exterior derivative dF of the skew symmetric part F satisfies
dE(X,Y,Z) = — T(X, Y, AZ) — T(Y. Z, AX) - T(Z, X, AY) 05

+ (VxE)Y, 2) + (VyE)(Z, X) + (VZE)(X, Y).

11 1
Conversely, any three tensors T, Vg, VF satisfying (2.4) determine a unique linear connection via (2.3).
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3. Quarter-symmetric non-metric connection

1
If linear connection V preserves the basic tensor G then it is called the G-metric connection [38]. In paper

1
[16], the authors proved that connection V preserves the basic tensor G if and only if it preserves both its
symmetric part g and its skew-symmetric part F, i.e.

1 1 1 1 1
VG=0oVg=VF=0oVg=VA=0.

1 1
If connection V preserves symmetric metric g, i.e. Vg = 0, then it is called the metric connection; otherwise,

it is non-metric. This paper aims to research the quarter-symmetric non-metric connection on a generalized
Riemannian manifold. Recently, many papers studied quarter-symmetric connections on various manifolds
(for example, see [4, 7, 9, 13, 15, 18, 19, 28, 30, 31, 37]). Paper [32] deals with the application of quarter-
symmetric connection to probability theory, i.e. to the financial market.

In the following theorem, we will prove the existence of the connection (1.1) with coefficientsa = —b = 1,
i.e. we will show that equation (2.3) is satisfied. Analogously, the existence of connection (1.1) with arbitrary

coefficients a,b € R, a # b, can be proven, but for simpler calculation purposes, we chosea = —b = %

g
Theorem 3.1. Let (M,G = g + F) be a generalized Riemannian manifold and V be a Levi-Civita connection of

1
symmetric part g. Then there exists a unique linear connection V given with equation

1 g 1 1

VxY = VxY + En(Y)AX - En(X)AY, (3.1)
whose torsion tensor is given with

1

T(X,Y) = n(Y)AX — n(X)AY, (3.2)
and which satisfies

1 1
Vxg)(¥, 2) = =5 (r(NEF(X, Z) + n(Z)F(X, Y)), (3.3)

where Tt is a 1-form associated with vector field P, i.e. n(X) = g(X, P) and A is a (1,1) type tensor field associated
with skew-symmetric part F of basic tensor G, i.e. F(X,Y) = g(AX,Y).

1
Proof. Linear connection V can be written in the form

1 g

VxY =VxY+HXY),
ie.

1 g

9(VxY, Z) = g(VxY, Z) + H(X, Y, Z),

and based on equation (2.3) we have
11 1 1
H(X,Y,2) = g(H(X,Y),2) =5(T(X,,2) + T(Z, X, Y) - T(Y, Z,X))

- 3(Vx9)(%2) + (V29)(Z,X) = (V29 ).
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Now we will determine tensor H so that the previous equation is satisfied. Equation (3.3) implies the
following relations

(V9)(Z,X) = = 3 (REZF, X) + 7O, 2),

(V29)(%,X) = = 2(R(V)F(Z X) + m(OF(Z Y)).
From (3.2), it follows

T(X,Y,2) = n(VE(X, 2) - e(X)F(Y, 2),
and further

T(Z X, Y) =n(X)E(Z, Y) - n(Z)E(X, Y),

T(Y, Z, X) =n(Z)F(Y, X) - n(V)E(Z, X).
Combining the previous six equations and equation (3.3) we have

H(X, Y,2) = 57(VE(X, 2) - 2n(XF(Y,2),
from which

H(X,Y) = %n(Y)AX - %n(X)AY,
and thereby, we proved the theorem. [

1
According to equations (3.2) and (3.3), connection V given with (3.1) is called a quarter-symmetric non-
metric connection. The 1-form 7 is a generator of that connection.
For covariant derivative of skew-symmetric part F we have

(VxF)(Y,2) =XF(Y,Z) ~ F(VxY,2) = F(Y,V2)
—(VxF)(Y,Z) - %F(H(Y)AX — (X)AY) — %F(Y, (Z)AX - (X)AZ),
e
(VxP(Y,2) = (VPN 2) + 3 (RONG(AX, AZ) = n(Z)g(AX, AY), 64

from which we see that connection (3.1) does not preserve the tensor F. By adding equations (3.3) and (3.4),
we obtain the covariant derivative of generalized metric G

(VxG)(Y,2) = (Vxg)(¥,Z) + (VxF)(Y,Z)
= (VxF)Y, 2) + 3 (R(V)(e(AX, AZ) ~ F(X, Z)) = m(Z)(g(AX, AY) + F(X, V).
The covariant derivative of tensor A is given by
(%XA)Y = %XAY - A(%XY)

g g
= VYAY + %n(AY)AX - %n(X)AZY - A(VXY%n(Y)AX - %Tc(X)AY),
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i.e.
1 g 1
(VxA)Y = (VxA)Y + E(n(AY)AX - n(Y)A%X).

For covariant derivative of 1-form 7 with respect to quarter-symmetric non-metric connection (3.1), the
following equation holds

(Vxm)(Y) = (Vxm)(Y) + %n(X)n(AY) - %n(AX)n(Y). (3.5)

A vector field P is a Killing if Lpg = 0, where L is the Lie derivative with respect to the Levi-Civita
connection. Based on the previous equation, we will prove the following theorems.

Theorem 3.2. Let (M, G = g + F) be a generalized Riemannian manifold with the quarter-symmetric non-metric

1
connection V given with (3.1). A necessary and sufficient condition for the vector P to be Killing is that

(Vxm)(Y) + (Vym)(X) = 0
holds.

Proof. The Lie derivative of g with respect to the Levi-Civita connection is given by
g g
(Lpg)(X,Y) = g(VxP,Y) + g(X, VyP)
ie.
g g
(Lrg)(X,Y) = (Vxm)(Y) + (Vym)(X).

Based on equation (3.5), we obtain

(Lpg)(X, Y) = (Vxm)(Y) + (Vy)(X).
[l

Theorem 3.3. Let (M, G = g + F) be a generalized Riemannian manifold with the quarter-symmetric non-metric

1
connection V given with (3.1). Then the following relation holds
1

(Lrg)(X, Y) = (Lpg)(X, Y) + T(X)7(AY) + (AX)7(Y),

1 1 g
where L and L denote the Lie derivatives with respect to V and V, respectively.

1

Proof. The Lie derivative of g with respect to the connection V is given by

1 1 1 1 1
(Lr9)(X,Y) = Pg(X,Y) — g(VpX = VxP,Y) — g(X, VpY — VyP)
1 1 1

= (VP!J)(X/ Y) + Q(VXP, Y) + g(X/ VYP)

By using equation (3.3), we have

(Vog)(X, ) = 3 (REOTAY) + TAX)(Y))
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If we consider the previous two equations and (3.1), we get

(.ng)(X, Y) = g(%XP, Y) +g9(X, %yp) + (X)1(AY) + (AX)1(Y)
= (Lpg)(XY) + n(X)n(AY) + n(AX)m(Y).

O

Directly based on the previous theorem, we have the following statement.

Corollary 3.4. Let (M, G = g + F) be a generalized Riemannian manifold with the quarter-symmetric non-metric

1
connection V given with (3.1). If the vector field P is Killing then
1
(Lpg)(X,Y) = (X)n(AY) + n(AX)7(Y).
2 1
The dual connection V of quarter-symmetric non-metric connection V is determined with equation

2 g
VY = VyY — %n(Y)AX + %n(X)AY. (3.6)

Connection é is also non-metric and satisfies the following relations
(Vx)(2) = S(ROVE(X, 2) + HZF(X, V),
(VxP)(Y,2) = (VFIY, ) - 3 (RONG(AX, AZ) ~ n(Z)g(AX, AY),
(VXG)Y,2) = (TxF)(Y,2) - 3 (R )GAX, AZ) - F(X, 2)) = 7(Z)(GAX, AY) + F(X, V),

(%XA)Y = (%XA)Y - %(n(AY)AX - n1(Y)A%X).

0
Based on equations (2.2) and (3.6), we conclude that the symmetric connection V coincides with Levi-

g
Civita connection V, i.e. the following holds
0 q
VxY = VxY. (3.7)

1
In the following assertion, we state some identities for torsion tensor T given with (3.2).

Theorem 3.5. The torsion tensor of quarter-symmetric non-metric connection (3.1) in the generalized Riemannian
manifold satisfies the following relations

1
XC;ZT(X, Y,7) = —ZXgZH(X)F Y, 2), (3.8)
1 1
2 ¢ (X)F(AY,AZ) = - ¢ (T(AX,Y,AZ) + T(X,AY,AZ)), (3.9)
11 1
0 T(T(X,Y),2) = ¢ n(X)(MAY)AZ ~m(AZ)AY) = o m(AX)T(Y,2), (3.10)
1
0 T(X,Y,AZ) =0, (3.11)
1
o T(AX,AY,Z) =0, (3.12)
XYZ

where 2, denote the cyclic sum with respect to the vector fields X, Y, Z.
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Proof. Using torsion tensor (3.2), the skew-symmetry of tensor F and equation (2.1), the previous identities
are easily proved. [

Remark 3.6. The identities from the previous theorem are true for any quarter-symmetric connection with a torsion
tensor (3.2).

1 1
Let dF be the exterior derivative of F with respect to quarter-symmetric non-metric connection V, i.e.

dF(X,Y,2) = (VxE)(Y, 2) + (VyF)(Z, X) + (VZE)(X, V).

By the cyclic sum of equation (3.4) we obtain

dF(X,Y,Z) = (VxE)(Y,2) + (VyE)(Z, X) + (VZE)(X, Y) 019

g g g
= (VxF)(Y, Z) + (VyF)(Z, X) + (VZE)(X, Y) = dF(X, Y, Z).
Theorem 3.7. Let (M, G = g + F) be a generalized Riemannian manifold with the quarter-symmetric non-metric

1
connection V given with (3.1). The exterior derivative of skew-symmetric part F with respect to Levi-Civita connection
g 1

V coincides with that of skew-symmetric part F with respect to quarter-symmetric non-metric connection V.

In other words, the 2-form F is closed with respect to the Levi-Civita connection if and only if it
is closed with respect to the quarter-symmetric non-metric connection (3.1). Based on the fact that the
even-dimensional manifold with closed form F (with respect to the Levi-Civita connection) is a symplectic
manifold, we have the following statement.

Theorem 3.8. Let (M, G = g + F) be a generalized Riemannian manifold with the quarter-symmetric non-metric
connection (3.1) and F be a non-degenerate 2-form. If the manifold M is even-dimensional, then the pair (M, F)
is a symplectic manifold if and only if the skew-symmetric part F is closed with respect to the quarter-symmetric
non-metric connection (3.1).

The Nijenhuis tensor (or the torsion) of tensor A is the type of (1,2) tensor and plays an important role
in almost complex and almost para-complex geometry. If tensor A has the property A? = —1 (respectively,
A? = 1), then itis called an almost complex structure (respectively, almost para-complex structure). The vanishing
of the Nijenhuis tensor of the almost complex structure is equivalent with the integrability of the almost
complex structure [26].

In the generalized Riemannian manifold, the Nijenhus tensor can be represent as follows (see [16],
equation (2.17))

1 1 1 1 1
N(X,Y) = N(X,Y) - T(AX, AY) - A’T(X,Y) + AT(AX,Y) + AT(X, AY), (3.14)
1
where N denotes the (1,2) type tensor given with equation

1 1 1 1 1
N(X,Y) = (VaxA)Y — (VayA)X — A(VxA)Y + A(VyA)X. (3.15)
Since for torsion tensor (3.2) it holds that
1 1 1 1
~T(AX,AY) — A’T(X,Y) + AT(AX,Y) + AT(X,AY) = 0,
from equation (3.14), it follows
1
N(X,Y) = N(X,Y).

With this equation, we proved the following theorem.
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Theorem 3.9. In the generalized Riemannian manifold with quarter-symmetric non-metric connection (3.1), Nijen-

1
huis tensor N coincides with tensor N given with (3.15).

Remark 3.10. Equation (3.13) can be proved using equations (2.5) and (3.11).

4. Properties of curvature tensors

In this section, we will deal with linearly independent curvature tensors and their properties. The

1 1
curvature tensor R of quarter-symmetric non-metric connection V, given with (3.1), can be expressed by the
following relation

1 g 11 11 11
R(X,V)Z = R(X, V)Z + 50(X, Z)AY = 54(Y, 2)AX = 3B(X, Y)AZ

4.1)

~ SHX 2R + 390 2m(X) + 300X, V)2,
where clv, é are (0,2) type tensor fields and )1/, (15 are (1,2) type tensor fields given with equation

5O Y) = (Vxm)(0) + 37OOAY) - 2 RAX)(Y) = (Vam)(Y), @2)
BOX,Y) = (Vxm)(Y) = (Vym)(X), 43)
LX,Y) = (VxA)Y - %n(Y)A2X, (4.4)
5(X,Y) = (VxA)Y — (VyA)X. (4.5)

0 0
According to equation (3.7), the curvature tensor R of symmetric connection V coincides with Rieman-

g 0 g
nian curvature tensor R of the Levi-Civita connection, i.e. R = R. Relations for other linearly independent
curvature tensors are presented in the following theorem.

Theorem 4.1. Let (M, G = g + F) be a generalized Riemannian manifold with the quarter-symmetric non-metric

0 g
connection (3.1). Curvature tensors R(X,Y)Z, 0 = 2,...,5 and Riemannian curvature tensor R(X, Y)Z satisfy the
following relations

2 g 1
R(X,Y)Z =R(X, Y)Z - %é(x, Z)AY + %é(y, Z)AX + %5(){, Y)AZ

12 12 11 (46)
+ SPX DY) = 57 D(X) = 56X, V)m(2),
3 g 12 11 12 1
R(X,Y)Z =R(X,Y)Z + Ea(X' Z)AY + Ea(Y, Z)AX — E(a(X, Y) + a(Y, X)AZ
(4.7)
1
— SHX 2R - 31X + 5004 Y) + 200 X0)()
4 g 12 11 11 2
R(X,Y)Z =R(X,Y)Z + Ea(X, 2)AY + Ea(Y, Z)AX - E(a(X, )+ a(Y, X)AZ
(4.8)

— SHX 2R = 2105 Z)(X) + 560K, Y) + 200, X)(2)
- 1(Z)(n(Y)A%X — n(X)A%Y),
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zsz(X, Y)Z =19z(x, Y)Z + }ln(X)(n(Y)AZZ - n(AZ)AY) + }Ln(Y)(n(X)AZZ - 11(AZ)AX)

(4.9)

- }In(Z)(n(X)AzY + 1(Y)A2X — n(AX)AY — (AY)AX),

1111 . . 2 2 .

where a, B, y, 0 given with (4.2), (4.3), (4.4), (4.5), respectively, and «, y given with

2 g 1 1

a(X,Y) = (Vxm)(Y) — En(X)n(AY) + En(AX)n(Y), (4.10)
g

X Y) = (VXA)Y + %n(Y)AzX. (4.11)

3 3 1
Proof. We will prove the relation for curvature tensor R. Relation between curvature tensors R and R is

given with formula (see [29])
3 1 11
R(X,Y)Z =R(X, Y)Z + (VyT)(X, Z).
1
For the covariant derivative of torsion tensor T the following equation holds
11 1 1 1 1
(VxD)(Y, Z2) = AY(Vx1)(Z) + n(Z)(VxA)Y = AZ(Vxm)(Y) = (Y)(VxA)Z

= a(X, 2)AY - a(X, V)AZ + (Z)y(X, Y) — r(Y)(X, Z)
1
+ E(n(AY)n(Z) - n(Y)n(AZ))AX,
where clv and )1/ are given with equations (4.2) and (4.4). By combining the previous two equations and (4.1),
weget (4.7). O
g 1

2
Below we will study the transformations of Levi-Civita connection V on connections V and V. We will
determine the conditions for the Riemannian curvature tensor to be invariant under these transformations.

1
If we define (1,3) tensor M(X, Y)Z as follows
1 1 1 g g
M(X,Y)Z = (X, Z)AY — y(X, Z)r(Y) — (Vxn)(Y)AZ + (Z)(VxA)Y, (4.12)

1
where c%z and )1/ are given with equations (4.2) and (4.4), then the curvature tensor R takes the form

1 g 11 11
R(X,Y)Z =R(X,Y)Z + EM(X’ Z - EM(Y’ X)Z,

1 g
from which we see that curvature tensor R is equal to Riemannian curvature tensor R if and only if tensor
1
M is symmetric with respect to vectors X and Y.
. . g . . . . . g 1 .
Theorem 4.2. The Riemannian curvature tensor R(X,Y)Z is invariant under connection transformation V.— V if

1 1 g
and only if tensor M(X, Y)Z is symmetric with respect to X and Y, where M is given with (4.12), V denotes Levi-Civita
1

connection and V denotes the quarter-symmetric non-metric connection (3.1).
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Similarly, curvature tensor R can be written in the form
2 g 12 12
RX,Y)Z=R(X,Y)Z - EM(X' Y)Z + EM(Y' X)Z,
where
2 g g
M(X, Y)Z = &(X, Z)AY — Y(X, 2)r(Y) - (Vxm)(Y)AZ + T(Z)(VxA)Y,

and & and 72/ are given with equations (4.10) and (4.11).

8107

(4.13)

g g 2
Theorem 4.3. The Riemannian curvature tensor R(X, Y)Z is invariant under connection transformation V. — V if

2 2 g
and only if tensor M(X, Y)Z is symmetric with respect to X and Y, where M is given with (4.13), V denotes Levi-Civita

2
connection and V denotes the quarter-symmetric non-metric connection (3.6).

The following theorem presents the skew-symmetric properties of curvature tensors.

Theorem 4.4. Let (M, G = g + F) be a generalized Riemannian manifold with the quarter-symmetric non-metric

connection (3.1). Curvature tensors ﬁ(x, Y)Z, 0 =1,...,5 satisfy the following identities
RX,V)Z == R, X)Z, a=1,2,
zﬁz(x, Y)Z = - zﬁz(y, X)Z + (Vym)(Z)AX + (Vxm)(Z)AY — (Vxr)(Y) + (Vym)(X))AZ
— RV A)Z = 7(V(VXA)Z + 7Z)(VxA)Y + (VyA)X), = 3,4,
JEé(x, Y)Z =- 15<(Y, X)Z + %n(X)(n(Y)AZZ - (AZ)AY) + %n(Y)(n(X)AZZ - (AZ)AX)

- %n(Z)(n(X)AZY + 1(V)AZX — n(AX)AY — n(AY)AX).

Proof. We will prove the relation for curvature tensor 15{ If we add up equations (4.9) and
151(1/, X)Z =1gz(y, X)Z + in(Y)(n(X)AZZ - (AZ)AX) + %n(X)(n(Y)AZZ - 1(AZ)AY)
- in(Z)(n(Y)AzX + 1(X)A%Y — 1(AY)AX — n(AX)AY),
we get the equation
15<(X, Y)Z + 15<(Y, X)Z =%n(X)(n(Y)A22 - n(AZ)AY) + %n(Y)(n(X)Azz — n(AZ)AX)
- %n(Z)(n(X)AZY + 1(Y)A%X — n(AX)AY — n(AY)AX),

g g g
where we used the skew-symmetry of tensor R, i.e. R(X,Y)Z = -R(Y, X)Z. O

(4.14)

5
Based on relations (4.9) and (4.14), we conclude that curvature tensor R has the following property

5 5 g
R(X,Y)Z - R(Y,X)Z = 2R(X, Y)Z.

If we cyclically sum equations (4.1), (4.6), (4.7), (4.8), (4.9), we will obtain the first Bianchi identities for

6
curvature tensors R(X,Y)Z,0=1,...,5.
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Theorem 4.5. Let (M, G = g + F) be a generalized Riemannian manifold with the quarter-symmetric non-metric

connection (3.1). Curvature tensors I%(X, Y)Z, 0 =1,...,5 satisfy the following identities
9 REXNZ = g (rENVvA)Z ~ (V2400 - (T () - (Fy)(X)AZ
- %(n(X)n(AY) - M(AX)n(Y))AZ),
2
9 RXZ = g ((Txm)(Y) - (V) (AZ = (XN(VrA)Z - (V2A)Y)
- %(n(X)n(AY) - M(AX)n(Y))AZ),
X?/ZI%(X’ Y)Z ZXC{/Z(T((X)TC(AY) - (AX)n(Y))AZ,

0
o R(X,Y)Z =0, 0 = 4,5.
XYz

1 2 1
If holds R(X, Y)Z = R(X, Y)Z, then connection V is dual symmetric.

1
Theorem 4.6. Quarter-symmetric non-metric connection V given with (3.1) is dual symmetric connection if and
only if tensor V(X, Y)Z is symmetric with respect to vectors X and Y, where V is (1,3) type tensor given with

VX, Y)Z = n(X)(VyA)Z + 1(Z)(VxA)Y + (Vxm)(Z)AY — (Vxm)(YV)AZ (4.15)

1 2
Proof. Based on equations (4.1) and (4.6), the relation between curvature tensors R and R is easily obtained

R(X, V)Z = R(X, Y)Z — (Vxm)(DAY + (Vym)(Z)AX + /13(X, Y)AZ

g g 1
+ 1(Y)(VxA)Z — n(X)(VYA)Z - 6(X, Y)r(2).
1
From here we see that the connection V is dual symmetric if and only if the following holds

n(X)(%yA)Z - n(Y)(%XA)Z + (%(X, Y)n(Z) + (%Xn)(Z)AY - (%yn)(Z)AX - ;»’(X, Y)AZ =0,
ie.

VX, Y)Z =V(Y, X)Z,
where V is given with equation (4.15). O

Remark 4.7. In paper [37], the authors observed quarter-symmetric non-metric connection in the form

1 g
VY = VyY + %n(Y)qbX - %n(X)qu,

where ¢ is (1,1) tensor, while in this paper we used (1,1) tensor A, which is associated with skew-symmetric tensor F.
Also, the content of this paper is different than that of paper [37].

5. Further work

Considering that almost complex, almost para-complex, almost contact and almost para-contact man-
ifolds are examples of a generalized Riemannian manifold, we will continue the research on this quarter-
symmetric connection on the mentioned manifolds and deal with the application of the results obtained in
this paper. The following papers can motivate us for future research [17, 20-23, 33, 36].
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