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PI elements and solutions of related equations in a ring with involution

Xinran Wang?, Junchao Wei?

?College of mathematical science, Yangzhou University, Yangzhou, Jiangsu 225002, P. R. China

Abstract. In this paper, we study many new characterizations of PI elements in a rings with involution.
Mainly, we firstly give some necessity and sufficient conditions for elements to be PI elements by discussing
the solutions of related equations. Next, we discuss some properties of PI elements by constructing

univariate and bivariate equations in a fixed set. Finally, we combine PI elements with EP elements, we
study the properties of SEP elements with variable equations in a fixed set.

1. Introduction

Let R be a ring with an identity. If there exists a* € R such that
ad*a = a, a*aa® = a*, aa® = a*a,

then a is called a group invertible element and a* is called a group inverse of a4 [1, 4, 8], and if it exists, then
it is uniquely determined by these equations. We write R* to denote the set of all group invertible elements
of R.

If amap *: R — R satisfies

@) =a, (a+b) =a +0, (ab)" = b'a’,
then R is said to be an involution ring or a *—ring.
Let R be a »-ring and a € R. If there exists a* € R such that

a=aa*a, a* =a*aa*, (aa*) = aa*, (a*a) = a*q,

then a is called a Moore-Penrose invertible element, and a* is called the Moore-Penrese inverse of a [6, 7]
Let R* denote the set of all Moore-Penrese invertible elements of R.

Let R be a »-ring and a € R. If a = aa*a, then a is called a partial isometry of R [6, 7]. Let R”' denote the
set of all partial isometries of R. Obviously, if a € R*, then a € R™ if and only if a* = a™.

Ifa € R* N R* and a* = a*, then a is called an EP element. On the studies of EP, the readers can refer to
[2,3,5,6,9-14].

2020 Mathematics Subject Classification. 16W10, 15A09, 46L05
Keywords. PI element, SEP element, solutions of equation.

Received: 25 October 2023; Revised: 04 May 2024; Accepted: 12 May 2024
Communicated by Dijana Mosi¢

Research supported by PPZY2015B109(XCX20240259; XCX20240272; 202411117168Y).
Email addresses: 1092078512@qq . com (Xinran Wang), jcwei@yzu.edu.cn (Junchao Wei)



X. Wang, J. Wei / Filomat 38:24 (2024), 8495-8510 8496

Ifa e R* NR* and a* = a* = a*, then a is called an SEP element of R [6, 7]. Let REP denote the set of all
SEP elements of R.

In [12], many characterizations of PI elements are given, we have learned some equivalent conditions
for PI and EP elements.

Motivated by these results, this paper mainly study the PI elements by exploring the solutions of related
equations in a fixed set. It plays a key role in the generalized inverse of a general ring.

2. Characterizing PI elements by the solution of univariate equations
We begin with the following lemma.
Lemma 2.1. Leta € R* N R*. Thena € R ifand only if x € R* and x* = x* for some x € n, =: {a,a*,a*, (a*)*}.

PROOF. “ = "Ifae R thena' = a*, it follows that x = a is a solution.

“ < ” From the assumption, we have

(1) If x = a, then a* = a*.

(2) If x = a*, then (a*)* = (a*)", this implies a* = a".

(3) If x = a*, then (a*)* = (a%)* = a, this gives a* = a*.

(4) If x = (a*)", then ((@*)*)* = ((a*)")* = a*, one gets a* = a*.

Hence, in any case, we have a € R™.. [ |

Theorem 2.2. Leta € R* N R*. Then a € R if and only if x € R* and ax*a = ax*a for some x € 1,.

PROOE. “ = " 1Ifa € R” then, by Lemma 2.1, x* = x* for some x € 1,. Hence, ax*a = ax"a for some
X € 1.
“&” (1) If x =a, then
a=aa*a=aa'a.

Thus, x € RPL.
(2) If x = a*, then
+)+

a® =a@ ) ta =a(@)a,

this infers
a=a'a’a® = d*a(a*)ad® = (a*).
Hence, a € RF!.
(3) If x = a*, then
a(@)ta =a(a)a=a’
By (2), we have a € R™L.
(4) If x = (a*)*, then
a((@*))*a=a(@a*))a,
and it follows that aa*a = a.
Hence, a € RP'. [ |

Lemma 2.3. Let a € R* " R*. Then
(1) (ax*a)* = a*xa* for x € x, =: {a,a*,a*, 0%, (@*)", (@*)");
(2) (ax*a)* = a*(x*)a® for x € x,.

PROOE (1) Since

a(ata)a® x € T, =: {a,a", (a*)’}
(ax*a)(@*xa®) = a(xTaa*x)a* = { ’ ! Y =aa”,

a(aa*)a® x € y, = {a*,a’, ("))

(ax*a)(@*xa®)(ax"a) = (aa®)(ax"a) = ax"a,



X. Wang, J. Wei / Filomat 38:24 (2024), 8495-8510 8497
(a*xa®)(axTa)(a*xa") = a*xa® (aa®) = a*xa®, and
a*(aat)ax €1,

(a*xa®)(ax*a) = a* (xa*ax")a = o =aa”.
a'(a*a)a,x € y,

Hence, (ax*a)* = a*xa®.
(2) Noting that
a(@*a)a® = aa® x € 1,
(ax*a)(@* (x*)")a") = a(x*aa® (x))a* = @) 4 4 = aa®,
a(aa®)a” = aa",x € y,
(ax*a)(@* (x*)'a*)(ax*a) = aa®(ax*a) = ax"a,
a*(aatax € 1,
(@ (x)a*)(ax"a) = a®(x") aPax*)a = #( ) = aa®,
a’(@*a)a,x €y,
and
(ﬂ#(x*—)*a#)(ﬂx*&l)(ﬂ#(x*—)*ﬂ#) - aa#(a#(x&)*a#) — a#(x+)*a#_
Hence, (ax*a)* = a*(x*)a”. [ |

Theorem 2.4. Leta € R* N R*. Then a € R if and only if x € R* and a*xa* = a*(x*)*a* for some x € 1.
PROOEF. It follows from Theorem 2.2 and Lemma 2.3. |
Lemma 2.5. Leta € R* N R*. Then (a*)* = a*a®a®, (a*)" = (aa*)*a(aa®)".

PROOF. Since

3 3

a*(atala)a® = aata® = a*; (ataPa)a (atalat) = atalatant = atata;

a*(a*a’a*) = aa* = (aa™)" = (@*(ata’a®))’; (ataPa)a" = ata = (ata)* = ((aTalat)a")".
Thus, (a*)* = a*aa*.

Since
.

at((aa*ya(aa®))at = ataa* = a*;
((aa®) a(aa®))a* ((aa®) a(aa®)") = (aa*) aa* (aa*) a(aa®)* = (aa*) aa* a(aa®)" = (aa®) a(aa®y".

Meanwhile,
a*((aa®) a(aa®)) = ata(aa®)* = (aa®); ((aa®)a(aa®))at = (aa*) aa* = (aa®y’,

then we get a*((aa")*a(aa®)") = ((aa*)*a(aa®)*)a*.
Hence, (a*)* = (aa*)*a(aa®)". |

Lemma 2.6. Leta € R* N\ R*. Then a € R if and only if x € R* and (a(x*)*a)* = a*x*a* for some x € 1,.

PROOE. “ = ”Sincea € R, (x*)* = x for some x € 1, by Lemma 2.1.

It follows that .
(a(x")a)a*x*a*) = a(vaatxat = { a(ai Ja e la, @)y =aa",
a(aa™)'a* x € {a*,a"}
(a(x")a)a x*a*)(a(x")a) = aat(a(x")*a) = a(x*)"a,
+/ # +\*
(a"x*at)(a(x")a) = at (x*atax)a = { ! (a#a)a,x € la, @) =a"a,
a*(aa")'ax € {a*,a"}
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and
atxFat)a(t)a)atxat) = ata@ xFat) = atxFat.
(

Hence, (a(x*)a)* = a*x*a*.

“&” (1) If x =a, then
(a(a*)'a)* = ata*a*.

We consider that

a(@*Yaatad*ataatat = a(@@*Yad*ataaat = a@@ ) ataa’at = aaataatat = aa™;

atad*a*aaata(at)a = atadataa® (at)'a = ataa’a (aYa = aTaa’atan = ataa*a = a*a.

It deduces

(a(a*Yaataa*a*aa®at) = a(a*) aataa’a*aa*a®; (ataa’ataatata(atYa) = atadtataataa(at) a;

a(@ Y aatad*aadtata(atya = a(@) aata = a(at)a;
ataa*a*aa®ata(at) aatadta*aa®at = ataa*ataatatan™ = ataa*ataata”.

From above, it gives

(a(a")a)" = ataa’a aa*a”.
Then
atatat = atadaantat,
this gives
a* = a(@ta*at)a = a(ataaaaa’a)a = aa’a*an®
and

a = a(a)a = a(aa*a*aa®)a = aa*a.

Hence, a € R™'.
(2) If x = a*, then
(@((@)*)a)" = (aa'a)* = a*(@*)a*.

Besides, by the following equalities:
(aa*aa* (a*)'a™)" = (aa*(@*)'a*) = (a@@®a)a™)" = (aa*)" = aa* = aa*aa™ (a")a™;
(a* (@) ataa*a)” = (a*(a")'a*a) = (@ (aa")'a)" = (aTa)" = a*(a")ataaa;
aa’aat (@*Yataa’a = aaaa'a = aa’a; at (@*Yataataat @*yat = ataat (@) at = at (@) at,
it obviously tells (aa*a)* = a*(a*)*a*. Then it implies
at(@*)yat = at(aa®)a(aa®yat = at,
and
a=aa"(a")ata = (ataa*aa™)" = (a*)".
Hence, a € RP!.
(3) If x = a*, then
(@(@)*ya)" = (aa*a)* = a* =a*(@")"a*,
that is,
at =a*(a*)at.
Hence, a € R by (2).
(4) If x = (a*)*, then
(@((@*))ya)" = (aaa)* = a*((@*))'a*.
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We note that
(aaaa*a®a®)* = (aa*)* = aa* = aaaa*a*a*; (aTa*ataan)’ = (ata)* = ata = ataataaa;
aaaa*a’ataaa = aa*aaa = aaa; a*aatagaa*tata” = ataatatat = atatat.
So (aaa)* = a*a*a*. Thus, ata*a* = a*aa*a*aa’a*. Hence, a € R by (1). [ |

Theorem 2.7. Leta € R* N R*. Then a € R if and only if x € R* and (ax*a)* = aa*a*aa®xa® for some x € x,.

PROOF. “ = ”Assume thata € RFL. Then a* = a*.
By Lemma 2.3, one gets

(axTa)* = a*xa® = (")) xa® = (@))'xa" = (@) xa® = (aa")a(aa®)) xa* = aa®a*aa*xa®

for some x € yx,.
“ & ” From the assumption and Lemma 2.3, one obtains a*xa* = aa*a*aa*xa* for some x € x,.
If x € 14, then

xaa'x" = aa*,
this gives
a*aat = a* (xa*ax®) = (a*xa")ax" = (aa*a*aa*xat)axt = aa*a"aa® (xa*aa™)
= ad*a*ad*aat = ad’a,
and

%

at =aa(@’aa®) = ata(aa*a) = a".

Hence, a € RP'.
If x € y,, then

xaa®xt = ata,

it follows that
a* = d*ata = a* (va*ax®) = (@ xa®)axt = (aa*a*aa*xa*yax* =
aa’a*aa® (xa*ax*) = aa*a*aa®ata = aa*a’aa®,

and

a=ada"a = a(aa’a*aa®a = aa*a.

Thus, a € R. [ |
Theorem 2.8. Let a € R* N R*. Then a € R if and only if x € R* and (ax*a)* = (a*)*a*a*xa® for some x € x,.
PROOF. “ = ”Sincea € R, (a*)* = g, it follows that

(a+)* # #

Hence, by Lemma 2.3, we get
(ax*a)* = (@) a*a’xa®.
& ” By the hypothesis and Lemma 2.3, there exists xy € x, such that
a*xoa" = (@) ata’xoa®.
If xg € 74, then
xoa#axa“ =qa*,

this induces
a'aa* = a'xoa’ax} = (a*)a'a*xoatax] = (@*)'a*aaat = (a*)a*a*,
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and
a=a'aata® = @) a*ata® = (at)a'a = (@*).
Hence, a € R™'.
If xo € y,, then
xoa#axa“ =a*a.
One obtains

# #

at =d'ata = a*

xoa'ax} = (a*ya'a'xoa’ax} = (a*)a*atata = (a*)a'a",

and
a=aa?®= @) a'a"a® = (a*)a'a = @)

Hence, a € RF!.

3. Construct equations to characterize PI or SEP elements in a given set

It is well known that if a € R, then a + 1 — aa* € R™! with (a + 1 — aa*)™! = a* + 1 — aa*. Hence, Lemma
2.3 leads to the following lemma, which proof is routine.

Lemma 3.1. Leta € R*NR*. Thenax*a+1—aa* € R with (axta+1 —aa®)™! = a*xa® + 1 — aa® for each x € x,.
From Lemma 3.1 and Theorem 2.7, we have

Theorem 3.2. Leta € R* N R*. Then a € R ifand only if x € R* and (ax*a + 1 — aa®)™! = (a*)'a*a*xa* + 1 - aa*
for some x € x,.

Theorem 3.3. Leta € R* NR*. Thena € R’ ifand only if x € R and (ax*a+1—aa*)™! = (a*)'a*a*xa* + 1 —aa®.

PROOF. “ = ” Assume thata € R%P. Thena € REP and

(axTa+1—aa")™! = @) a*a*xa® + 1 - aa®

for some x € x, by Theorem 3.2.
Now a* = a*, then
(axta+1—-aa" ! = (@*)a*a*xat +1 - aa®
for some x € x,.
“ & ” From the hypothesis, there exists xy € ), such that

(axta+1-aa")™" = @@*)'a*a*xoa* + 1 - aa”,

this implies
axja(a®ya*a*xoat = aa®.

Multiplying the equality on the right by aa*, one has

aa® = aa”.
Hence, a € REP, this induces
xoa#axg = xoa"axg = aa®.
Thus,
a(a*ya*a’ = aa*a(a*)a*a*ad® = (xoa*ax})a(a®) a"a" (xoa* axy)

= xoa* (axJa(a*) a*a’xoa" )ax} = xoa*aa’ax} = xoa'ax} = aa®.

It follows that
# # 2 +)*,

a? = aa*a® = a@@)a*a*a® = a(a

and
a=aa®=a'a@) = @)

Hence, a € R and so a € RSEP, [ |
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Theorem 3.4. Let a € R* N R*. Then a € R P if and only if x € R and (ax*a + 1 — aa®)™! = a*xa® + 1 — aa® for
some X € x,.

PROOE. “ = ” Sincea € R°EP g € REP and by Theorem 3.2, we have

(axta+1-ada"! = (@) a*a*xa® + 1 - ad®

for some x € x,.

Noting that (a*)*a*a* = aa*a* = a* = a*. Then (ax*a + 1 — aa®)
& ” From the assumption, one has

1 =gyt + 1 - aa”.

(@xoa” +1—aa")axia+1—-aa") =1

for some xj € x,, this gives
a*xoa#axa’ a=aa".

Multiplying the equality on the left by a*a, one yields

aa® = a*a.

Hence, a € RE?, it follows that

xoa*ax} = aa®.

This induces

a'a=a‘aa’a = a*(xoa”kaxar ya = a*a.

Hence, a € R5EP by [12, Theorem 1.5.3]. [ |
Lemma 3.5. Leta € R* N R*, x € R*. Then (a*xa*)* = ata®a*x*(a*)* for x € x,.

PROOE. C(learly, we have

aad’ (@) x et
(@ xa"ya*@a*x*(a*)" = a* (xaa*x*)@*) = { b s *’ * =g%a,
a‘(aa”) (@), x €y,

(@ xa®@a*alat x* (@) )@ xa®) = ata(@ xa®) = a*xa®,

atala*(a*a)a’ x € 1,

(a*atx* (@) )@ xa®) = atalat (Faatx)a® = { =a*a,

ata’at(aa’ya’ x €y,
and
(@ dat @)@ xd) @ e ¥ @*)) = ata(@dat @) = atdda @)
Hence, (a*xa*)* = (a*xa®)* = a*ala*x*(a*)" for x € x,. [ |
Corollary 3.6. Leta € R* N R*. Then a € R°EP if and only if x € R* and ax*a = a*a®a*x*(a*)" for some x € x,.
PROOF. “ = ” Suppose thata € R°EP. Then
(@xa* +1-aa"' =axta+1 - ad®

for some x € x, by Theorem 3.4.

Since a € REP, aa® = aa™.

By Lemma 3.5,

#) 1

(@xa® +1—aa"™! = a"aPatx* (@) + 1 - aa”.
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This implies
axTa = ata’a X (a)
for some x € x,.

“ < ” From the hypothesis, there exists xo € x, such that axja = a*a®a*x}(a*)".
Then

axta = a*a(a*a’atxi(a*)) = ata’xja.

If xg € 7., then a = aa*a = a(xtaa*xy) = (ata’xta)a*xy = a*a?(x aatxy) = a*aa*a = a*a?.
0 0 0
Hence, a € REP.
For xy € y,, we conclusively have

a’a* = a(xjaa*xo) = a*a’xiaatxg = a*ala*.

This gives

ad® = a?a*a® = a*alata® = ata.

Hence a € REP, one gets

It follows from axja = a*a’a*x}(a*)* that
axta = axia*)".

Noting that a € REP. Then
xp =
0 = %o

and
xoa#axa“ = xoa*ax} = aa®.

Thus, one gets

a = aa'a = xpa*ax(a = xoa*axiy(a*) = aa®(@*)" = (a*)".

Hence, a € RP! so a € RSEP, [ |

4. Characterize SEP elements by the solution of equations in a fixed set
Theorem 4.1. Let a € R* N R*. Then a € RSE” if and only if x € R* and ax*a = ax*(a*)* for some x € x,.
PROOF. “ = ” Assume tahta € RSF. Then a € REP and

ax*a = atala ()

for some x € yx, by Corollary 3.6.
Noting that a € R, Then

and
(@) = (a*".
Hence,
axta = ax*(a")".
“ < ” From the assumption, we have ax*a = ax*(a*)* for some x € x,.
(1) If x = a, then aa*a = aa®(a*)", it follows that

a =aa"(@a") = aa®(a") a0 = a*a”.
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Hence, a € RE?, this infers
a = aa*(a*)" = aa®(a*) = (a*)".
Thus, a € RSEP,
(2) If x = a*, then
a@)*a = a@")* @y,
S0
@ =y,
and
a=a'a"a® = d*a*a® (") = aa® (a")".
Thus, a € R by (1).
(3) If x = a*, then
a(a*)ta = a@@)* (",
1)
a® = a(aa®)a(@®)" = a(aa®) a(@®) aat = ata*.

Hence, a € RE?, this induces

By (2), 4 € REP.
(4) If x = a*, then a(a*)*a = a(a*)*(a*)*, so
a(@*)'a = a(@")' @) = a@") (@) aa* = a@*)a*a*.
Multiplying the equality on the left by aa*a*a*, one yields

a=dat.

Hence, a € REP and we obtains
(a*)'a =a"a@@)a = a*a@) @") = d*a(@) ") = @) @").
Applying the involution on the last equality, one gets

aat =a'a*.

Hence, a € RSEP by [12, Theorem 1.5.3].
(5) If x = (a*)*, then a((a™)")*a = a((a*)")*(@@*)* = a((a*)*)*(a*)*, according to Lemma 2.5, one obtains

aa‘a = aa*aa® (a*)".
Multiplying the equality on the left by (a*)*a*, one has
a = aa* (a")".

Hence, a € RSP by (1).
(6) If x = (a*), then a((a®))*a = a((a*)")*(a")", it gives a((a*)*)*a = a((a*)*)*(a")", by Lemma 2.5, we have

a*ata'ata® = aa*(a") = aa*(@*)aat = aPatatatala’.

Multiplying the equality on the left by (a*)*a*, one gets

ata® = atala*.

# # .+ .3

Hence, a = aa’a*a? = aa*a*a®a* = a%a*, one has a € RE?,
this infers
_ #\x H+\*
x=@") =@").

Thus, a € RSP by (5). [ |
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Lemma 4.2. Let a € R* N\ R*. Then (ax*(a*)")* = aa*a*a*axa® for x € x,.
PROOE. Evidently, we have

#oy o+
a@a)a*,x et
(ax* (@) aata*ataxa®) = a(x*atax)at = o ’ * = aat,
a(aa™)'a*, x €y,

(ax* (@) aa*a*at axa*)(aa® (a*)") = aat (aa® (@*)") = aa® (0",

aata‘a*ta(aa®) (@) x € 1,
=aa”,

(aa*a*a*axa®)(ax* (")) = aata*ata(xatax®)(@") = =
aa*a*ata(aa®) (a*),x € y,

and
+ o+

(aa*a*a*axa®)(ax*(a*)")(aa*a*ataxa®) = aa* (aa*a*ataxa®) = aata*aTaxa®.
Hence, (ax*(a*)")* = (ax*(a*)")* = aa*a*a*axa*. |
From Lemma 2.3, Lemma 4.2 and Theorem 4.1, we have the following theorem.

Theorem 4.3. Let a € R* N R*. Then a € RS if and only if x € R* and a*xa* = aa*a*a*axa® for some x € x,.
Corollary 4.4. Leta € R* N R*. Then a € RSEY if and only if x € R* and a*xa* = a*xa* for some x € x,.
PROOF. ” = ” Assume thata € R°EP, then a € RE?, this gives
a'=aa*a‘a*a.

Hence, by Theorem 4.3, we have a*xa* = a*xa* for some x € x,.

” & ” From the hypothesis, we have a*xoa® = a*xpa* for some xg € x,.
Using a* = a*aa*, one has

a*xoa® = a*xpatan*.

If xg € 74, then

ataa® = (x}aa*xo)a" = xia(a*xoa®) = xja(a*xoa*aa®)

# +

= (xgaa"xo)a’aa” = a*aa’aa” = a*.

Hence, a € REP.
If xp € y,, then

a' = aa*a’ = (xJaa"xo)a" = xja(a"xoa") = xja(a*xoa*aa")
= (xjaa*xo)a’aa™ = aa*a’aa” = a*aa”.
Hence, a € REP.
In any case, we have
a' =aata'ata,
S0
atxoa® = a*xoat = aatatataxga®.
By Theorem 4.3, a € R°FP, [

Theorem 4.5. Let a € R* N R*. Then a € RS if and only if x € R* and yx*a = yx*(a*)* for some (x,y) € x? =
(I, ¥ € xal-

PROOF. “ = ” Assume thata € REP, Then

axta = axt

: #(a*)* for each xo € x,.
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Choose (x, y) = (xo,4). Then
yx*ta = yx*(ay.
“ & ” According to the assumption, we have
Yoxia = yoxi(a*)" for some (xo, yo) € x2.

(1) If yo = a, then
axja = axh(a®)".

By Theorem 4.3, a € RSP,
(2) If yo = a*, then
a'xja = a*xia*y,

it follows that
axja = a*a*xta = a?a*xl(a*)" = axli(a®)".
Hence, a € RSEP by (1);
(3) If yo = a*, then

a*xja = a*x(@*) = atxb@*) (aa*) = atxtata”.

Similar to the proof of Corollary 3.6, we have a € RE.
Henc, yo = a* = a*. By (2), a € R°FF;
(4) If yo = a*, then
a'xja = a'xia’y.

Multiplying the equality on the left by a*(a*)*, one yields
a*xja = a*xi@*).

Hence, a € RSEP by (3).
(5) If yo = (a*)*, then
(@*yxga = (a*))xf (@)

Multiplying the equality on the left by (a*)?, one gets
a'xia = a'xi(a’y.
Hence, a € RSEP by (4).
(6) If yo = (a*)", then
@*)yxta = (@*)xh@a*y.
Multiplying the equality on the left by aa*, one obtains
axja = axh(a*)".

Hence, a € RSEP by (1). [ |

5. The general solution of bivariate equations
Now we consider the following equation
a*xa" = a*ya*. (5.1)
Lemma 5.1. Let a € R* N\ R*. Then the general solution to Eq.(5.1) is given by

{x =aa*pata+u—atauaa®

+

., , GR tl’l+ +: + + ++‘ 52
y=(a+)*a+p+v—aa+vua p,u, v with a™pa aa*a’paraa (5.2)
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PROOEF. First, it’s easy to prove that (5.2) is a solution to Eq.(5.1).
In fact,
a*(aa*pata +u —a*auaa*)a® = a*aatpataa® + a*ua® — a*a*auaa*ta®
=a'aa*pa*aa® = a*a(aata*patata)aa® = aatatpatata = atpa*,

a'((@*)ya'p+v—aatvatay =a'(a*)a pat +a'va" —a'vat =a'(a*)aTpat =aaatpat =a*pa*.

Next, let
{x - (.3)
¥Y=Yo

be any solution to Eq.(5.1). Then
atxoa® = a‘yoa®.

Taking p = aa*yoa*a, u = xo —aa*pa*a, v = yj.

Then
atpa® = a*(aa*yoata)at = a'yoat = a*xpa" = aa* (a*xoa*)ata = aata*patata.
atauaa® = ata(xg —aatpata)aa® = ataxpaa® — ata’atpatatat
= a*a*(@*xpa")a*at — ata*(atpat)ata® = a*ata yoatatat — atat (@ yoat)atat = 0.
Hence,
xo = aa*pata+ (xo —aa*pata) = aa*pata +u = aatpata +u —atauaa*.
aa*vata = aa*yoata = (a*) (@'yoata) = (@) (@ yoaTa) = (a*)a"(aa yoata) = (a*)a’p.
Hence,
yo=(@ ) ap+yo— (@) a*p=@")atp+v—aatvata.
[

Theorem 5.2. Let a € R* N\ R*. Then a € RSE” if and only if the general solution to Eq.(5.1) is given by

x =d'apata+u—atauaa* R (5.4)

,p, u, vER. .

y=@)a'p+v—aatoata P

PROOF. “ = " Assume thata € R°E". Then
aa* = a*a by [12, Theorem 1.5.3]
and
at =aatat =a*ata
Hence, by Lemma 5.1, we are done.
“ & ” From the assumption, one obtains
a'(@apa*a +u — a*auaa*)a® = a*((a*)'a*p + v —aa*vata)a*,
that is,
a*a*apataa® = a*pa* for allp € R.
Especially, choose p = 4, one yields
a'a‘a =a*.

Hence, a € RSEP by [12, Theorem 1.5.3]. |

Similarly, we have
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Theorem 5.3. Let a € R* N R*. Then a € RS” if and only if the general solution to Eq.(5.1) is given by

x =aa'pata+u—atauaa® R
u, veR

y=@"Yatp+v—aatvata’ prt
Now we construct the following equation

ataxaa® = a*a(aa®)aa*ya*a.

Theorem 5.4. Let a € R* N R*. Then the general solution to Eq.(5.6) is given by

. P u, veERwitha'p =a*a*apa©a.

x =d'apata+u—atauaa®
y=(@"a'p+v—aatvata

PROOEF. First, we show that the formula (5.7) is the solution to Eq.(5.6).

In fact,
ata(@‘apata + u — a*auaa®)aa" = a‘apa*a,
a‘a(aa®)'aa*((a*)'a*p +v —aa*vata)ata = a*a(aa*) aa*(@*)'a*pata
= a‘a(aa")aa* (@) 'ata apata = a‘apa*a.
Next, let
X =X

{y =Yo
be any solution to Eq.(5.6).
Then

a*axoaa® = a‘a(aa®)'aa*yoa*ta.
Choose p = (aa#)*aa*yoam, u = xo —a‘apa*a, v = yo. Then, we have
atp=a‘yoata,
atatapata = atata(aa) aa yoata = a*yoata.
Hence,
atp=a*atapata,
atauaa® = ata(xy — a‘apa*a)aa® = (ataxoaa®)aat — a‘apata’at = a‘a(aa®) aa yoatatat — a*apata’a
= a'a(aa®)'a(a*a*apata)aat — a’apata’at = a*apata’at — a*apata’a® = 0.
It follows that
Xo =d'apata+u =a‘apata +u —atauaa®.
Noting that
@*)a*p = (a*)a*(aa*)'aa*yoata = aa*yoata = aa*va*a.
Then
yo=(a*)a"p+v—aatvata.

Thus, the general solution to Eq.(5.6) is given by (5.7).

Theorem 5.5. Let a € R* N R*. Then a € RS if and only if Eq.(5.1) has the same solution as Eq.(5.6).

+

8507

(5.5)

(5.6)

(5.7)

(5.8)
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PROOF. “ = ” Assume thata € RE. Then a € REP and by Theorem 5.2, the general solution to Eq.(5.1)
is given by (5.4). Noting thata € REP. Then
atata =a*.

Hence, the formula (5.7) is the same as (5.4). By Theorem 5.4, the general solution to Eq.(5.6) is given by
(5.4). Hence, Eq.(5.1) has the same solution as Eq.(5.6).
“ & ” From the assumption, we have the general solution to Eq.(5.1) is given by (5.7).
Hence,
a*(a*apata + u — a*auaa®)a® = a*((a*)'a*p + v — aatvata)a*.

That is,
a*a*apataa® = a*pa* for p € R satisfying a*atap = a*p.

Especially, choose p = a*, then
a*aatad® = atata*.

Multiplying the equality on the left by a*a, one gets

atatat = a*aatata”.

By [16, Lemma 2.11], one obtains
at =aaa*.
Hence, a € REP by [12, Theorem 1.2.1], it follows that

# % # #

adata® = da'atan® fata®

=a*atat =a"a"a".
This induces
aa‘a = a*(@*a*a")a® = a*(a*a"a®)a® = a.

Thus, a € R5EP, [ |

6. The solution of bivariate equations in a fixed set

Now we know that if a € RSEP, then a*xa*aa* = a*xa* = a*xa* for each x € x,. Hence, we can construct
the following equation

a*xa'ay = a’xy. 6.1)
Theorem 6.1. Leta € R*NR*. Thena € R°EY ifand only if Eq.(6.1) has at least one solutionin x? = {(x, y)Ix, y € Xa}-

PROOF. “ = ” Suppose that a € R, Then a*xoa* = a*xoa* for some x; € x, by Corollary 4.4. Noting

thata € REP. Then

at =d'aa”,

one obtains
a*xoatant = aaa*.

Hence,
(x,y) = (x0,a") (6.2)

is a solution in 2.
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“ & ” From the assumption, there exists (xo, 1) in X2 such that

a#xoa#ayo = a"xoYo.

Multiplying the equatity on the left by a*a, one yields
a*xoatayy = a*aa*xoa’ay,.

(1) If yo € 14, then
Yoyp = aa®,
it follows that

#

a*xoaa® = a#xoaa#yoyg = a*aq"

xoa#ayoyg = a*aa*xoaa®.

If xg € 74, then
#. .+

xoaa"x§ = aa*,
this gives
a'aa* = a*xpad’x} = a*aa*xoaa’x} = atadtant = a*.
Hence, a € REP.
If xg € y,, then

xoaa*x} = a*a,

this induces
a* = a*a*a = a*xpaa*x} = a¥aa*xoaa*x} = ataa*ata = a*taa®.

Hence, a € REP.
(2) If yo € g4, then
yoyh = (aa®y’,
this leads to
a#xoa#a(aa#)* = a#xoa#ayoyg = a*aa#xoa#ayoyg = a*aa#xoa(aa#)*.
Multiplying the equality on the right by a*a, one gets
a*xoa'a = ataa’xoa*a.

By (1), a € REP.
Hence, in any case, we have a € RE?, and so x, = {a,a",a", (a*)"}.
D If yo = a, then
a*xoa = a*xga*a* = a*xga.

Hence, a € RSt by Corollary 4.4.
@ If yo = a*, then

a‘xoa” = a*xoa’aa® = a*xoa.
Hence, a € RSE? by Corollary 4.4.
QO If yy = a*, then

a*xoa* = axopataat = a*xoa’.

This gives
a*xoa® = a*xpat = aPxoa(a")a" = a*xpa’ (@*)at = a'xga = a*xoa®.
By @, a € REP.
@ If yo = (a*)", then
a*xo(a®) = a'xoata(a™) = a*xp(at)
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and
a*xon = a'xo(a*) a"a = a*xo(a) ata = a*xoa.
By @, a € RSP [

Obversing the proof of Theorem 6.1, we can obtain the following corollary.

Corollary 6.2. Leta € R* N R*. Then the folllowings are equivalent:
(1) a € R5FF;

(2) a*xa*ay = a*xy has at least one solution in x?;

(3) a*xaa*y = a*xy has at least one solution in x%;

(4) a*xo(aa®)'y = a*xy has at least one solution in x?.
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