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Abstract. In this paper, using the monotone iterative technique combined with the method of upper and
lower solutions, the authors investigate the existence of extremal solutions to a class of fuzzy fractional
differential equations (FFDEs) with time-delays involving the i)-Caputo derivative. Also, with aid of
generalized Gronwall inequality, we investigative the Hyers-Ulam stability of solution for the system
under consideration. Lately, two examples are provided to illustrate the theoretical results.

1. Introduction

In recent years, there has been a growing interest in the study of a class of dynamic systems described
by fuzzy fractional differential equations with time-delays. These equations introduce a novel perspective
in mathematical modeling by incorporating the ¢-Caputo derivative, a specialized fractional derivative,
which allows for a more accurate representation of complex phenomena in various fields of science and
engineering. A novel and broad fractional derivative known as the 1)-Caputo fractional derivative was
presented by Almeida [1]. You may find more information and properties of this fractional derivative
in [2-5, 13, 14, 22-24]. In summary, the theory of i-Caputo fuzzy fractional differential equations is a
relatively new area of research and the existence and stability results for these equations are still being
actively investigated.

An efficient tool that provides existence results in a closed set formed by the lower and upper solutions is
the monotone iterative approach combined with the method of upper and lower solutions. This method
has been extensively studied and a range of nonlinear problems have been solved (see [15-20, 25]).

In [21] Derbazi et al. considered the following initial value problem of fractional differential equations

Dy 2u) = b, 2(w)), <0, T],

z(u) =u" €R,
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where Z)}O/iw is the y-Caputo fractional derivative of order 0 < y < 1and b : [0,T] X R — R is a given
continuous function. They studied the existence and uniqueness of extremal solutions.

Wang et al. [29] studied the existence and stability of solutions of Caputo type FFDEs with time-delays of
the form

“Dj2(w) = o, 2(0),2(u~0)),  uel0,T],
@)
z(u) = p(u), u € [-0,0],

where ©D] is the Caputo fractional derivative of order 0 < y < 1and g : I x E* X E® — E" is continuous
function, ¢ € R* represents the delay, @(u) is history function. They established existence results by
Schauder’s fixed point theorem and a hypothetical condition. Also they showed the uniqueness of the
solution by using Banach contraction principle. In addition, with aid of generalized Gronwall inequality
the Ulam-Hyers stability are discussed.

Vinh An et al. [26] investigated sufficient conditions for the existence of extremal solutions of the following
fuzzy fractional Volterra integral equations involving the generalized kernel functions

2(1) &1 f(1) = %y) f YY) - ) hio,2(0))do, 3)

where 0 <y <1, f : [a,c] — E™ and h : [a,c] x E® — E" is a given function. the results obtained are
based on the method of upper and lower solutions coupled with its associated monotone iteration scheme.
Arhrrabi et al. [6]-[12] studied different types of fuzzy stochastic and fuzzy fractional differential equations.
To the best of our knowledge, no results have been published on the existence of extremal solutions to
systems of fuzzy fractional differential equations with i-Caputo derivatives using the monotone iterative
method. As a consequence, we want to fill the gap in the literature and advance this field of study.

Here, we are concerned with a novel class of fuzzy fractional differential equations with ¢-Caputo derivative
that are motivated by the aforementioned studies:

DY 2(u) = f(u,z(u), 2 - 0)),  uel:=[0,d],
(4)
z(u) = p(u), u € [-o,0],
where 0 < { < 1and Z)gfp is the 1p-Caputo fractional derivative of order 0 < y < land f: I X E" Xx E* — E"
is continuous function, o € R* represents the delay, @(u) is history function.
The rest of the paper is organized as follows. In Section 2, We introduce some essential definitions and
propositions. The existence of extremal solutions of FFDEs are given in Section 3. Afterwards, in Section 4

Ulam-Hyers stability result of system under consideration is established. Section 5 includes two examples
to demonstrate the usefulness of our findings. The last section is where you come to a conclusion.

2. Preliminaries

The definitions and propositions that are utilized throughout this paper are introduced in this part.

Definition 2.1. [29] The set of fuzzy subsets of R" is denoted by E* := {Y : R" — [0, 1]} which satisfies:
(1) Y is upper semicontinous on R",
(i1) Y is fuzzy convex, i.e, for 0 < A <1

Y(Az1 + (1 = N)z2) 2 min {Y(z1), Y(z)}, ¥z1,22 € R",
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(i) [Y]° = {z € R" : Y(z) > O} is compact,
(iv) Y is normal, i.e, Azg € R" such that Y(zp) = 1.
Remark 2.2. E" is called the space of fuzzy number.

Definition 2.3. [29] The p-level set of Y € E" is defined by:
For p € (0,1], we have [Y]P = {z € R"|Y(z) > p} and for p = 0 we have [Y]° = {z € R"[Y(z) > 0}.

Remark 2.4. From Definition 2.1, it follows that the p-level set [Y] of Y, is a nonempty compact interval and
[YT? = [X(p), Y(p)]. Moreover, len([Y]’) = [([Y]") = Y(p) — X(p).

Definition 2.5. [29] For addition and scalar multiplication in fuzzy set space E®, we have
(V1 + ol =[] + [ ={z1 + 22 | z1 € [Y1), 22 € [T},

and
[aY] = a[Y] = {az |z € [Y]},

forallp € [0,1].

Definition 2.6. [29] The Hausdorff distance is given by
Deo(Y1,Y2) = sup {1X,(p) - X,()l, V1 (p) - T2(p)l},
0<p<1

= sup Dy([11,[V2F).
0<p<1

Remark 2.7. E™ is complete metric space with the above definition (see [29, 30]) and we have the following properties
0f Doo:
! Deo(Y1 + Y3, Y2 + Y3) = Deo(Y1, T2),
Deo(AY1, AY2) = [AID(Y3, Y2),
Deo(Y1, Y2) < Deo (Y1, Y3) + Deo( Y3, Y2),
forall Y1,Y,, Y3 € E®and A € R".

Definition 2.8. [29] Let Y1, Y, € E", if there exists Y3 € E™ such that Y1 = Y5 + Y3, then Y5 is called the Hukuhara
difference of Y1 and Y, noted by Y1 © Y».

Definition 2.9. [27] The generalized Hukuhara difference (gH-difference) of Y1, Y, € E™ is defined as follows:
(i) Y1 =Y+ Y5, if len([Y1]) = len([Y>]F).
erEBgH“Y} =Y3; o
(i) Yo =Y1 + (DY, if len([Y2)) = len([Y1]7).

Definition 2.10. [29] Let a fuzzy function Y : [a,b] — E". If for every p € [0, 1], the function u +— len[Y(u)]" is
increasing (decreasing) on [a, b, then Y is called increasing (decreasing) on [a, b].

Remark 2.11. If Y is increasing or decreasing, then we say that Y is monotone on [a, b].

Definition 2.12. [28] Let Y, W € E™. The partial orders < and > in the fuzzy space can be defined as follows:
o Y < W ifand only if Y(p) = W(p) and Y(p) < W(p).
o Y > W ifand only if Y(p) < W(p) and Y(p) > V(p).
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Remark 2.13. The last definition is equivalent to [Y]’ C [W]? ([Y) 2 [W]P), for all p € [0, 1].

Proposition 2.14. [28] For Y1, Y2, Y3, Y4 € E*, we have the following assertions:

(1) Y=V, ==Y <Y, and Yy =Y.

(2)T1 YV, =1 +Y3 Y+ Y5,

BG)Y1=Yoand Y3 <Yy =1+ V3 <Y+ Yy

(4) Let (Yy)new be an increasing sequence satisfying Y, — Y in E, then Y,, <Y Vn € N.

Proposition 2.15. [28] Let C([c, d], E“) be the space of continuous fuzzy functions from [c,d] into E™ and (E“, < )
be a partially ordered space, then we have the following properties:
(1) ( ([c d], E“) ) is a partially ordered space.

(2) In the ordered space ( ([c d], E“) ) every pair of elements has an upper bound.

(3) Let (zn)new an increasing sequence in C([c, d], E“) with the order < such that z, — z in C([c, d], E“), then
z, 2 zforalln € N.

Notation:
° C([c, d], E“) denote the set of all continuous fuzzy functions.

. AC([C, d], E“) denote the set of all absolutely continuous fuzzy functions on [c, 4] with value in E".

. Cynp([c, d], E“) denote the weighted space of the fuzzy function z on [c, d] defined by

Cyp(le dl, EY) = {z : [c,d] — E™, ((p(u) = $(0))) z(w) € C([c, d], E*)}.

Definition 2.16. [27] The y-Riemann-Liouville fractional integral of order y > 0 of function z € E™ on [c, d] with
respect to the nondecreasing differentiable function ¢ : [c,d] — R* with ¥’ (u) # 0 is defined by

120 = o [ v -ve) 20w,

Definition 2.17. [27] Let z,1 € C"([c, d], E“) be two functions such that \ is nondecreasing with ' (u) # 0 for all
u € [c,d]. The Y-Caputo fractional derivative of order y > 0 of a continuous function z is given by

o nvq) 1 d
Ol z(u) =T, (Ip(v)du) z(u),

wheren = [yl+1fory ¢ Nandy =n fory € N.

Definition 2.18. A monotone fuzzy function z € C([O, d], E“) is a solution of the system (4) if and only if z satisfies

2(1) ©g11 (0) = 1 f ¥ @) - ) (0, 2(0), 2(0 - ) o, (5)
and u v T Z’ﬂpf(u, z(u), z(u — 0)) is increasing on [0, d].

Remark 2.19. o If z € C([0,d], B") such that len([z(u)}?) > len([p(0)1F), then (5) becomes
2(1) = (0) + —— f Y@ - 9 (0,20, 260 - o). (6)
F(J/) 0 7 4
elfze C([O, d],E“) such that len([z(u)]P) < len([¢(0)]7), then (5) becomes

2(u) = (p(mer( ) f YO0 - ) 10 20), 20 - 0))io. )
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Remark 2.20. o Let (u) = u, then the equation (5) becomes the following Riemann—Liouville fuzzy fractional
integral equations

z(u) S44 (0) = %)/) fou (u - v)yilf(v,z(v),z(v - 0))dv.

o Let Y(u) = uP, then the equation (5) becomes the following Katugampola fuzzy fractional integral equations

z(u) Sgn @(0) = % f: vp’l(u” - UP)V_lf(v,z(v),z(v - o))dv.

o Let Y(u) = In(u), then the equation (5) becomes the following Hadamard fuzzy fractional integral equations

do

1 1 -1
z(u) 6 OZ—I In(u) — In(v flv, z(v), z(v — 0) ) —.
(1) St 9(0) w)o(u @) f(0,2),20-0))-
Definition 2.21. [28] e A monotone fuzzy function z" €€ C([—a, d], E“) is said to be a lower solution for (4) if
DY 2 ) < (u, 28 w), 2" (u - 0)), nel,
ZL(u) =< @(u)/ ue [_G/ 0]/
o A monotone fuzzy function z4 €€ C([—o, d], E“) is said to be a upper solution for (4) if
Dy 24(u) = 1(u, 2 (), 24(u - o)), uel,
Zu(u) z (P(”)/ ue [_UI 0]/

3. Existence and uniqueness

We make the following hypotheses concerning the coefficients of the system under consideration:
(H1) For all ¢1, ¢2, v1,v» € E" and u € [—g, d], there exist N; > 0 such that

Dai(, @1, v1), (1, G2, v2)] < Ni(Dslr, @2 + Dol v2]),

(H2) For u € [—0,d], there exist a positive constant N, such that
Dm[(p(u), O] <N,.

We will now use the monotone iterative technique combined with the method of upper and lower solutions
to demonstrate our results.

Theorem 3.1. Assume that the hypotheses (H1) and (H2) are true, then there exists a unique monotone solution
z € [z, 2Y] for the system (4) in C([—a, d], E“).

Proof. We divide the subsequent proof into three steps.
Step 1: We'lldemonstrate thatsystem (4) has atleast one solution. Consider the operator $ : C([—a, d], E“) —
C([—o, d], E“) defined as follows

p(0)@ (%V) fo ' Y (0)((u) - ¢(v))y_1f(v,z(v),z(v ~ o))dv), uel,

D(z(u)) = (8)

o), uel-0,0],
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where @ := {+,6(-1)} and the fuzzy function u +— Igi¢f(u, z(u), z(u — a)) is increasing on [0, d].

o Firstly, we will prove that $ is completely continuous. For this, let us prove that:
@- 9 is continuous. Indeed, for any integer n > 1, define z, (1) = @(u) for all u € [-0,0]. Forallu € I

1 " -1
9(z,) = p(0) (Tw fo P )Y@ - @) i(0240), 2000 - a))dv). )
By using the properties of the metric D, and hypothesis (H1), we have
Do [$(z4(1)), s5<z<u>>]

N f” W (v)f 0, 2,(0), zn(v G) fu g (v)f v,2(0v),z(v — G))dv],
1“()/) () - z,b(v) T0) (@) - ) ’

< W fo P ©)(p) - pe) Dm[f(v, 2,(0), 24(v - 0)), f(v,z(v),z(v —0)) |

_ Maw - ()’
Iry+1)

(Dw[zn(u),z(u)] + Do [zn(u —0),z(u — o)]),
or, by using the definition of D.,, we have

oo[zn(v G)r Z(U - 0)] = sup glgax{l zn(v g, ) - Z(U - Glp) |/ | Z(U -0, P) - Z(U - U/P) ”/
0<p<1 V==

=sup max {lz.(u,p) —2z(, p) |1 Za(, p) — 2(, p) I},

0<p<1 ~OSHsU=o

< sup max {| z,(u, p) — z(, p) |1 Za(u, p) — (1, p) I}

0<p<1 —o<us<0

+ sup max {Izn(u,p) z(u,p) |1 Za(p, p) — Z(p) 1},

0<p<1 <psu—

< sup max{| z,(v,p) — z(s,7) |, Z:(v, p) — 2(v, p) I} = Deo[24(0), 2(0)].

o<p<1 Osvsu

Then, we get
2N (Y () - p(0))’
I'y+1)

We can conclude that D, [ﬁ(zn(u)), B(Z(u))] — 0 as n —> oo. Therefore, $ is continuous.

D[ $(z. (1), 5(a(w)] < D[z 1) 2(0)]

®- We prove that there exists a positive constant &1 and for all ¢; > 0 satisfying for all z(u) € B, := {z(u) €
C([—o, d], E“)IDoo[z(u), 0] < g1= one has Doo[sb(z(u)), @] < ¢&1. Infact, for all u € T and z(u) € B.,, we have

Deo[9(z(w)), 0] = Dm[w(o) ® (%y) fo ” YO - 9©) (0,200, 2(0 - o))dv), O],

Dao[0(0),0] + % f ' Y@YW - 9©)  Dufi(0,2(0), 20 - 0)), 0o,

(v - ()

<N, + oERY m[f(u z(u), z(u a)),o].

Since the function f is continuous, there is exist a constant M; > 0 such that D, [f(u, o, 1), 0] < M;. Then

Mi((d) - (0))

Deo[9(z(w)), 0] < Ny + T &
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Therefore, for every z(u) € B.,, we have Doo[sf)(z(u)), 0] < &1, this implies that $(B.,) € B,.
©- 9 maps bounded set into equi-continuous set. Indeed, for each z(1) € B., and uj,uy € I such that
0 <u; <upy <d, wehave

oo[@(z(bh) ( (uz))]

oy’ (v)f 0v,2(v), Z(v G) o 1’ (v)f v,2(v), Z(v G))
d
F(y) f “T0) f v]’

IP(Ml)—lP(U) ¢(M2) l,D(U)
ful ¥ ©)i(0,2(0), z(v a) f ¥ (0, 2(0), z(v G))dv
F(” () - p()) T ($(12) - Y(0))’

. r(l ) 2 1)’ (U)T(UIZ(U)’Z(U;;))dv]
V) () - ()
< %y) fo 1 Y| -9@) " - () - ) [Pufi(z 20), 20 - 0)), 0]
+ %y) f O - po) D (0, 2(0), 2(0 - ), 0]do,
() = pO) + (p(u2) — p(w1)) = ((w2) - P(0))"
<

T(y + 1) De|f(e, 2(0), 2(0 - 0)), 0]
(12) = () ;
+ %—fnul)])m[f(v’ z(v),z(v — a)), 0],
(1) = 9(O) +2((w) = Y(wn) = (w(w2) - Y(0))" ;
L (1][; uy) — ¢ ) + (‘P 7;2(7/ +l,i)ll1 ) (‘P uz) = ) Dm[f(U,Z(U)rZ(U - c;)), 0],
) () = 9©) +2(w) - ) — (i) - w«n)yMf .
I'y+1)

We have V is independent of z(1) and W — 0 as up — u;. Then, we obtain

Do [§(2(11)), $(2(12))] — 0.

It means that $(B,,) is equi-continuous. Then, according to Ascoli-Arzela Theorem, $ is completely contin-
uous.

o Secondly, we will prove that there is a closed, convex and bounded subset B; = {z(u) € C([—o, d], E“)IDoo[z(u), 0] <
5} such that $(B:) € B:. We know that B¢ is a closed, convex and bounded subset of C([—a, d], E“) for all
& > 0. Suppose that for all & > 0, Jzs(u) € B¢ such that H(z: (1)) ¢ B, that is Dw[b(Zg(u)),@] > &. Then

£ < D[ 9(ze(u)), 0] = Doo[<p<0> ® i f o)) - ) (02660, 20 - o))dv), 0],

< Dm[qo(O), 0] + o )f Y’ (v) 1/;(u) llj(v) oo[f(v z:(v),z:(v — 0)) O]dv

(1) = ¥(0) .
%—+1P1))D°°[T(U' 2(0), 26(v ~ 0)), 0],

(v - ()
Ty+1)

<N, +

<Np+
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(vw-v0)

Taking limit as & — +co, we obtain that Ny + “—o57—

M; — 400 which is in contradiction with

4
(lP(u)—lP(O)) ) » )
N, + WMf is bounded. Therefore, for every positive constant &, we obtain $(Bs) C B:. By means of
Schauder’s fixed point Theorem implying that there is at least one solution to the system (4).

Step 2: In this step, we demonstrate that z € [z, z4]. For this, we consider for all € > 0
L _ L
z;(u) +e(o+u)=2z"(u),

and
28 (u) = 2Y(u) + e(o + ).

After that, we obtain
Z%(u) < ZL(u)/ ue [_G/ d]/

and
z%(u) > z2Y9w), ue[-o,d].

Consequently, it is simple to deduce
zh(u) < zHu) < zY(u) < z%(u), uel,
zhu) <zM(u) < 2Y(uw) < 2Yw),  ue[-0,0],

and
zé(O) < zH0) < z%(0) < zéL.I(O),

where z" (1), zY (1) are the lower and upper solutions of the system (4).
Therefore, we get
zh(w) < zMw) < z(u) < zYw) < z%(u), wue€[-0,0],

and
z5(0) < z(0) < 21(0),

where z(u) is a solutions of the system (4).
Now, we must demonstrate that
zhu) < z(u) < zY(u), uel

If the previous claim is false, then there exists #; € I such that
2(n1) = zH(n),

and

zhu) < z(u) < zV(u), weI\{ui) (10)
Moreover, we have Z)gf’bz(ul) > Dgf’bzg(ul), which give

DYz () = (w1, 28 w1), 2 w1 = 0))

< DV 2(u) = i(n, 2(101), 211 = 0))).

Therefore, from z(u) < zY(u), u € [-0,0] and (10), we get

z(uy + A) < z8(u; + A), A €[-0,0]
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Given the increasing property of the function f(u, z(u), z(u — a))), it is simple to get

f(ul,zf,’(ul), 2% (uy - 0))) > f(u1,2(u1),2(u1 - 0))),
which is a contradiction. Hence we know that z(u) < z(u), u € L
Similarly, we can prove that zL () < z(u), u € I. Therefore, z5(u) < z(u) < zY(u), u € I holds. Now as ¢ — 0,

we get that zH(u) < z(u) < z4(u).

Step 3: In this last step, we shall prove the uniqueness. Let z and w two different solutions of (4). We
have z(u) = w(u) = @(u) for all u € [-0,0], and for all u € I we have

D[z u),w(u)]

fu [T (v)f v,z(v), z(v — o) f Y’ (v)f v, w(v), w(v — a)) s],
I (W —s@) 10 (v - vee))

y-1
F()/) f Y @)((u) - (v)) Du[i(s, 2(0), 2(v - 0)), (v, w(o), w(v - 0))]do,

f ' (v) I,D(u) l,D(U))y 1( Oo[z(v), w(v)] + Dm[z(v —0),w(v— o)])dv,

2N1
- F(V)

Therefore, the generalized Gronwall inequality implies that

Deo[z(w), w(w)] = 0.

As a result, the solution of (4) is unique. [

1

[ @ - y@) " ou [0 wol

4. Stability result
In this section, Ulam—Hyers stability is demonstrated for the system (4).

Definition 4.1. [29] Forall ¢ > 0, ifz € C([—a, d],En) satisfies
1 " , y-1
Da[z(w), p(0) © (W) fo Y @)W - ) 1(020),20-0))do)| <e, uel, a1
Z(u) = @(”)r uce [_G/ O]/
then there is a real number C; > 0 and a solution w € C([—o, d], E“) of system (4) with
Do [w(u),z(u)] < eG,
which implies the solution to system (4) is Ulam-Hyers stable.
Remark 4.2. z € C([—a, d, E“) is a solution of (11) if and only if Ap € C([—o, d, E“) such that
(i) Deo[p(u), 0] < &,
Dy 2(u) = (u, 2(w), 2(t - 0)) + p(u), uel,
(i)
z(u)

= p(u), u € [-o0,0],
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Theorem 4.3. Under the hypotheses (H1) and (H2), the system (4) is Ulam—Hyers stable.

Proof. Let z(u) be the solution of the system (11) and w(u) be the solution of the proposed system (4). In
light of Definition 2.18 and Remark 2.19, we have

z(u) = p(0) ® [%V) fo Y @)((u) - lp(v))yil(f(v,z(v),z(v ~0)) + ¢(v))do], (12)
andu — Iﬁp(f(u, z(u), z(u— o)) +¢)(u)) is increasing on [0, 4], where ® := {+,&(-1)}. Note that for u € [0, 0],
we have D, [w(u), z(u)] =
For u € I, we have

Deo[w(u), z(u)|

< %y) fo (v - 9©) " Du[i(0, W), w(o - 0)), (2, 2(0), 2(0 - o)) o

+ %y) fe (90 - 9) D[6(0), 0],

(¥ - ()
<09 f @) - ) (DulW(0),2(0)] + Deo[w(o - 0), 2(0 - o) Jdo + Toen

() - p(0))’
<2 f YO - ve) D w[w(w,z(v)]dm(“b;‘(y—fl))e,

(v - ()
I'y+1)

1%Z(\]l)f Y l’b(u) ll’(s)) Doo[W(v),Z(v)]dv+

So, the generalized Grinwall inequality implies that

u) — (0
Dm[w(u),z(u)] < (lp(rzy—.i())) ;/(2N1(¢(M) ¢(O))y)-
Let y
u) — (0 ,
Ci = Wrzy—fl()))ﬂy(m(w(u) - 9(0))),
then
Do [w(u),z(u)] < &G
Therefore, from Definition 4.1, the system (4) is Ulam-Hyers stable. [

5. Example

In this section, we provide an illustration of the results from the previous part.

5.1. Example 1
Consider the following fuzzy fractional differential system
DI 2(u) = zu) + 2w —-1)+(-3,0,3),  ue(0,4],
(13)
z(u)=(-u—-2,0,u+2), wuel[-1,0],

where y = % and f(u, z(u), z(u — 1)) = z(u) + z(u — 1) + (=3,0,3). The verification demonstrates that all
assumptions in Theorem 3.1 are met in full Then the problem (13) has an extremal solution z € [z, zY] on
[-1,4]. Also, we can verify that system (13) satisfies all assumptions in Theorem 4.3. Then, system (13) is
Ulam-Hyers stable.
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5.2. Example 2
Let

DF'2(w) = Szw)log (L +1) + ysinz(u-2),  ue (03],

(14)
z(u)=(u+2,0,—u-2), wuel[-20],

where (u, z(u), 2(u — 2)) = Zz(u)log (% + 1) +
For z, w € E®, we have

n21+1 sinz(u —2)and y = %

Do (1, 2(), 2(u = 2)), (1, W), w(tt = 2))] < Ny(Deolz(ut), w(w)] + Des[2(u — 2), w(ue - 2)]),
where Ny = max{#, n21+1}. Then, the problem (14) has an extremal solution z € [z%, zY] on [-1,4]. Also,
we can verify that system (14) satisfies all assumptions in Theorem 4.3. Then, system (14) is Ulam-Hyers
stable.

6. Conclusion

This research has examined a class of ¢-Caputo fuzzy fractional differential equations with time delay in
the sense of generalized Hukuhara differentiability. The monotone iterative technique combined with the
method of upper and lower solutions are employed under Lipschitz conditions to demonstrate the existence
of extremal solutions. Finally, by using the generalized Grinwall inequality, Ulam—-Hyers stability result
for the main system is provided.
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