Filomat 38:24 (2024), 8611-8622

Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FI.2424611B

University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

e/ A
) @

i &

gy as’

5
TIprpor®

Lower characteristic, demicompact linear operators, and essential
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Abstract. In this paper, we present some results on the “lower” characteristic involving demicompact
operators. They are used to establish a fine description of the B-Weyl spectrum, and to investigate some
perturbation results. Finally, some results concerning the Schechter and Jeribi essential spectra are given.

1. Introduction

Let X and Y be two Banach spaces. By a bounded operator T from X into Y, we mean a linear operator
with domain X and range R(T) € Y. By L(X,Y) the Banach space of all bounded linear operators from X
into Y and by K(X, Y) the subspace of all compact operators of L(X,Y). If T € L(X,Y) then p(T) denotes the
resolvent set of T, a(T) the dimension of the kernel N(T) of T and S(T) the codimension of the range R(T) in
Y of T. The classes of upper semi-Fredholm from X into Y is defined by

D, (X,Y) :={T € L(X,Y) such that a(T) < oo and R(T) closed in Y},
and the classes of lower semi-Fredholm from X into Y is defined by
P_(X,Y) :=({T € L(X,Y) such that f(T) < co and R(T) closed in Y}.

DX, Y) == D (X, Y) N D_(X, Y)is the set of Fredholm operators from X into Y, and @, (X, Y) := ®.(X, Y) UD_(X, Y)
is the set of semi-Fredholm operators from X into Y. If X = Y, the sets L(X,Y), K(X, Y), D(X, Y), D.(X, Y),

and ®_(X,Y) are replaced by L(X), K(X), D(X), P, (X), and P_(X), respectively. The index of an operator
T e D.(X)is i(T) := a(T) — B(T).

An operator F € L(X,Y) is called an upper semi-Fredholm perturbation if T + F € ®,(X,Y) whenever
T € ®.(X,Y). The set of upper semi-Fredholm perturbations is denoted by #.(X,Y). These classes of
operators were introduced and investigated by Gohberg et al. in [5]. It was shown in [1], that ,(X,Y) is
closed subsets of £(X,Y) (see also [9-11, 20-23]).
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An operator T € L(X) is called a B-Fredholm operator, T € B¥ (X), if there exists an integers nn € IN such that
R(T") is closed and T, = Tig(r+) is Fredholm, where R(T") is the range of the operator T". If for some integer
n the range space R(T") is closed and T}, := T|g(r+ is an upper semi-Fredholm operator, then T is called an
upper semi B-Fredholm operator and we write T € Bf.(X). The B-Fredholm spectrum opr(T) and upper
semi B-Fredholm spectrum o¢,r(T) of T, are respectively defined by:

oge(T) = {A € Csuch that A — T ¢ B¥ (X)}

and
0,8r(T) = {A € C such that A — T ¢ BF,(X)}.

The operator T is said to be B-Weyl operator if it is a B-Fredholm operator of index zero. The B-Weyl
spectrum opw(T) of T is defined by:

opw(T) = {A € C such that A — T is not a B-Weyl operator}.

Now, let A be a unitary algebra. It is well known that an element x of A is Drazin invertible of degree k if
there is an element b of A such that x*bx = x*, bxb = b, xb = bx (see [15]). The Drazin invertible spectrum
op(a) of an element a in A is defined by:

op(a) = {A € C such that A — a is not a Drazin invertible operator}.

Note that, the concept of Drazin invertibility plays an important role for the class of B-Fredholm operators.
As resulted in [13], for T € £(X), we have opw(T) € op(T).

Theorem 1.1. [15] Let X be a Banach space and T € L(X) be such that 0 is isolated in the spectrum o(T) of T. Then
T is Drazin invertible if and only if T is a B-Weyl operator. o

Now, an operator T € L(X) is said to be semi-regular if R(T) is closed and N(T) ¢ R(T"), for all n > 0.
Recall their an operator T € £(X) is said to be quasi-nilpotent if ¢(T) = {0}. T admits a generalized Kato
decomposition, if there exists a pair of T-invariant closed subspaces (M, N) such that X = M ® N, where
Tim is semi-regular and T}y is quasi-nilpotent. For T € £(X), the ascent a(T) and the descent d(T) of T are
provided by

a(T) = inf{n € N such that N(T") = N(T"*})},

d(T) = inf{n € N such that R(T") = R(T"*1)},

where inf () = co. We denote by
LD(X) := {T € L(X) such that a(T) < co and R(T"D*!) is closed in X}
and the left Drazin spectrum o;p(T) of T is defined by:
oip(T) = {A € Csuch that A - T ¢ LD(X)}.

Definition 1.2. [17] Let D be a bounded subset of X. We define y(D), the Kuratowski measure of noncompactness
of D, to be inf{d > 0 such that D can be covered by a finite number of sets of diameter less than or equal to d}. o

The following proposition gives somes properties of the Kuratowski measure of noncompactness which
are frequently used.

Proposition 1.3. Let D and D’ be two bounded subsets of X then we have the following properties

(i) y(D) = 0 if and only if D is relatively compact.

(i) If D € D', then y(D) < y(D").

(iii) Y(D + D') < y(D) + (D).

(iv) For every a € C, y(aD) = |a| y(D). o
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Definition 1.4. [18] Let T € L(X,Y), y(.) be the Kuratowski measure of noncompactness in X. Let k > 0, T is said
to be k-set-contraction if, for any bounded subset B of X, T(B) is a bounded subset of X and y(T(B)) < ky(B). T
is said to be condensing if, for any bounded subset B of X such that y(B) > 0, T(B) is a bounded subset of X and

y(T(B)) < y(B). ¢

Definition 1.5. Let X be a Banach space and let T : X — X be a bounded linear operator. The operator T is said
to be demicompact (or relative demicompact), if for every bounded sequence (x,), € X such that x, — Tx, = x € X,
then there exists a convergent subsequence of (xp),. o

Remark 1.6. It is well known that

(i) Every k-set-contraction operator such that k < 1 is condensing.
(i) Every condensing operator is 1-set-contraction.
(iif) Every condensing operator is demicompact. o

Definition 1.7. Let T € L(X). We define y(T) by
Y(T) := inf{k such that T is k-set-contraction). o

In the following proposition, we give some properties of (.) that we will need in the sequel.

Proposition 1.8. [2, 4] Let X be a Banach space and T € L(X), then we have the following properties

(1) (T) = 0 if and only if T is compact.

(i) If T, S € L(X), then y(ST) < p(S)7(T).

(iii) If K € K(X), then y(T + K) = y(T).

(iv) If B is a bounded subset of X, then y(T(B)) < 7(T)y(B). o

The paper is organized in the following way. In Section 2, we present the main results of this paper. We
prove some result concerning the “lower” characteristic. In Section 3, we present a new characterization of
the B-Weyl spectrum and we establish some perturbation results. Finally, we give some results concerning
the Jeribi and Schechter essential spectra.

2. Main results
Definition 2.1. For T € L(X,Y), we define the "lower” characteristic

[T], =suplk : k>0, y(T(M)) = ky(M) for all bounded M C X} (1)
as elements of [0, oo]. o

Note that in finite dimensional spaces we have [T], = co. In infinite dimensional spaces, where this
characteristic is of more use, we get
T(M
(M= inf LT
0<y(M)<eo V(M)

Sets with (M) = 0 can be left out here, since the continuity of T assures that also y(T(M)) = 0. This can be
seen by considering y(T(M)) < y(T(M)).

Proposition 2.2. [24] Let X, Y, Z be three Banach spaces, T € L(X,Y) and R € L(Y,Z). Then [R],[T], < [RT],. ¢
Theorem 2.3. [14] Let T € L(X,Y). Then [T], > 0 if and only if T is upper semi-Fredholm. &

The set of semi-Weyl operators is defined by

W.(X) = {T € L£(X) such that [T], > 0 and i(T) < 0}.



S. Baraket et al. / Filomat 38:24 (2024), 8611-8622 8614

Remark 2.4. (i) If T is compact or nilpotent, i.e., there exists n € IN* such that T" = 0, then [I — T], > 0.

(ii) Let T be a bounded linear operator, and let p € N*. If [I = T?], > 0, then [[ - T], > 0.

(iii) The converse of (ii) is false. In fact, let X be an infinite dimensional Banach space and T be a bounded linear
operator such that [I — T), > 0 and T?> = 1. Then [I — T?], = 0. o

Theorem 2.5. Let X be a Banach space and let T € £(X). Then T is demicompact if and only if [[ - T], > 0.¢

Proof. We first show that N(I — T) is finite dimensional. Let S := {x € X such that (I — T)x = 0 and ||x|| = 1}
and (x,), be a bounded sequence of S. Since T is demicompact, there exists a subsequence (x,); of (x,)n
which converges to x € X. Thus, it follows from the continuity of the norm and the boundness of T that
x € X, x—Tx = 0and |lx|| = 1. Hence a(I - T) is finite. Now, we claim that R(I — T) is closed. Applying
Lemma 5.1 in [19], we can write X = N(I — T) & X, where Xj is a closed subspace of X, then it is a Banach
space. In view of Theorem 3.12 in [19], it suffices to prove that there is a constant A > 0 such that for every
x € Xo, ITx|l = Allx||. If not, there exists a sequence (x,), of Xy such that [[x,|| = 1 and ||(I — T)x,|| — 0. Since
T is demicompact, there exists a subsequence (xy,); of (x,), which converges to x € X. Moreover, [ — T is
closed and (I — T)x = 0, hence x = 0 which contradicts the continuity of the norm. Since dimN(I = T) < oo,
we may find a closed subspace Xg of X with X = Xq®N(I-T). The projection P : X — Xj satisfies [P], = 1,
since I — P is compact. Consider the canonical isomorphism L : Xo — R(I — T). Since - T = LP, [L], > 0
and in view of Proposition 2.2, we conclude that also

[I - T], > [L1.[P], > O.

Inversely, suppose that [I — T], > 0 and fix k € (0, [I — T],). Since the set M = N(I — L) () Bx is mapped into
(I-T)M) = {0}, we get

y(M) < /(- TIM) =0,

which show that M is compact, and hence N(I—T) is finite dimensional. We prove now that the range R(I-T)
of [ - T is closed. Since dim N(I — T) < oo, there exists a closed subspace X, C X such that X = Xo® N(I-T).
Let (y4). be a sequence in R(I — T) converging to some y € Y, and choose (x,), in X with (I - T)x,, = y,. Now,
we distinguish two cases. First, suppose that (x,), is bounded. With k > 0 as before we get then

1
y({xlleI"' /xn/"'}) S %V({y1/y2/“' /yn/“'}) = 0/

and hence x,, — x for some subsequence (x,,)r of (x,), and suitable x € X. By continuity we see that
(I-T)x =y, and so y € R(I —T). On the other hand, suppose that ||x,|| — 0. Sete, = ”fﬁ and
E={e,e-,en ). Thenclearly EC {x € X : [|x|| = 1} and

(I_ T)xn Yn
[-T)e, = —— 2% _
@=Den == = il

Hence, y((I — T)(E)) = 0. On the other hand, y((I — T)(E)) > ky(E), by (1), and thus y(E) = 0. Whithout loss
of generality, we may assume that the sequence (e,), converge to some element e € {x € Xy : |[x]| = 1}. So,
(I-T)e = 0, contradicting the fact that Xo (\N(I - T) = {0}. Thus, I - T € O, (X). By a(I - T) < oo, we deduce
that there exists a closed subspace C of X such that

— Qasn — oo.

NI-T)&C=X.

We deduce that
I =T : (Gl — RA=T), 1)

is invertible with bounded inverse on R(I - T). Now, take a bounded sequence (x,), of X such that (I —T)x;),
converges to y. Obviously, y € R(I — T). Using the boundedness of ((I — T),.)"* on R(I — T), we deduce that
(xx)n converges to (I — T),.)"'(y) = z. Hence, (x,), converges to z. So, T is demicompact and the proof is
achieved. [
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By using Theorems 2.3 and 2.5, we have the following.

Corollary 2.6. Let T € L(X,Y). Then T is demicompact if and only if I — T is upper semi-Fredholm.
Corollary 2.7. Let T € L(X). If T is a 1-set-contraction, then [I — uT], > 0 for each u € [0, 1).

Proof. If T is a 1-set-contraction then by using [16, Lemma 2.6], we have uT is demicompact for each
u € [0,1). The result follows from Theorem 2.5. [

Theorem 2.8. Let p € N*and T € L(X). If[T], > O, then [T?], > 0. o

Proof. Since [T], > 0, by using Theorem 2.3, it follows that R(T) is closed and a(T) < co. Now, we will
prove by induction that for all p € IN*, [T?], > 0. The case p = 1 follows from the hypothesis. Assume that
[T?], > 0 and take (x,), be a bounded sequence of X such that T"*x, — y, y € X. Put z, := TPx,,. Then the
sequence (z,), is bounded. Indeed, since a(T) < oo, then there exists a closed subspace X of X such that

X = N(T) & Xo.

Hence, the mapping T : Xo — R(T)isbijective. As R(T)isa closed subspace of X, it follows T~! : R(T) — Xy
is bounded. Thus,
llzw = Tyl = IT~ (TP 5, = y)ll = 0.

So, the sequence (z,), is convergent. Next, since T € £L(X), Tz, — y and [T], > 0, then there exists a
subsequence (Xp(:))n of (x,), such that TPx,; converges. Now, the result follows from the hypothesis of
induction [T*], > 0 and Theorem 2.5. O

Corollary 2.9. Let X be a Banach space and T € L(X). If T € ®,(X), then for alln € N, T" € @, (X). o
Proof. The proof follows from Theorems 2.8 and 2.3. [

Lemma 2.10. [6, Lemma 3.2] Let X be a Banach space and T will be a linear operator with domain D(T) in the linear
space X. Fork=0,1,2,--- andi=0,1,2,---, we have
R(T) _ D(T))
R(T#*k) ~ {R(T¥) + N(T)} N D(T)’

Lemma 2.11. Let X be a Banach space and T € L(X). If there exists n € IN such that R(T") is closed in X,
codim(R(T) + N(T™")) < oo, and [T], > 0, then T € BF (X). &

Proof. Since [T], > 0 and R(T") is closed in X, then [T|grr+]. > 0. By appliying Theorem 2.3, we infer that
Tir(r+ is upper semi-Fredholm. By using Lemma 2.10, we have
R(T") X
R(T™1) — R(T) + N(T")’

Since codim(R(T) + N(T")) < oo, then dim % < oo, which implies that T|g+) is a Fredholm operator and

R(T") is closed. Thus, T is B-Fredholm. [

Lemma 2.12. Let X be a Banach space and T € L(X). If there exists n € IN such that R(T") is closed in X, and
dim I\I]{((IL_'})) < oo, then

R(T")

N _ R

R(T™1) R(Tm1y
N@-1)
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Proof. Since dim % < oo, and

N(I - T) c R(T"™) c R(T"),
then

R(T")
N(-T) _ R(T™)

R(T™1) R(T™1)’
N{I-T)

This completes the proof. [J

Lemma 2.13. Let X be a Banach space and T € L(X). If there exists n € IN such that R(T") is closed in X,
dim % < 00, and [T], > 0, then T € BF (X). o
Proof. By using Lemma 2.12, we infer that

R(T”)

NI-T) R(T™)
R(T™) R(T"*1)’
N@-1)
Thus, dim % < co. It follows that Tig¢r) is a Fredholm operator and R(T") is closed. This is equivalent

to T is B-Fredholm. O
A consequence of Lemmas 2.11 and 2.13, we have the following;:

Corollary 2.14. Let X be a Banach space and T € L(X). Assume that there exists n € IN such that
(1) R(T") is closed in X, and

(if) dim g < o0 or codim(R(T) + N(T")) < oo

If[T], > O, then T € BF (X). o
Definition 2.15. Let T € L(X). T is said power compact operator if there exists m € IN* satisfying T™ € K(X). ¢
Corollary 2.16. Let T € L(X) be a power compact operator then for every u € (0,11, [I — uT], > 0. &

Proof. Since T is a power compact operator, then by using [16, Lemma 2.8], we have uT is demicompact for
each p € (0, 1]. The result follows from Theorem 2.5. O

Corollary 2.17. Let T € L(X). If p(T™) < 1, for some m € IN*, then for every p € (0,1], [ — uT], > 0. o
Theorem 2.18. Let T € L(X). If [I — T], > O, then I — T is an upper semi-Fredholm operator. o
Proof. Consequence direct of the proof of Theorem 2.5. [

Theorem 2.19. Let T € L(X). If [I = uT], > O for each u € [0,1], then I — T is a Fredholm operator of index zero. ¢

Proof. Since [I — uT], > 0 for each u € [0,1], then by using Theorem 2.3, we have I — uT is an upper
semi-Fredholm operator on X for each u € [0,1]. By the stability results for semi-Fredholm operators of
Kato [12], the index i(I — uT) is continuous in u. Since it is an integer, including infinite value, it must be
constant for every py € [0,1], then i(I — uT) = i(I = T) = i(I) = 0. So, I — T is a Fredholm operator of index
zero. [

Corollary 2.20. Let T € L(X). If [ — uT]a, > 0 for each u € [0,1], then I — AT is a Fredholm operator of index zero
for every A € (0,1]. o

Corollary 2.21. Let T € L(X). If [I = T], > 0 and T is 1-set-contraction, then I — T is a Fredholm operator of index
zero.
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Proof. The proof follows from Lemma 2.7 and Theorem 2.19. [J

Proposition 2.22. Let T € L(Y,Z) and B € L(X,Y), where X, Y and Z are three Banach spaces. If TB € ®,(X, Z),
then B € (X, Y). o

A consequence of Theorem 2.3 and Proposition 2.22, we have the following.

Proposition 2.23. Let T € L(Y,Z) and B € L(X,Y), where X, Y and Z are three Banach spaces. If [TB], > 0, then
[B], > 0. o

Lemma 2.24. Let X be a Banach space and let A, B € L(X). Let C[z] be the set of polynomials with coefficients in C
and consider P(z) = Y.i_, a2 € C[z]. Then

n k-1
P(AB) - P(BA) = Y a; ) _(AB(AB — BA)(BA). o
k=0 i=0

Proof. For P(z) = Yi_,axz* € C[z], we have
n

P(AB) - P(BA) = Z a[(AB) — (BA)']

k=0
n k-1
= Z a Y (AB)(AB — BA)(BAY.
k=0 i=0

This complete the proof. [

Theorem 2.25. Let X be a Banach space and let A, B € L(X) such that AB — BA € F.(X) := F.(X, X). Then for
every complex polynomial P(-), we have [I — P(AB)], > 0 if and only if [l — P(BA)], > 0. o

Proof. Consider P(z) = Y|_,axz" € C[z]. By using Lemma 2.24, we have

n k=1
P(AB) - P(BA) = Y a Y (ABY(AB — BAYBAY"".
k=0 i=0

Since [I — P(AB)], > 0, then by applying Theorem 2.3, we infer that I — P(AB) € ®,(X). Now, let us state
I— P(BA) =1 - P(AB) + P(AB) — P(BA). (2)

Since AB — BA € ,.(X) and in view of . (X) is an ideal of £(X), then P(AB) — P(BA) € ¥+(X). Consequently,
in view of Eq. (2), we have I — P(BA) € ®,(X). The result follows from Theorem 2.3. [J

Theorem 2.26. Let X be a Banach space. Let T € L(X), w be an n-th root of the unit withn € IN*. Then [[-T"], > 0

if and only if [ — w*T], > 0 forall 0 <k <n—1. 3
Proof. We have the following equality
[-T" = H (I - W~ T). 3)
0<k<n-1

If [I - T"], > 0, then by using the commutativity of I —w*T and I —w'T k # | and both Eq. (3) and Proposition
2.23, we infer that [[ — w*T], > 0 for all 0 < k < n — 1. Inversely, by using both Eq. (3) and Proposition 2.2,
we have

(-1 [] U-wTl 4)

0<k<n-1

If [[ - w'T], >0forall0 <k <n-—1, then by using Eq. (4), wehave [I-T"],>0. O
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Let Cy, be the space of continuous w-periodic functions x : [0, f{] — IR, equipped with the maximum norm

IXllc = sup |x(s)l
s€[0,t]

and C}, be the space of continuously differentiable w-periodic functions x : [0,] — R, equiped with the
norm

1Al = 1 flleo + 1f lleo-
The spaces (Cy, || - llo) and (C;,,, || - [l1) are Banach spaces. Let T be the operator defined by

w’

Tx(t) = Ix(t) —

L X0 :
crD7x(t) —F(l—%)] ,

g€IN\{0,1}, and H : C;, — C,, be provided by the formula
(Hx)(t) = X'(t),

1
where ¢ D7 is the Griinwald-Letnikov fractional derivative with fractional order % It is clear that H is a
bounded linear operator and

X(0)F
r(-4)

where D™(7#) is the fractional integral with fractional order 1 — % Notice that

aLDix(t) = + D =y,

x(0)F
rit-4)

where CD(%) is the Caputo derivative of fractional order %, implying that

GLD%x(t) = +c D(%)x(t),

1 M
I-TPx(t) = |cDix(t)- &t)}

r(i-1

[CD(%)F x(8).

Grounded on [7, Theorem 3.4], we infer that
(I - T)¥x(t) = x'(t).

It is easy to see that [|(I — T <land (I-T)*isa demicompact operator. Hence, by using Theorem 2.5,
we have [ — (I — T)¥], > 0. By applying Theorem 2.26, we get [[ — w*(I — T)], > 0 for all 0 < k < 2q — 1. For
k=0,wehave [ - (I-T)], =[T], > 0. By applying again Theorem 2.3, we deduce that

1

DY x(t) - &t)}

r(i-1

Tx(t) = x(t) —

is an upper semi-Fredholm operator.
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3. Essential spectra

Let T € L(X). We define the Schechter essential spectrum [8] by

0es(T) 1= ﬂ o(T + K).

KeK(X)

The following propositions give a characterization of the Schechter essential spectrum by means of Fredholm
operators.

Proposition 3.1. [19] Let T € L(X) then A & o,,(T) if and only if A € ®(X), where ®)(X) := {A € C such that A -
T € B(X) and i(A - T) = O). o

In this section, we will give a refinement of the Schechter essential spectrum. For this, let X be a Banach
space and T € L(X). We define these sets Ax, Y1(X) and Wr(X) by:

Ax ={] € L(X) such that [I — uJ], > 0 for every u € [0, 1]},
Yr(X) = {K € £L(X) such that YA € p(T + K),—(A = T — K)"'K € Ax},
Wr(X) = {Kis T-bounded such that YA € p(T + K), -K(A = T — K)™! € Ax}.

We define the Jeribi essential spectra by

o /(T) = ﬂ o(T + K)

KeYr(X)

o(T) = ﬂ o(T + K).
KeWr(X)

We have the following result.

Theorem 3.2. [3] Foreach T € L(X),
0e5(T) = 0,(T) = o(T).

Corollary 3.3. Let T € L(X), and let E(X) be a subset of Y1(X) (resp. Wr(X)) containing K(X). Then

0es(T) = ﬂ o(T + K).

Ke&(X)

Moreover, if for all K, K" € E(X), we have K + K € &(X), then, for every K € E(X),
OeS(T) = aeS(T + K) ©

Theorem 3.4. [13] Let X be a Banach space and T € L(X). Then

(i) o1p(T) = 0,sr(T) U S(T), where S(T) is the set of all A € C such that T does not have the single-valued extension
property at A.

(i) op(T) = opp(T) UIS(T) U S(T*)], where T* denotes the adjoint of T. o
Theorem 3.5. Let X be a Banach space and T € L(X). If there exists n € IN such that R(T") is closed in X and
dim S < oo or codim(R(T)+N(T")) < oo, then ogw(T) C 6,(T) ( 01(T), where 51(T) = {A € Csuch that AT ¢

wl&()]}_ ond Wi(X) = (T € ©,(X) such that i(T) = 0}. o
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Proof. Let A ¢ 0,(T). Then there exists K € Yr(X) such that —(A — T — K)"'K € Ax, whenever A € p(T + K).
Hence, [I + w(A — T — K)™'K], > 0 for every u € [0,1]. Now, appliying Theorem 2.19, we infer that
I+(A-=T-K)1Ke®dX)andi(I + (A - T - K)"'K) = 0. Moreover, we have

~T=(A-T-K(I+(A-T-KK).

Hence, by using [19, Theorem 5.7], we infer that A — T € ®(X) and i(A — T) = 0. One gets A — T € BF (X)
and i(A = T) = 0. S0, A ¢ ogw(T). Now, let A € ogw(T), then A — T ¢ BF (X) or i(A — T) # 0. Grounded on
Corollary 2.14, we have [A = T], = 0. Hence, A = T ¢ W.(X). So, A € 01(T). We get opw(T) C 0,(T) and
opw(T) € 01(T). Thus, opw(T) C 6,(T) (o1 (T). O

Corollary 3.6. Let X be a Banach space and T € L(X). If there exists n € IN such that R(T") is closed in X and
dim 1\11{((1 T)) < oo or codim(R(T) + N(T")) < oo, then ogw(T) C o/(T). o
Proof. By Theorems 3.2 and 3.5, we have opw(T) C 0,(T) and 0,(T) = 04(T). Hence, ogw(T) C 0/(T). O

Corollary 3.7. Let X be a Banach space and T € L(X). If there exists n € IN such that R(T") is closed in X and

dim I\I;((ITT)) < oo or codim(R(T) + N(T")) < oo, then opw(T) C (Nkegx) o(T + K), where E(X) is a subset of Yr(X)
containing K(X). o

Proof. Departing from Corollary 3.3 and Theorem 3.2, we have

0s(T) = (] o(T+K),
Ke&(X)

where &(X) is a subset of Y1(X) containing K(X) and ¢,5(T) = 0,(T). Then by Theorem 3.5, one gets

asw(T) C ﬂ o(T+K). O
Ke&(X)

Corollary 3.8. Let X be a Banach space and T € L(X). If there exists n € IN such that R(T") is closed in X and

dim g1t < o0 or codim(R(T) + N(T")) < oo, then opw(T) € o,(T) (N op(T). N

Proof. According to Theorem 3.5, we infer that opw(T) C 0,(T) and we obtain ogw(T) C op(T), which implies
opw(T) c o,(T) N op(T). O

Corollary 3.9. Let X be a Banach space and T € L(X). If there exists n € IN such that R(T") is closed in X and

dim =5 < o0 or codim(R(T) + N(T™)) < oo, then op(T) € 6,(T) | 04,(T). o

Proof. Clearly
op(T) = apw(T)|_] 9,,(T)
and opw(T) C 0,(T). We get op(T) C 0,(T) U0y (T). O

Theorem 3.10. Let X be a Banach space and T € L(X). If there exists n € IN such that:

(1) R(T") is closed in X, and
(i) dim 1\112((1 T)) < o0 or codim(R(T) + N(T")) < oo.
Then,

ap(T) < ST |_J ST Jloa (D[ )],
where S(T) is the set of all A € C such that T does not have the single-valued extension property at A. o
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Proof. According to Theorem 3.5, we have opr(T) C 0, (T). It's obvious that opr(T) C opw(T). Therefore, we
conclude that opp(T) € 0,.(T) (" opw(T). Thus,

ape(T) 18| s e sy | sl Jioe () ) osw(D1.
Now, by using Theorem 3.5 and Theorem 3.4, we conclude that
op(T) € [S(T) U S(T)] Uloeo(T) N or(T)]. O
Theorem 3.11. Let X be a Banach space and T, K € L(X). If KT = TK, then
oaw(T) = ﬂ op(T + K). o
KeYr(X)

Proof. Let A ¢ (\kev,x) 0n(T + K), then there exists K € Y1(X) such that A — T — K is Drazin invertible. From
Theorem 1.1, A — T — K is a B-Fredholm operator and i(A — T — K) = 0. Hence, applying Theorem 2.19, we
get [[+ (A —T —K)"'K] € BF (X) and i[l + (A — T — K)"'K] = 0. Moreover, we have

A-T=A-T-K[+@A-T-K) K]
As KT = TK, then K(A =T - K) = (A = T — K)K, for all A € p(T + K). Applying Theorem 1.2.5, we conclude

that A ¢ opw(T). On the other side, we have Fy(X) C Y1(X), where Fo(X) is the ideal of finite rank operators
in the algebra £(X). Thus,

() on(T+K) copw(T). O
KeYr(X)
Corollary 3.12. Let X be a Banach space and T, K € L(X). Let &(X) be a subset of Y1(X) containing Fo(X) and
assume that KT = TK. Then
apw(T) = ﬂ op(T + K). 1S
Ke&(X)
Proof. Since & C Yr(X), one gets
ﬂ op(T+K) C ﬂ op(T + K).
KeYr(X) Ke&(X)
Applying Theorem 3.11, we obtain
asw(T) C ﬂ op(T + K).
Ke&(X)
On the other side, we have Fy(X) c &(X). Hence,

ﬂ op(T +K) € apw(T). O
Ke&(X)

Corollary 3.13. Let X be a Banach space and T € L(X). Let Hr(X) be a subset of Y1(X) containing Fo(X). If for
all K, K" € Hr(X), K+ K’ € Hp(X), and KT = TK. Then for every K € Hr(X),
opw(T) = opw(T + K). ¢
Proof. We let
o'(T) = ﬂ op(T +K).

KeHr(X)
Applying Corollary 3.12, we obtain ogw(T) = ¢’(T). Since, for each K € Hr(X), we have Hr(X) + K = Hr(X),
it follows that o’ (T + K) = ¢’(T). Therefore, opw(T) = opw(T + K). O
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