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Reproducing kernel Hilbert space method to solve fuzzy partial
Volterra integro-differential equations

Ghaleb Gumah?

®Department of Scientific Basic Sciences, Faculty of Engineering Technology, Al-Balqa Applied University, Amman 11134, Jordan

Abstract. In this paper, a reproducing kernel Hilbert space method for the numerical solution of fuzzy
partial Volterra integro-differential equations has been presented. The reproducing Hilbert space, kernel
function properties, Gram-Schmidt orthogonalization process and the bounded linear operator in the same
space have been developed, which helps this method to demonstrate the convergence analysis. Moreover,
we present some lemmas and theorems to prove the convergence of the reproducing kernel Hilbert space
method. In this method, we give the approximate solution of the fuzzy partial Volterra integro-differential
equation as a Fourier series in the Hilbert space. In order to clear the efficiency of the proposed method,
some numerical examples have been solved.

1. Introduction

In recent years, a great interest in fuzzy mathematics has been observed, due to the presence of many
applications in several fields, especially in physics, engineering and economics [1, 2]. On the other hand,
and in particular, it was necessary to increase interest in studying fuzzy ordinary differential equations [3,
4], fuzzy partial differential equations [5, 6, 7, 8, 9] and fuzzy integro-differential equations [10] through the
publication of many papers related to these fuzzy equations. However, as a result of the efforts of some
researchers, the fuzzy derivative was defined in [11]. Based on this definition and due to the difficulty
of finding the exact solution for many of the fuzzy equations, a lot of papers emerged that discuss the
numerical solutions of fuzzy ordinary differential equations [12], fuzzy partial differential equations [13,
14, 15] and fuzzy fractional differential equations [16].

Through our random search, we found two papers discussing how to find the exact solution for the
fuzzy partial Volterra integro-differential equation (FPVIDE) using the fuzzy Laplace transform and the
fuzzy Fourier transform [17, 18]. In addition, the existence and uniqueness of the solution to the FPVIDE
were discussed in [17], but we could not find any paper discussing the numerical solution of the FPVIDE.
Our main motivation and the central question for studying this paper is to construct a reproducing kernel
Hilbert space (RKHS) method for finding numerical solutions of FPVIDEs under Hukuhara differentiability.
More specifically, we consider the following general form of the FPVIDE:

Ju(x, f) t

+C(x, t)——= + D(x, t)u(x, t)+fk(t,s)u(x,s)ds =r(x,1),t>00<x<l (1)

A(x,t)———= +B(x, t) BT

%u(x, t) du(x, t)
dx? ox

0
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subject to the following fuzzy initial and fuzzy boundary conditions:

u(x,0) = o1(a)f(x), 0<x <1, 2)
8uS;, O _ oy@)g), 0<x <1, 3)
u(0, 1) = as(a)h(t), t >0, 4)

where A, B, C and D are real valued continuous functions, r(x, t) is a fuzzy function, o1, 02, 03 € Rp such
that Rr is the set of all fuzzy numbers for all & € [0, 1] and u(x, ) is an unknown fuzzy function which is a
fuzzy solution to the FPVIDE.

Recently, the RKHS method has important scientific applications in applied mathematics. Specially,
this method with kernel functions and Gram-Schmidt orthogonalization process has been applied to solve
several types of equations, including singular two-point boundary value problems [19], hybrid fuzzy differ-
ential equations [20], boundary value problems for hyperbolic and parabolic integro-differential equations
[21], system of fuzzy Volterra integro-differential equations [22], fuzzy integral equations [23,24] and fuzzy
fractional differential equations [25, 26, 27]. Therefore, it is an effective numerical method for nonlinear
problems without discretization. Generally, to demonstrate the RKHS method to solve FPVIDEs, we need
the following steps:

e Building some appropriate Hilbert spaces.

e Writing the FPVIDE in the operator form.

e Proving some lemmas and theorems which help us to show the convergence of the proposed method.
e Building the algorithm of the RKHS to find the approximate fuzzy solutions to the FPVIDE.

e Presenting two numerical examples to verify the proposed algorithm.

In recent papers, the RKHS method become a fundamental tool in computational mathematics for
obtaining the approximate solution to many fuzzy problems. The main motivation of this method reveals
a fast convergence rate when the approximate solution is compared with the exact solution for fuzzy
problems.

This paper is divided into six sections. In Section 2, we present some basic concepts in fuzzy numbers
and fuzzy calculus. In Section 3, we construct some suitable Hilbert spaces with a kernel function to
build the RKHS method. The convergence analysis of the RKHS method is introduced in Section 4. Some
numerical examples are presented in Section 5. At the end of the paper, we summarize some of the results
that were reached.

2. Preliminaries

Definition 2.1 ([20]) A fuzzy set A : R — [0,1] is called a fuzzy number with a-cut representation
[A(a),X(a)] for all & € [0,1] if A(as + (1 — a)t) > min(A(s), A(t)) for each s, t € R, there is s € R such that
A(s) =1, the set {s € R | A(s) > a} is closed and the a-cut representation of A is a compact interval.

Definition 2.2 If A = [A(a), Ala)] and u = [p(a), u(a)] are two fuzzy numbers. We define the basic operations
in the a-cut representation of the fuzzy numbers as:

) A+u=[A@ + pa), Aa) + 5@,
i) A —u = [A@) - E@), A@) - p@)].

iii) kA = {[kA(a), kKA(@)], if k>0, [kA(a),kA(@)], if k <O0.
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Definition 2.3 ([6]) Let u : [4,b] X [a,b] — Rf be a fuzzy-valued function with a-cut representation

8 ,t, U ; a rtr u , L,
U, ;@) and Julx, t; ) exists and U, 1;2) < Jit, ¢ oc),

X ox ox
8u(x,t)] B [&g(x,t;a) du(x, t; o)

ox ox ox

[u(x,t;a), u(x, t;a)]. If the partial derivatives

then the first-partial fuzzy derivative of u is defined as [ ], where Rr be the

set of all fuzzy numbers.

Definition 2.4 ([6]) Let u : [a,0] X [a,b] — Rf be a fuzzy-valued function with a—cut representation
Pu(x, t; @) . %u(x, t; ) exdists and Pu(x, t; a) - 2%u(x, t; )
ox2 ox2 oxz2 T o2 7

92M(X,f)] _ | Pulxta)  ulx ta)
ox2 fq4 o2’ o2 .

[u(x, t; a), u(x, t; a)]. If the partial derivatives

then the second-partial fuzzy derivative of u is defined as [

To provide Def. (2.3) and Def. (2.4), we can see that from the function u(x, t) = [(oz —1)x%et, (1 - a)xzet] such
du(x,t) Pu(x,t)

AL _ t _ t _ _ 1\t PR
that P [2(a = 1)xet, 2(1 — a)xe'] and ) [2(a = 1)e', 2(1 — w)e'].

3. Reproducing kernel Hilbert spaces

In this section, we introduce some reproducing kernel Hilbert spaces which are used to build the RKHS
method.

Definition 3.1 ([22]) Hilbert space W%[O, T] consists of functions f(t) defined on [0, T] such that f(t) is
absolutely continuous and f’(t) € L,[0, T]. The norm for the space is:

ngzJU@f+£(f@fﬂ 5)

Definition 3.2 ([22]) Hilbert space W%[O, T] consists of functions f(t) defined on [0, T] such that f’(t) is
absolutely continuous, f(0) = 0 and f”(t) € L»[0, T]. The norm for the space is:

Ifllz = \/(f(O))2+(f’(0))2+ fo (f () d. ©)

Definition 3.3 ([22]) Hilbert space W;[O, T] consists of functions f(t) defined on [0, T] such that f”(¢) is
absolutely continuous, f(0) = f'(0) = 0 and f"”’(t) € L,[0, T]. The norm for the space is:

T
1Az = \/(f(O))2+(f’(0))2+(f"(0))2+ fo (F(1))2 dt. -

The space W]'[0, T] is a RKHS for m = 1,2,3. This means there is a reproducing kernel function K(t,s) €
W20, T, for each t,s € [0, T] and any f(t) € W/'[0, T], such that {f(t), K(t, S))W,z,, = f(s).

Theorem 3.1 ([28]) Hilbert space W;[O, T]is a RKHS with reproducing kernel function

34tN242 (24—t <
K(ts)= ( %%r)s ; 2+ ( 2244_ 4)s)f +1,s<t, ®)
(st + (57-)st + 1, s>t

To build our method, we need put R(x,t,y,s) = K(x, t)K(y,s). Since R(x,t,y,s) is symmetric and positive
semi-definite, then R(x, t, y, s) is the reproducing kernel function on [0, /] x [0, T].
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Definition 3.4 ([28]) Hilbert space W(A) consists of functions f(x,t) defined on A = [0,]] X [0, T] such that
Pf(x, 1)
dxot

f(x,t) is complete continuous function and
space W(A) is:

€ Ly(A). For all f,g € W, the inner product for the

21000, f f TIOOTIGD 1 ©)

T
frh = 0,90 + [ LT S

Definition 3.5 ([28]) Hilbert space H(A) consists of functions f(x,t) defined on A = [0,!] x [0, T] such that

FPrfx,t df(x,0 5
8J3(c(;:9t) is complete continuous function, f(x,0) = 0, ff)t ) _ 0 and %xég,_{? € Ly(A). Forall f,g € H, the

inner product for the space H(A) is:

IO Jgtx,0 T PIFO,0 P90, Pl t) Pglx,
frPu = Z:< ot o > Zf oR2oxi  oroxi f f ENCETCRRE N ————dxdt. (10)

Definition 3.6 If Z(A) = W(A) ® W(A), then the RKHS Z(A) consists of fuzzy functions u(x, t) = [u(x, t; @),
2

u(x, t; a)] such that u(x, t; ), u(x, t; «) € W(A) with inner product (u, w); = }, <uj, wf>w for all u,w € Z(A).
j=1

The norm for the space Z(A) is defined as |[u|l; = ”E”?/v + ”ﬁ”?/v

Definition 3.7 If V(A) = H(A) @ H(A), then the RKHS V(A) consists of fuzzy functions u(x, t) = [u(x, t; @),
2

u(x, t; a)] such that u(x, t; @), u(x, t; «) € H(A) with inner product (i, w)y = ), <uj,w]->H for all u,w € V(A).
j=1

The norm for the space V(A) is defined as ||uly, = ”g”i + ”ﬁ”i

To provide Def. (3.6) and Def. (3.7), we can see that from the function u(x,t) = [(a — 1)xé!, (1 — a)xe],
u(0,t; a) %u(x, )

0<x<1land0 <t <1. Since — = 0, 55— = (@—1) and< u(x, 0; @), u(x, 0; oc)> = (a — 1)%, then
—1)?
from Def. (3.4), we have ”E”?/v = %(e2 + 1). Similarly, we have ||u“w = a 204) (e + 1). Thus, |jul|; =
Ju(x,0; ) Jdu(x,0;
(1-a) Ve + 1. Now, from Def. (3.3), we have <g(x, 0; ), u(x, 0; a)>w3 =0 and< i T a), u T a)> =0.
2 W’%
. Pu(0,ta) , 'u(0,t;a) Pu(x, t; ) 2

Since W = (a - 1), F ToRgE - = 0 and v 0, then from Def. (3.5), we have ”g”H =
(a—1)? 1- a)

== (@ —1). Thus, [lully = (1 - a) Ve — 1.

5 ——(¢* — 1). Similarly, we have ”u”H

Lemma 3.1 Suppose that V(A) is a fuzzy RKHS with reproducing kernel function R(x, t, y,s) = K(x, y)K(¢, s).
Forany u(x, t) = [u(x, t; @), u(x, t; a)] € V(A), then (u(x, t), R(x, t,y,s)), = u(y,s), whereu(y,s) = [u(y,s; a), u(y, s; a)].
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Proof. Note that

(utr, t;0), R0, 1,y,9)),,

(u t;a), K, y)K(t,9),,
1

B du(x, 0; a) JIK(0, s)
- LS e "

fT 82”2(0, t; o) 82[((15, s) ajK(O, Y) At
o \ oRdd I Ju

2 T [ 2+j i
2“u(0, t; 2 d’K(0,
. Zf u(0,t;2) °K(t,5) KO, ) .
— Jo ot20xi ot? ox/

Tu(y, 0; @) JK(0, 5)
ot ot

T 2 2 ! )3 . 3
. f PK(t,s) a_f8z(x,t,a)8 K(x,y)dx it
0 ot? atr Jy ox3 ox3
2

T 2K(t,s) | 02 'u(0,t; a) JK(0, y)
+f0 P ﬁz( ER )dt

=0

Il
i1~
v

i d'u(y,0; a) JIK(0, s) .\ fT PK(t,s)
0

o0 o0 S g (e ), Koo y)), . dt

i Iy, 0;0) K(,3) fT PK(,3) Puly ba)
- oti oti o o or

Similarly with the same procedure, we get (u(x,t),R(x,t,y,s)),; = u(y,s). Thatis, (u(x,t),R(x,t,y,5)), =
u(y,s). The proof of the lemma is completed. [

4. Numerical method with convergence analysis

To apply the RKHS method, the nonhomogeneous fuzzy initial conditions and the nonhomogeneous fuzzy
boundary condition in Egs. (2), (3) and (4) must be converted to homogeneous fuzzy initial and fuzzy
boundary conditions. Therefore, we suppose the FPVIDE (1)—(4) using a specific transformation of the
following form: u(x, ) = v(x, t) + p(x, t), where p(x, t) = o1(@) f(x) + 2@ — 1 + (x + 1)o3(a)h(t) such that
h(0) = I’(0) = f(0) = g(0). The Egs. (1)—(4) can be converted into:

t

Alx, i,‘)M + B(x, if)M + C(x, t)M + D(x, Ho(x, t) + fk(t, s)u(x, s)ds = G(x, t), 11
dx2 ox ot
0
v(x,0)=0,0<x <1, (12)
Jdou(x,0)
5 =0, 0<x<], (13)

2(0,6)=0, t >0, (14)
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where

t

o 0p( )~ [ ket pt, s

0

Glx, ) = r(x, ) — A(x, ) g< B, )apg;,t)_ C(xltt9p((;,t)

To solve numerically the FPVIDE (11)—(14) in the RKHS V(A), we define abounded linear operator L : V — Z

as Lo(x, ) = A(x, HZ2ED 4 B(x, H 20 4 O, 0 4+ D(x, tyo(x, ) + [ k(t, $)o(x, $)ds, where L =[ If)l L02 ]

To build an orthonormal basis functions {i;(x, t)} _, in V(A) we choose a countable dense subset
{(xi, t:)}i2, iIn A, define ¢;(x, t) = ( (xty, s)|(}/ls):(xilti),R(x, t, y'5)|<y,s>:(x,-,f,-)) and ¢i(x, t) = L*¢i(x, t), where ¢;(x, t) =

(ﬁbﬂ(x/ t), Pin(x, f))T, Wi, ) = (W (x,£), Y(x, )" and L* = [ Lol L? } is the adjoint operator of L. For
2

{i(x, 1)}, the use of Gram-Schmidt orthogonalization process yields:

i i T
Pi(x, t) = [Z Eira(x, f)/Z Eikra(x, f)] , (15)
k=1 k=1
where
Z Clkék] 1
fn=1 S &= il (j<i), & = (i > 1)

i-1 i-1
\/”‘91'”2 — X (cin)? 1 /II\%II2 - X (cix)?
k=1 k=1

Theorem 4.1 If the set {(x;,t;)};2; is dense in A and the inverse linear operator exists, then {;(x, i.‘)};’i1 isa
complete system in V(A).

Proof. For every v(x, t) = ((g(x, ta),o(x, t; a))T € V(A), R(x,t,y,5) = (R(x, t,,8), R(x, t, v, s))T at (y,s) = (xi, t;)
and (v(x, t), ¢i(x, t)),, = 0, we have

@ 0,0 DYy = (0008, LROGEY, iy )y
= <Lv(x, 1), R(x, t,y, S)I(y,s>:<x,»,z,>>c
= Lo(x;, t;)
= 0.

But the set {(x;, t;)} 2, is dense in A. This means Lo(x, t) = 0. Since L™! exists, then v(x,t) = 0. [

Theorem 4.2 Under the assumption of Theorem (4.1), the fuzzy solution of FPVIDE (11)—(14) is given by:

v(x, 1) ;Z::ffsz(xk, ti; )i (x, 1), ; ;éika(xkz ti; )i (x, 1) |, (16)

where G(x, t) = [G(x, t; @), G(x, ;)] in Eq. (11) be a fuzzy valued function.

Proof. Since v € V(A) = H(A)® H(A) and {i(x, t)}l 1 = Wi (x, 1), Pi(x, t)T is orthonormal functions in V(A),
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then based on Fourier series expansion and the reproducing property of kernel function R(x, t, y,s), we see

o(x, ) [v(x, ta),o(x, t; ac)]

Y (00 ), Palx, 1), Pl ), Z @, @), Pl 1))y P, tl

—_—
s

(x, ta), Zézkll)kl(x f)> Y, (x 1), Z<U(X t;a), Z&kll)kz(x t)> P,(x, f)}
i=1 k=

& (006, 5:0), Y (x, 1), Pa(x,0), ) |

i=1 k=1

Ei (O(x, £ ), Yra(x, D))y Pin(x, f)}

=~

~. |l
—_

1

& (00, @), L (x, ) P (x, t),Z

i=1 k=1

£ (B0, 1), Lybia(x, 1)), Pialx, t)}

o~
Il
—_

8

ik <L12(X, t; @), Pra(x, f)> Pi(x, t), Z ik <L25(x, t; @), Pra(x, f)>w Pnl(x, t)}

i=1 k=1

Il
a2 IDe IPDMe IDTe 1D W:'Mz

|
T
kN
=
i
kN

Ei (Lan(, £.0), R4 Y, )0 )y P15 ),

- 1P

D138
MN

Eik <L25(x/ t/ 0(), R(xr t/ ]// S)‘(yﬁ):(’fk/fk) >W lpiZ(xr t)

[ey
=~

—_

—_

i=1 k=1

i (o8}

Z EixG(xk, b a)in (x, 1) Z Z EaG(xx, b Q)P (x, 1) |-

[ i=1 k=1 i=1 k=1 }
The proof is completed. [

EiLav(xg, t; )i (x, 1), ZZ EiLav(xk, t; a)Pin(x, f)]

Ms 'zMe'
>

Take the truncated series of v(x, t) as:

ou(e ) = [ ) ) EaGlri g @, t), Y Y Eall, tis )i, t)l : (17)

i=1 k=1 i=1 k=1
which is an approximate fuzzy solution to the FPVIDE (11)—(14).
Theorem 4.3 Assume that ”gn (x, & a)”H and [|9,(x, t; a)lly; are bounded in Eq. (17). If {(x;, t;)};2; is dense on A

and G(x, t) € V(A) be a fuzzy continuous valued function, then the approximate fuzzy solution v, = [v,, 0,]
is convergent to the exact fuzzy solution v = [, 7] in the RKHS V(A).

i i
Proof. Let A; = ¥, ExG(xx, t;a) and B; = Y ExG(xy, t; ). From Eq. (17), we get v, . (x, ;) = v, (x, t; ) +
k=1 k=1

Ap1¥i (x, t) and 041 (x, £ @) = 0y(x, £ @)+Bys1¥in(x, £). From the orthogonality of {1 (x, t)}le and {Yn(x, t)}lil,
we have

n+1
o 50l = o, sl + A2, = o, st bl + 42+ 42, = |l s, + ) A%
i=1

n+l1

101, & Iy = 190Cx, )y + B2, = 161 (v @l + B2 + B2, = Ildo(x, )l + Z B?.

n+l
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Thus, |[v,(x, @), < [0, (£ @), and 15, (x, & @)l < 15ne1(x, £ @)l Since [[o, (x, £ ), and [15,(x, £ @)y
are bounded, then v, and 7, are convergent as n — oo in the RKHS H(A). This means {A;};2;, {B;}2; € 2.
Moreover, v, = [v,,0,]is convergentas n — oo in the RKHS V(A). Since (v,,-v,, ;)L1(v,,_;-7,,_,)L...L (0

_ Cne1 ™
v,) and (0 — Opu—1) L(Om-1 — Om—2)L... L(Tp41—0,) for m > n, then

||gm(x,t;a) -9,(x, t;oc)”i = ||v (x, ta)y—o, (x,t;a)+o, (x,t;a)—...+0, ., ta) -0 (x, t;a)”i
< ||v (x,ta)—v, ,(xt; a)”H +| 0,1 (X, ;) —Qn(x,t;a)”f{
= Z (A)* = 0asn,m — co.
i=n+1
5, £50) = Bur, D\, = [ @) = Tra (6, @) + Tt (6, 5:0) = -+ T (6, 550) = T, )
_ _ 2 _ 2
< owte ;@) = Buax )|, + ) =Ty, o)

m
Z (B;)*> > 0asn,m — oo.

i=n+1

We know that H(A) is a complete space. Thus, there exist v, € H(A) such that vy, — vand 3, —
as n — oo in the sense of |.||y. This means v, — v as n — oo in the sense of ||.|l;. Now, we prove

v(x, 1) = [v(x, t; a), 0(x, t; a)] is the fuzzy solution of the FPVIDE (11)—(14). Since v(x, ;@)= Y, Aia(x, t) and
i=1

3(x, t;a) = ¥, Biin(x, 1), then
i=1

(ng)(le f]‘,' 0() = Z A; <L1Eil (xr t)' (Pfl (x’ t)>W
i=1
= Y A(Bat D Lo ),
i=1
= Z A; <¢i1 (X, t)/ 1/7]1 (X, t)>H
i=1
LaD)(xj t; ) = Z Bi{ Lol 1,95, D),,
i=1
= Y B (00 1), Ly, ),
i=1
= Z Bi <¢i2('x’ t)/ ll}jZ(x’ t)>H ’
i=1
It follows that:
Z gn](le)(x]r t]r 0() Z A <llbll(x t) Z gn]l’bjl(x t)> Z l)bll(x t) wnl (x t)>
L = i=1

(9]

Y &uilaD)x; ta) = ) B < Polx, 1), Zénﬂ#]z(x t)> =Y Bi(Po, 0, Dp(x,1),, =
j=1

i=1 i=1

Now, if n = 1, then (L1) (x1, t1;a) = G(x1,ti;a) and (LyD) (x1,t;a) = G(xi, t;@). Again, if n = 2, then
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(L19) (x2, t2; @) = G(x2, to; @) and (Lp0) (xo, to; @) = E(xz, t; ). By induction, it is easy to see that
(L) (xj, tj; ) = G(xj 13 ), (18)

(L0) (Xj, ti; 0() = E(xj, ti; Q). (19)

where j = 1,2,.... Since {(x;, t;)};2; is dense on A, then for any (y, z) € A, there is a subsequence {(xn/., tn/.)} such
that (xn],, tn/.) — (y,z) as j — co. Moreover, let j — oo in Egs. (18) and (19), by the convergence of v, and

the continuity of G, we have

(Lio)(y,z2a) = G(y,z a),

(L29) (y,z2) = G (y,z ).

That is, (Lv) (y,z) = G (y,z). This means v(x, t) = [v(x, t; @), D(x, t; a)] is the solution of the FPVIDE (11)—(14).
The proof is completed. [

5. Numerical examples

(20)

(21)

In this section, we test the accuracy and reliability of the RKHS method by presenting the approximate
results and absolute error for some fuzzy partial Volterra integro-differential equations.

Example 1 Consider the following FPVIDE

t

2
ou(x, ) = oux, ) +[2a+2,6 —2ale* -2 f(t —s)u(x,s)ds, 0<x<1,t>0, (22)
ox ot?
0
u(0,t) =[a+1,3—a]cost, t >0, (23)
ux,0)=la+1,3—ale’, 0<x<1, (24)
aug;, O _o0<x<1, (25)

for all @ € [0, 1]. This problem has the exact solution of the Eqs. (22)—(25) is given by

u(x, ) = [(a + 1)e* cost, (3 — a)e* cost].

Table 1. The absolute errors of approximating u for Egs. (22)—(25).

(x, 1) a=02 a=04 a=0.6 a=0.8
(0.2,0.2) 1.206785 x 102 1.407915 x 1073 1.609046 x 1073 1.810177 x 1073
(0.4,0.4) 2.173558 x 1073 2535818 x 1073 2.898077 x 1073 3.260337 x 1073
(0.6,0.6) 9.968506 x 1074 2.760581 x 1073 3.154949 x 1073 3.549318 x 1073
(0.8,0.8) 3.029001 x 10~* 1.162992 x 10~ 1.329134 x 107 1.495275 x 107

Table 2. The absolute errors of approximating u for Egs. (22)—(25).

(x, ) a=02 a=04 a=06 a=08
(0.2,0.2) 2.815831x 1073 2.614700 x 1073 2413570 X 1073 3.984856 x 1072
(0.4,0.4) 5.071636 x 1073 4.709376 x 1073 4347116 x 1073 4.338056 x 1073
(0.6,0.6) 5.521162 x 1073 5.126793 x 1073 4732424 x 1074 1.827559 x 1073

(0.8,0.8)

2.325984 x 1074

2.159843 x 1074

1.993701 x 10~

5.553168 x 1074
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Figure 1: Exact solution (red) and numerical solution (black).

The approximate solutions of the RKHS method at different values of (x,f) in A has been shown in Tables
(1) and (2), when a € 0.2,0.4,0.6,0.8. From these tables, we can see that the absolute error show that the
approximate solution to the FPVIDE (22)—(25) is close to the exact solution. Moreover, a more accurate
approximate solution to the Egs. (22)—(25) can be obtained with a larger value of n. In addition to that when
(xt) =(0.2,0.2),2 €0,0.2,0.4,0.6,0.8,1 and n = 50, Figure (1) shows that this method is fastly convergent.

Example 2 Consider the following FPVIDE

%u(x, t) _ du(x,t)

t
+u(e,t) +[1+a,3-al@2 -2 +1)e) + f eu(x,s)ds, 0 <x <1, t>0, (26)
0

ox? ot
u©,t) =[a+1,3-alt, t >0, 27)
ou(0,t)

ax - 0/ t > 0/ (28)
u(x,0)=[1+a,3-alx*, 0<x<1, (29)
‘9“8;’0) —[l+a3-al 0<x<1, (30)

for all & € [0, 1]. The exact solution of the Egs. (26)—(30) is given by
u(x, ) = [(1+ a)(x* + ), (3 — a)(x® + B)].

Table 3. The absolute errors of approximating u for Egs. (26)—(30)at (0.25,0.2).

n a=0 a=02 a=04 a=0.6
10 237284 x 1072 2.84741 x 1072 3.32198 x 1072 3.79654 x 1072
100 2.34358 x 107 2.81229 x 107* 3.28101 x 107* 3.74973 x 107
200 2.34339 x107° 2.81207 x 107° 3.28075 x 107° 3.74943 x 107°
300 2.34336 x 107”7 2.81203 x 1077 3.28070 x 1077 3.74938 x 1077

a=0.8
427111 x 1072
421844 x 1074
421811 x 107t
421805 x 1077

Table 4. The absolute errors of approximating u for Egs. (26)—(30)at (0.25,0.2).

n a=0 a=02 a=04 a=0.6 a=08
10 7.11852 x 1072 6.64395 x 1072 6.16938 x 1072 5.69481 x 1072 5.22025 x 1072
100 7.03074 x 107* 6.56202 x 10~* 6.09331 x 10~* 5.62459 x 10~* 5.15588 x 10~*
200 7.03018 x 107° 6.56150 x 10° 6.09283 x 107° 5.62415 x 107° 5.15547 x 10~°
300 7.03008 x 1077 6.56141 x 1077 6.09274 x 1077 5.62406 x 1077 5.15539 x 1077
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Figure 2: Fuzzy solution trajectories for Egs. (26)-(30).

To examine the accuracy of the approximate fuzzy solution of the FPVIDE (26)—(30), we choose different
values for n as shown in Tables (3) and (4). Based on this, we conclude that the RKHS method is more
efficient to give better results because when the value of n increases, then the error of the RKHS method
decreases very fast. On the other hand, Figure (2) presents the trajectories for the fuzzy solution graphically
when a = 0 (blue), @ = 0.2 (red), a = 0.4 (green) and a = 0.6 (black).

6. Conclusion

A novel numerical method is presented for fuzzy partial Volterra-integro differential equations in a repro-
ducing kernel Hilbert space. The reproducing kernel functions are employed to generate the orthonormal
functions. Also, the orthonormal functions satisfy the homogeneous fuzzy initial and fuzzy boundary
conditions of the considered problem. Therefore, the RKHS method has been successfully applied to find
the approximate fuzzy solution of the fuzzy partial Volterra-integro differential equations. From numerical
results in Tables 1, 2, 3 and 4, we can see the present method is simple, impressive and wider applicability.
Moreover, the RKHS method has never been applied to nonlinear fuzzy partial Volterra-integro differen-
tial equations. It can be also expanded to nonlinear fuzzy problems, fuzzy inverse problems and fuzzy
perturbation problems as a future work.
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