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Existence results for fractional integrodifferential equations with
infinite delay and fractional integral boundary conditions
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Abstract. In this paper, we study the existence and uniqueness of solutions for the functional and neutral
functional integrodifferential equations of fractional order with infinite delay and multi-point multi-term
fractional integral boundary conditions by using fixed point theorems. The fractional derivative considered
here is in the Liouville-Caputo sense. Examples are provided to illustrate the results.

1. Introduction

The theory of fractional differential equations has emerged as an active area of research motivated
largely by new applications in many areas of science and engineering. Differential and integral equations
involving derivatives of fractional order have proved to be appropriate models for various phenomena
arising in diffusion and transport theory, models of earthquake, mathematical physics and engineering,
fluid-dynamic traffic model, fluid and continuum mechanics, chemistry, acoustics and psychology. Indeed,
it is well known that the analysis of fractional differential equations is more complex than that of classical
differential equations due to the fact that fractional derivatives are nonlocal and have weakly singular
kernels. For a detailed study of the theory and applications of fractional calculus and fractional differential
equations, one can refer to the books [4, 16, 26–28] and the articles [9, 24, 31–33].

In recent years, boundary value problems of fractional differential equations involving a variety of
boundary conditions have been investigated by several researchers [1–3, 11, 13, 14, 25, 29, 30, 36, 38]. In
particular, integral boundary conditions have various applications in applied fields. Also many practically
important problems lead to multi-point boundary value problems which arise in many areas of applied
sciences such as heat conduction, electric power networks, elastic stability, telecommunication lines and
electric railway systems etc. Existence results for various kinds of fractional differential equations can be
found in [5–8, 10, 19–23, 37, 39, 40] and the references therein. However the theory of fractional functional
boundary value problems is not fully explored and many aspects of this theory need to be studied.

Benchohra et al.[10] established the existence and uniqueness of solutions for fractional functional
differential equations with infinite delay by using the nonlinear alternative of Leray-Schauder type and the
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Banach fixed point theorem respectively for

Dα
t y(t) = f

(
t, yt

)
, 0 < α < 1, t ∈ J = [0, b],

y(t) = ϕ(t), t ∈ (−∞, 0],

where Dα
t is the standard Riemann-Liouville fractional derivative, f : J × B → R is a given function,

ϕ ∈ B, ϕ(0) = 0 and B is a phase space.
Chauhan et al. [12] studied the existence results for an impulsive fractional functional integro-differential

equation with infinite delay and integral boundary condition of the form

LCDα
t x(t) = f

(
t, xt,Bx(t)

)
, 1 < α < 2, t ∈ J = [0,T], t , tk,

∆x(tk) = Qk(x(t−k )), k = 1, 2, ...,m,
∆x′(tk) = Ik(x(t−k )), k = 1, 2, ...,m,

x(t) = ϕ(t), t ∈ (−∞, 0],

ax(0) + bx′(T) =
∫ T

0
q(x(s))ds,

where LCDα
t is the Liouville-Caputo fractional derivative, a, b ∈ R such that a + b , 0, f : J × Bh × X → X

and q : X → X are given functions with Bh to be the phase space. Here 0 = t0 < t1 < · · · < tm < tm+1 =
T, Qk, Ik ∈ C(X,X), (k = 1, 2, ...,m), are bounded functions, ∆x(tk) = x(t+k ) − x(t−k ) and ∆x′(tk) = x′(t+k ) − x′(t−k )

and Bx(t) =
∫ t

0 K (t, s) x(s)ds. The results are proved by applying the well known fixed point theorems.
Dabas and Gautam [15] investigated the existence results for an impulsive neutral fractional integro-

differential equation with state dependent delays and integral boundary condition of the form

Dα
t

[
x(t) +

∫ t

0

(t − s)α−1

Γ(α)
1
(
s, xρ(s,xs)

)
ds

]
= f

(
t, xρ(t,xt),B(x)(t)

)
, 1 < α < 2, t ∈ J = [0,T], T > ∞, t , tk,

∆x(tk) = Ik(x(t−k )), ∆x′(tk) = Qk(x(t−k )), k = 1, 2, ...,m,
x(t) = ϕ(t), t ∈ [−d, 0],

ax(0) + bx′(T) =
∫ T

0
q(x(s))ds, a + b , 0, b , 0,

where f : J × PC0 × X → X, 1 : J × PC0 → X and q : X → X are given continuous functions with
PC0 = PC([−d, 0],X). Here 0 = t0 < t1 < · · · < tm < tm+1 = T, Qk, Ik ∈ C(X,X), (k = 1, 2, ...,m), are continuous
and bounded functions. ∆x(tk) = x(t+k )−x(t−k ), ∆x′(tk) = x′(t+k )−x′(t−k ) and Bx(t) =

∫ t

0 K (t, s) x(s)ds. The results
are proved by using the classical fixed point theorems. Srivastava et al.[34, 35] discussed the solutions of
fractional differential equations with different Laplacian operators.

Motivated by the above works, in the first part of this paper, we study the existence and uniqueness
results for the following fractional functional integrodifferential equation with infinite delay of the form

LCDq
t x(t) = f

(
t, xt,

∫ t

0
k
(
t, s, xs)ds

)
, 1 < q ≤ 2, t ∈ J = [0,T],

x(t) = ϕ(t), t ∈ (−∞, 0],

x(T) =
m∑

i=1
ai(I

pi

0+x)(ηi), 0 < η1 < η2 < ... < ηm < T,


(1)

where the functions f : J × B × X→ X, k : Ω × B → X are continuous with X as a Banach space and ϕ ∈ B,
a phase space to be defined later. Ipi

0+ is the Riemann-Liouville fractional integral of order pi > 0 and ai are
suitably chosen real constants, for i = 1, 2, ...,m. Here Ω = {(t, s) : 0 ≤ s ≤ t ≤ T}.

For any continuous function x defined on (−∞,T] and any t ∈ J, we denote by xt the element ofB defined
by

xt(θ) = x(t + θ), θ ∈ (−∞, 0].
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Here xt(·) represents the history of the state from time −∞ up to the present time t. We assume that the
histories xt belong to some abstract phase space B.

In the second part of this paper, we consider the fractional neutral integrodifferential boundary value
problem

LCDq
t

[
x(t) −

∫ t

0

(t − s)q−1

Γ(q)
1

(
s, xs,

∫ s

0
k1 (s, τ, xτ) dτ

)
ds

]
= f

(
t, xt,

∫ t

0
k2 (t, s, xs) ds

)
, 1 < q ≤ 2, t ∈ J,

x(t) = ϕ(t), t ∈ (−∞, 0],

x(T) =
m∑

i=1
ai(I

pi

0+x)(ηi), 0 < η1 < η2 < ... < ηm < T,


(2)

where the functions f , 1 : J × B × X→ X, k1, k2 : Ω × B → X are continuous.
The paper is organized as follows: In Section 2, some basic definitions, notions and results are recalled in

support of the subsequent sections. In Section 3, we present our main results on existence and uniqueness of
solutions to the fractional functional integrodifferential equation using Krasnoselskii’s fixed point theorem
and Banach contraction principle respectively. In Section 4, existence and uniqueness results for the
fractional neutral integrodifferential equation are discussed. Examples are presented to illustrate the
applicability of the imposed conditions. It is worth mentioning that no contributions exist in the literature
studying fractional functional and neutral integrodifferential equations with infinite delay and multipoint
multiterm fractional integral boundary conditions and hence this paper attempts to fill this gap in the
existing literature.

2. Preliminaries

In this section, we state some basic definitions, notations and lemmas [26] which will be used throughout
the work. Let X be a Banach space with norm ∥ · ∥ and C(J,X) denote the Banach space of all continuous
functions from J→ X endowed with the topology of uniform convergence with the norm denoted by ∥ · ∥C.

Definition 2.1. The Riemann-Liouville fractional integral of a function f ∈ L1(R+) of order q > 0 is defined by

Iq
0+ f (t) =

1
Γ(q)

∫ t

0
(t − s)q−1 f (s)ds,

provided the integral exists.

Definition 2.2. The Liouville-Caputo fractional derivative of order n − 1 < q ≤ n is defined by

LCDq
t f (t) =

1
Γ(n − q)

∫ t

0
(t − s)n−q−1 f (n)(s)ds,

where the function f (t) has absolutely continuous derivatives up to order (n − 1). In particular, if 0 < q ≤ 1,

LCDq
t f (t) =

1
Γ(1 − q)

∫ t

0

f ′(s)
(t − s)q ds,

where f ′(s) = D f (s) = d f (s)
ds .

For brevity of notation, Iq
0+ is taken as Iq and LCDq

t is taken as LCDq.

Lemma 2.3. [26] Let p, q ≥ 0, f ∈ L1[a, b]. Then IpIq f (t) = Ip+q f (t) = IqIp f (t) and LCDqIq f (t) = f (t), for all
t ∈ [a, b].
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In this paper, we assume that the state space (B, ∥ · ∥B) is a seminormed linear space of functions mapping
(−∞, 0] into X and satisfying the following fundamental axioms which were introduced by Hale and Kato
[18].

(A) If x : (−∞,T]→ X, is continuous on [0,T] and x0 ∈ B, then, for every t ∈ [0,T], the following conditions
hold:

(i) xt is in B,
(ii) ∥x(t)∥ ≤ H∥xt∥B,

(iii) ∥xt∥B ≤M1(t) sup{∥x(s)∥ : 0 ≤ s ≤ t} +M2(t)∥x0∥B,
where H ≥ 0 is a constant, M1 : [0,∞) → [0,∞) is continuous, M2 : [0,∞) → [0,∞) is locally
bounded and H, M1, M2 are independent of x(·).

(B) For the function x(·) in (A), xt is a B-valued continuous function on [0,T].
(C) The space B is complete.

Let M∗

1 = sup
0≤t≤T

M1(t) and M∗

2 = sup
0≤t≤T

M2(t).

3. Boundary Value Problem of Fractional Order

Let the space Ω̄ =
{
x : (−∞,T]→ X : x |(−∞,0]∈ B and x |[0,T] is continuous

}
and take

Kx(t)=
∫ t

0 k
(
t, s, xs

)
ds.

Definition 3.1. A function x ∈ Ω̄ is said to be a solution of (1) if it satisfies the equation

LCDqx(t) = f (t, xt,Kx(t))

on J and the boundary conditions

x(t) = ϕ(t), t ∈ (−∞, 0],

x(T) =
m∑

i=1

ai(Ipi x)(ηi), 0 < η1 < η2 < ... < ηm < T.

To study the nonlinear problem (1), first we consider the linear problem and obtain its solution.

Lemma 3.2. For f (t) ∈ C(J,X), the unique solution of the fractional boundary value problem

LCDqx(t) = f
(
t
)
, 1 < q ≤ 2, t ∈ J,

x(t) = ϕ(t), t ∈ (−∞, 0],

x(T) =
m∑

i=1
ai(Ipi x)(ηi), 0 < η1 < η2 < ... < ηm < T,

 (3)

is given by

x(t)=


ϕ(t), t ∈ (−∞, 0],

Iq f (t)+ t
A

(
m∑

i=1
aiIpi+q f (ηi) − Iq f (T)

)
+ϕ(0)

[
1+ t

A

(
m∑

i=1

aiη
pi
i

Γ(pi+1) − 1
)]
, t ∈ J, (4)

where A = T −
m∑

i=1

aiη
pi+1
i

Γ(pi+2) , 0.

Proof. For some vector constants c0, c1 ∈ X, the general solution of (3) can be written as [26]

x(t) = Iq f (t) + c0 + c1t. (5)

Using the boundary condition x(t) = ϕ(t) in (5), we have

c0 = ϕ(0). (6)
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Next, using the boundary condition x(T) =
m∑

i=1
ai(Ipi x)(ηi), we have

c1 =
1[

T −
m∑

i=1

aiη
pi+1
i

Γ(pi+2)

]  m∑
i=1

aiIpi+q f (ηi) + ϕ(0)

 m∑
i=1

aiη
pi

i

Γ(pi + 1)
− 1

 − Iq f (T)

 . (7)

Substituting the above values of c0 and c1 in (5), we get

x(t) = Iq f (t) +
t
A

 m∑
i=1

aiIpi+q f (ηi) − Iq f (T)

 + ϕ(0)

1 + t
A

 m∑
i=1

aiη
pi

i

Γ(pi + 1)
− 1


 .

3.1. Main Results
In addition to the conditions stated for the problem (1) we assume that the following conditions:

(A1) There exist positive constants L f and Lk such that
(i) ∥ f (t, ϕ1, x1) − f (t, ϕ2, x2)∥X ≤ L f

(
∥ϕ1 − ϕ2∥B + ∥x1 − x2∥X

)
, t ∈ J, ϕ1, ϕ2 ∈ B,

x1, x2 ∈ X,
(ii)

∥∥∥k(t, s, ψ1) − k(t, s, ψ2)
∥∥∥

X ≤ Lk∥ψ1 − ψ2∥B, t, s ∈ J, ψ1, ψ2 ∈ B.

(A2) For pi ∈ L1(J,R+), i = 1, 2, 3, we have
(i) ∥ f (t, ϕ, x)∥X ≤ p1(t)∥ϕ∥B + p2(t)∥x∥X, (t, ϕ, x) ∈ J × B × X,
(ii) ∥k(t, s, ψ)∥X ≤ p3(t)∥ψ∥B, (t, s, ψ) ∈ Ω × B.

(A3) Let Λ = L f M∗

1 {θ1 + Lkθ2} < 1 where
θ1=

(
1 + T

|A|

)
γ1 +

T
|A|γ3 and θ2=

(
1 + T

|A|

)
γ2 +

T
|A|γ4 with γ1 =

Tq

Γ(q+1) , γ2 =
Tq+1

Γ(q+2) ,

γ3 =
m∑

i=1
|ai|

η
pi+q
i

Γ(pi+q+1) and γ4 =
m∑

i=1
|ai|

η
pi+q+1
i

Γ(pi+q+2) .

We prove the existence of solutions to (1) by applying Krasnoselskii’s fixed point theorem.

Lemma 3.3 (Krasnoselskii Theorem). [17] . Let S be a closed, convex, nonempty subset of a Banach space X. Let
P,Q be two operators such that

(i) Px + Qy ∈ S whenever x, y ∈ S,

(ii) P is compact and continuous,

(iii) Q is a contraction mapping.

Then there exists z ∈ S such that z = Pz + Qz.

Theorem 3.4. Suppose that the assumptions (A1) and (A2) hold with

L =
T
|A|

L f M∗

1
{(
γ1 + γ3

)
+ Lk

(
γ2 + γ4

)}
< 1. (8)

Then the boundary value problem (1) has at least one solution on (−∞,T].

Proof. In view of Lemma 3.2, we transform (1) into a fixed point problem. Consider the operator N : Ω̄→ Ω̄
defined by

(Nx)(t) =


ϕ(t), t ∈ (−∞, 0],∫ t

0
(t−s)q−1

Γ(q) f (s, xs,Kx(s))ds + t
A

(
m∑

i=1
ai

∫ ηi

0
(ηi−s)pi+q−1

Γ(pi+q) f (s, xs,Kx(s))ds

−

∫ T

0
(T−s)q−1

Γ(q) f (s, xs,Kx(s))ds
)
+ ϕ(0)

[
1 + t

A

(
m∑

i=1

aiη
pi
i

Γ(pi+1) − 1
)]
, t ∈ J.

(9)
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Let y(·) : (−∞,T]→ X be the function defined by

y(t) =
{
ϕ(t), t ∈ (−∞, 0],
0, t ∈ J.

Then y0 = ϕ. For each z ∈ C(J,X) with z(0) = 0, we denote

z̄(t) =
{

0, t ∈ (−∞, 0],
z(t), t ∈ J.

If x(·) satisfies (9), then we can decompose x(·) as x(t) = y(t) + z̄(t), for t ∈ J, which implies xt = yt + z̄t for
t ∈ J and the function z(·) satisfies

z(t) =
∫ t

0

(t − s)q−1

Γ(q)
f (s, ys + z̄s,K(y(s) + z̄(s)))ds +

t
A

 m∑
i=1

ai

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)

× f (s, ys + z̄s,K(y(s) + z̄(s)))ds −
∫ T

0

(T − s)q−1

Γ(q)
f (s, ys + z̄s,K(y(s) + z̄(s)))ds

)
+ϕ(0)

1 + t
A

 m∑
i=1

aiη
pi

i

Γ(pi + 1)
− 1


 .

Set E0 = {z ∈ C(J,X) : z0 = 0} and let ∥ · ∥E0 be the seminorm in E0 defined by

∥z∥E0 = sup
t∈J
∥z(t)∥X + ∥z0∥B = sup

t∈J
∥z(t)∥X, z ∈ E0.

Thus (E0, ∥ · ∥E0 ) is a Banach space. Let the operator P : E0 → E0 be defined by

(Pz)(t) =
∫ t

0

(t − s)q−1

Γ(q)
f (s, ys + z̄s,K(y(s) + z̄(s)))ds +

t
A

 m∑
i=1

ai

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)

× f (s, ys + z̄s,K(y(s) + z̄(s)))ds−
∫ T

0

(T − s)q−1

Γ(q)
f (s, ys + z̄s,K(y(s) + z̄(s)))ds

)
+ϕ(0)

1 + t
A

 m∑
i=1

aiη
pi

i

Γ(pi + 1)
− 1


 , t ∈ J.

It is clear that the operator N has a fixed point if and only if P has a fixed point. So we prove that P has a
fixed point.
Define Br = {z ∈ E0 : ∥z∥E0 ≤ r}, then Br is a bounded, closed, convex subset of E0. For any positive constant

h, let h < r where h = ∥p∥L1 r∗
[(

1 + T
|A|

) (
γ1+γ2

)
+ T
|A|

(
γ3+γ4

)]
+∥ϕ(0)∥

[
1 + T

|A|

(
m∑

i=1

|ai |η
pi
i

Γ(pi+1) + 1
)]

. Now, for t ∈ J,we

decompose P as P1 + P2 on Br where

(P1z)(t) =
∫ t

0

(t − s)q−1

Γ(q)
f (s, ys + z̄s,K(y(s) + z̄(s)))ds,

(P2z)(t) =
t
A

 m∑
i=1

ai

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)
f (s, ys + z̄s,K(y(s) + z̄(s)))ds

−

∫ T

0

(T − s)q−1

Γ(q)
f (s, ys + z̄s,K(y(s) + z̄(s)))ds

)
+ϕ(0)

1 + t
A

 m∑
i=1

aiη
pi

i

Γ(pi + 1)
− 1


 .



K. Shri Akiladevi, K. Balachandran / Filomat 38:24 (2024), 8391–8409 8397

Now for z, z∗ ∈ Br and t ∈ J, we find that

∥(P1z)(t) + (P2z∗)(t)∥X ≤
∫ t

0

(t − s)q−1

Γ(q)
∥ f (s, ys + z̄s,K(y(s) + z̄(s)))∥Xds +

T
|A|

 m∑
i=1

|ai|

×

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)
∥ f (s, ys + z̄∗s,K(y(s) + z̄∗(s)))∥Xds

+

∫ T

0

(T − s)q−1

Γ(q)
∥ f (s, ys + z̄∗s,K(y(s) + z̄∗(s)))∥Xds

)
+∥ϕ(0)∥

1 + T
|A|

 m∑
i=1

|ai|η
pi

i

Γ(pi + 1)
+ 1




≤

∫ t

0

(t − s)q−1

Γ(q)
[
p1(s)∥ys + z̄s∥B + p2(s)∥K(y(s) + z̄(s))∥X

]
ds

+
T
|A|

 m∑
i=1

|ai|

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)
[
p1(s)∥ys + z̄∗s∥Bs + p2(s)

×∥K(y(s)+z̄∗(s))∥X
]

ds+
∫ T

0

(T − s)q−1

Γ(q)
[
p1(s)∥ys + z̄∗s∥B+p2(s)

×∥K(y(s)+z̄∗(s))∥X
]

ds
)
+∥ϕ(0)∥

1 + T
|A|

 m∑
i=1

|ai|η
pi

i

Γ(pi + 1)
+ 1




≤ ∥p∥L1 r∗
[(

1 +
T
|A|

) (
γ1+γ2

)
+

T
|A|

(
γ3+γ4

)]
+∥ϕ(0)∥

1 + T
|A|

 m∑
i=1

|ai|η
pi

i

Γ(pi + 1)
+ 1


 := h,

which implies that ∥P1z + P2z∗∥E0 ≤ h. Here p(t) = max{p1(t), p2(t)p3(t)} and

∥ys + z̄s∥B ≤ ∥ys∥B + ∥z̄s∥B

≤ M1(s) sup
0≤τ≤s

∥y(τ)∥ +M2(s)∥y0∥B +M1(s) sup
0≤τ≤s

∥z̄(τ)∥ +M2(s)∥z̄0∥B

≤ M∗

1r +M∗

2∥ϕ∥B ≤ r∗.

Thus P1z + P2z∗ ∈ Br. Next we prove that P2 is a contraction. For z, z∗ ∈ Br and t ∈ J, we have

∥(P2z)(t) − (P2z∗)(t)∥X ≤
T
|A|

( m∑
i=1

|ai|

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)
∥ f (s, ys + z̄s,K(y(s) + z̄(s)))

− f (s, ys + z̄∗s,K(y(s) + z̄∗(s)))∥Xds +
∫ T

0

(T − s)q−1

Γ(q)

×∥ f (s, ys+z̄s,K(y(s)+z̄(s)))− f (s, ys+z̄∗s,K(y(s)+z̄∗(s)))∥Xds
)

≤
T
|A|

[ m∑
i=1

|ai|

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)
L f

[
∥
(
ys + z̄s

)
−

(
ys + z̄∗s

)
∥B

+∥K(y(s) + z̄(s)) − K(y(s) + z̄∗(s))∥X
]

ds

+

∫ T

0

(T − s)q−1

Γ(q)
L f

[
∥
(
ys + z̄s

)
−

(
ys + z̄∗s

)
∥B
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+∥K(y(s) + z̄(s)) − K(y(s) + z̄∗(s))∥X
]

ds
]

≤
T
|A|

{ m∑
i=1

|ai|

∫ ηi

0

(ηi−s)pi+q−1

Γ(pi + q)
L f

[
∥z̄s−z̄∗s∥B + Lk∥z̄τ−z̄∗τ∥Bs

]
ds

+

∫ T

0

(T − s)q−1

Γ(q)
L f

[
∥z̄s − z̄∗s∥B + Lk∥z̄τ − z̄∗τ∥Bs

]
ds

}
≤

T
|A|

{ m∑
i=1

|ai|

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)
L f

[
M∗

1 sup
s∈[0,t]

∥z(s) − z∗(s)∥

+LkM∗

1 sup
τ∈[0,s]

∥z(τ) − z∗(τ)∥s
]
ds +

∫ T

0

(T − s)q−1

Γ(q)

×L f

[
M∗

1 sup
s∈[0,t]

∥z(s) − z∗(s)∥ + LkM∗

1 sup
τ∈[0,s]

∥z(τ) − z∗(τ)∥s
]
ds

}
≤

T
|A|

L f M∗

1

 m∑
i=1

|ai|
ηpi+q

i

Γ(pi + q + 1)
+ Lk

m∑
i=1

|ai|
ηpi+q+1

i

Γ(pi + q + 2)

+
Tq

Γ(q + 1)
+ Lk

Tq+1

Γ(q + 2)

}
∥z − z∗∥E0

≤
T
|A|

L f M∗

1
{
(γ1 + γ3) + Lk(γ2 + γ4)

}
∥z − z∗∥E0 .

Thus ∥P2z − P2z∗∥E0 ≤ L∥z − z∗∥E0 .
Hence P2 is a contraction. Continuity of f and k implies that the operator P1 is continuous. Also P1 is
uniformly bounded on Br as

∥(P1z)(t)∥X ≤
∫ t

0

(t − s)q−1

Γ(q)
∥ f (s, ys + z̄s,K(y(s) + z̄(s)))∥Xds

≤

∫ t

0

(t − s)q−1

Γ(q)
[
p1(s)∥ys + z̄s∥B + p2(s)∥K(y(s) + z̄(s))∥X

]
ds

≤ ∥p∥L1 r∗
(
γ1 + γ2

)
.

To prove that P1 is compact, it remains to show that P1 is equicontinuous. Now, for any t1, t2 ∈ J with t1 < t2
and z ∈ Br, we have

∥(P1z)(t2) − (P1z)(t1)∥X ≤
∫ t1

0

[
(t2 − s)q−1

− (t1 − s)q−1
]

Γ(q)
∥ f (s, ys + z̄s,K(y(s) + z̄(s)))∥Xds

+

∫ t2

t1

(t2 − s)q−1

Γ(q)
∥ f (s, ys + z̄s,K(y(s) + z̄(s)))∥Xds

≤

∫ t1

0

[
(t2 − s)q−1

− (t1 − s)q−1
]

Γ(q)
[
p1(s)∥ys + z̄s∥B

+p2(s)∥K(y(s) + z̄(s))∥X
]

ds +
∫ t2

t1

(t2 − s)q−1

Γ(q)
[
p1(s)∥ys + z̄s∥B

+p2(s)∥K(y(s) + z̄(s))∥X
]

ds

≤ ∥p∥L1 r∗

∫ t1

0

[
(t2 − s)q−1

− (t1 − s)q−1
]

Γ(q)
(1 + s)ds+

∫ t2

t1

(t2 − s)q−1

Γ(q)
(1 + s)ds

]
.
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As t2 → t1, the right hand side of the above inequality tends to zero independent of x ∈ Br. Thus P1 is
equicontinuous. By Arzela-Ascoli’s Theorem, P1 is compact on Br. Hence, by the Krasnoselskii fixed point
theorem, there exists a fixed point z ∈ E0 such that Pz = z which is a solution to the fractional boundary
value problem (1).

The next uniqueness result is based on Banach contraction principle.

Theorem 3.5. Assume that the hypotheses (A1) and (A3) hold. Then the boundary value problem (1) has a unique
solution on (−∞,T].

Proof. Consider Br = {z ∈ E0 : ∥z∥E0 ≤ r}. Let z, z∗ ∈ E0. For t ∈ J, we have

∥(Pz)(t) − (Pz∗)(t)∥X ≤
∫ t

0

(t − s)q−1

Γ(q)
∥ f (s, ys + z̄s,K(y(s) + z̄(s)))

− f (s, ys + z̄∗s,K(y(s) + z̄∗(s)))∥Xds+
T
|A|

( m∑
i=1

|ai|

∫ ηi

0

(ηi−s)pi+q−1

Γ(pi + q)

×∥ f (s, ys + z̄s,K(y(s) + z̄(s)))− f (s, ys + z̄∗s,K(y(s) + z̄∗(s)))∥Xds

+

∫ T

0

(T − s)q−1

Γ(q)
∥ f (s, ys + z̄s,K(y(s) + z̄(s)))

− f (s, ys + z̄∗s,K(y(s) + z̄∗(s)))∥Xds
)

≤

∫ t

0

(t − s)q−1

Γ(q)
L f

[
∥z̄s − z̄∗s∥B + Lk∥z̄τ − z̄∗τ∥Bs

]
ds +

T
|A|

( m∑
i=1

|ai|

×

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)
L f

[
∥z̄s − z̄∗s∥B + Lk∥z̄τ − z̄∗τ∥Bs

]
ds

+

∫ T

0

(T − s)q−1

Γ(q)
L f

[
∥z̄s − z̄∗s∥B + Lk∥z̄τ − z̄∗τ∥Bs

]
ds

)
≤

∫ t

0

(t − s)q−1

Γ(q)
L f

[
M∗

1∥z − z∗∥E0 + LkM∗

1∥z − z∗∥E0 s
]

ds

+
T
|A|

( m∑
i=1

|ai|

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)
L f

[
M∗

1∥z − z∗∥E0

+LkM∗

1∥z − z∗∥E0 s
]

ds +
∫ T

0

(T − s)q−1

Γ(q)

×L f

[
M∗

1∥z − z∗∥E0 + LkM∗

1∥z − z∗∥E0 s
]

ds
)

≤ L f M∗

1


 Tq

Γ(q + 1)
+

T
|A|

m∑
i=1

|ai|
ηpi+q

i

Γ(pi + q + 1)
+

Tq+1

|A|Γ(q + 1)


+Lk

 Tq+1

Γ(q + 2)
+

T
|A|

m∑
i=1

|ai|
ηpi+q+1

i

Γ(pi + q + 2)
+

Tq+2

|A|Γ(q + 2)


∥z−z∗∥E0

≤ L f M∗

1 {θ1 + Lkθ2} ∥z − z∗∥E0 .

Thus ∥P(z) − P(z∗)∥E0 ≤ Λ∥z − z∗∥E0 .
Here Λ depends only on the parameters involved in the problem. By assumption (A3), Λ<1 and therefore
the map P is a contraction. Hence, by the Banach contraction principle, the problem (1) has a unique
solution on (−∞,T].
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3.2. Example
Consider the following fractional functional integrodifferential equation

LCD3/2x(t)=
e−γt

(5t + 3)2

|xt|

1 + |xt|
+

1
9

∫ t

0

e−γtts
15(1 + s)

sin(xs)
1 + sin(xs)

ds, t ∈ [0, 1],

x(t) = ϕ(t), t ∈ (−∞, 0],

x(1) =
5∑

i=1
ai(Ipi x)(ηi), 0 < η1 < η2 < η3 < η4 < η5 < 1.

(10)

Let γ be a positive real constant and

Bγ =
{
x ∈ C ((−∞, 0] ,R) : lim

δ→−∞
eγδx(δ) exists in R

}
.

The norm of Bγ is given by
∥x∥γ = sup

−∞<δ≤0
eγδ|x(δ)|.

Let x : (−∞,T]→ R be such that x0 = ϕ ∈ Bγ. Then

lim
δ→−∞

eγδxt(δ) = lim
δ→−∞

eγδx(t + δ) = lim
δ→−∞

eγ(δ−t)x(δ) = e−γt lim
δ→−∞

eγδx0(δ) < ∞.

Hence xt ∈ Bγ. Take M1 =M2 = 1 and H = 1 and then prove that

∥xt∥γ ≤M1(t) sup{|x(s)| : 0 ≤ s ≤ t} +M2(t)∥x0∥γ,

We have |xt(δ)| = |x(t + δ)|.
If δ + t ≤ 0, we get

|xt(δ)| ≤ sup{|x(s)| : −∞ < s ≤ 0}.

For t + δ ≥ 0, then we have
|xt(δ)| ≤ sup{|x(s)| : 0 < s ≤ t}.

Thus, for all t + δ ∈ [0,T], we get

|xt(δ)| ≤ sup{|x(s)| : −∞ < s ≤ 0} + sup{|x(s)| : 0 ≤ s ≤ t}.

Then
∥xt∥γ ≤ ∥x0∥γ + sup{|x(s)| : 0 ≤ s ≤ t}.

It is clear that (Bγ, ∥ · ∥γ) is a Banach space. We conclude that Bγ is a phase space. Here q = 3
2 , m = 5,

a1 =
1
5 , a2 =

1
7 , a3 = 3, a4 =

1
11 , a5 =

1
17 ,

η1 =
1
9 , η2 =

1
3 , η3 =

3
7 , η4 =

1
2 , η5 =

3
4 ,

p1 =
1
2 , p2 =

3
4 , p3 =

5
4 , p4 =

3
2 , p5 =

5
3 .

From the above data, we see that
A=0.7949, γ1 = 0.75225, γ2 = 0.3009, γ3 = 0.07702, γ4 = 0.00889, θ1 = 1.79549 and θ2 = 0.69062.

(i) From (10), we have

f (t, xt,Kx(t)) =
e−γt

(5t + 3)2

|xt|

1 + |xt|
+

1
9

Kx(t) where Kx(t) =
∫ t

0

e−γtts
15(1 + s)

sin(xs)
1 + sin(xs)

ds.Now, for xt, yt ∈ Bγ,

we have∣∣∣k(t, s, xs) − k(t, s, ys)
∣∣∣ = ∣∣∣∣∣ e−γtts

15(1 + s)
sin(xs)

1 + sin(xs)
−

e−γtts
15(1 + s)

sin(ys)
1 + sin(ys)

∣∣∣∣∣
≤

1
15
∥x − y∥γ.



K. Shri Akiladevi, K. Balachandran / Filomat 38:24 (2024), 8391–8409 8401

and

| f (t, xt,Kx(t)) − f (t, yt,Ky(t))| ≤
e−γt

(5t + 3)2

|xt − yt|

(1 + |xt|)(1 + |yt|)
+

1
9
|Kx(t) − Ky(t)|

≤
1
9

[
∥x − y∥γ +

1
15
∥x − y∥γ

]
.

Also | f (t, ϕ, ψ)| =
∣∣∣∣ e−γt

(5t+3)2
|ϕt |

1+|ϕt |
+ 1

9

∫ t

0
e−γtts

15(1+s)
sin(ψs)

1+sin(ψs)
ds

∣∣∣∣ ≤ 1
9 +

1
135 and |k(t, s, φ)| = | e−γtts

15(1+s)
sin(φs)

1+sin(φs)
| ≤

1
15 .

(ii) Taking f (t, xt,Kx(t)) =
e−γt−t

26 + et
sin 2πxt

4π
+

1
54

Kx(t) where Kx(t) =
∫ t

0

e−γt

2
|xs|

1 + |xs|
ds in (10), we have, for

xt, yt ∈ Bγ,∣∣∣k(t, s, xs) − k(t, s, ys)
∣∣∣ ≤ 1

2
∥x − y∥γ.

and

| f (t, xt,Kx(t)) − f (t, yt,Ky(t))| ≤
1

54

[
∥x − y∥γ +

1
2
∥x − y∥γ

]
.

The condition (A1) is satisfied with L f =
1

54 and Lk =
1
2 . Computing the value of Λ, we have

Λ = 0.03964 < 1 thereby satisfying the condition (A3). Thus all the assumptions of the Theorem
3.5 are satisfied. Hence the problem (10) with the given function f has a unique solution on (−∞,T].

4. Neutral Boundary Value Problem of Fractional Order

Let Ω̄ be the space as defined in Section (3).

Definition 4.1. A function x ∈ Ω̄ is said to be a solution of (2) if it satisfies the equation

LCDq
[
x(t) −

∫ t

0

(t − s)q−1

Γ(q)
1 (s, xs,K1x(s)) ds

]
= f (t, xt,K2x(t))

on J and the boundary conditions

x(t) = ϕ(t), t ∈ (−∞, 0],

x(T) =

m∑
i=1

ai(Ipi x)(ηi), 0 < η1 < η2 < ... < ηm < T,

where K1x(t) =
∫ t

0 k1 (t, s, xs) ds and K2x(t) =
∫ t

0 k2 (t, s, xs) ds. Equation (2) is equivalent to the following
integral equation

x(t) =



ϕ(t), t ∈ (−∞, 0],∫ t

0
(t−s)q−1

Γ(q) f (s, xs,K2x(s))ds +
∫ t

0
(t−s)q−1

Γ(q) 1(s, xs,K1x(s))ds + t
A

( m∑
i=1

ai

×

∫ ηi

0
(ηi−s)pi+q−1

Γ(pi+q) f (s, xs,K2x(s))ds+
m∑

i=1
ai

∫ ηi

0
(ηi−s)pi+q−1

Γ(pi+q) 1(s, xs,K1x(s))ds

−

∫ T

0
(T−s)q−1

Γ(q) f (s, xs,K2x(s))ds −
∫ T

0
(T−s)q−1

Γ(q) 1(s, xs,K1x(s))ds
)

+ϕ(0)
[
1 + t

A

(
m∑

i=1

aiη
pi
i

Γ(pi+1) − 1
)]
, t ∈ J,

(11)

where A = T −
m∑

i=1

aiη
pi+1
i

Γ(pi+2) , 0.
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4.1. Existence Results

Assume that the following conditions hold:

(A4) There exist positive constants L f , L1, Lk1 and Lk2 such that
(i) ∥ f (t, ϕ1, x1) − f (t, ϕ2, x2)∥X ≤ L f

(
∥ϕ1 − ϕ2∥B + ∥x1 − x2∥X

)
, t ∈ J, ϕ1, ϕ2 ∈ B,

x1, x2 ∈ X,
(i) ∥1(t, ϕ1, x1) − 1(t, ϕ2, x2)∥X ≤ L1

(
∥ϕ1 − ϕ2∥B + ∥x1 − x2∥X

)
, t ∈ J, ϕ1, ϕ2 ∈ B,

x1, x2 ∈ X,
(iii)

∥∥∥k1(t, s, ψ1) − k1(t, s, ψ2)
∥∥∥

X ≤ Lk1∥ψ1 − ψ2∥B, t, s ∈ J, ψ1, ψ2 ∈ B,

(iv)
∥∥∥k2(t, s, ψ1) − k2(t, s, ψ2)

∥∥∥
X ≤ Lk2∥ψ1 − ψ2∥B, t, s ∈ J, ψ1, ψ2 ∈ B.

(A5) For pi ∈ L1(J,R+), i = 1, 2, ..., 6, we have
(i) ∥ f (t, ϕ, x)∥X ≤ p1(t)∥ϕ∥B + p2(t)∥x∥X, (t, ϕ, x) ∈ J × B × X,
(ii) ∥1(t, ϕ, x)∥X ≤ p3(t)∥ϕ∥B + p4(t)∥x∥X, (t, ϕ, x) ∈ J × B × X,
(iii) ∥k1(t, s, ψ)∥X ≤ p5(t)∥ψ∥B, (t, s, ψ) ∈ Ω × B,
(iv) ∥k2(t, s, ψ)∥X ≤ p6(t)∥ψ∥B, (t, s, ψ) ∈ Ω × B.

(A6) Let Λ∗ = L f M∗

1

[
θ1 + Lk2θ2

]
+ L1M∗

1

[
θ1 + Lk1θ2

]
< 1 where

θ1=
(
1 + T

|A|

)
γ1 +

T
|A|γ3 and θ2=

(
1 + T

|A|

)
γ2 +

T
|A|γ4 with γ1 =

Tq

Γ(q+1) , γ2 =
Tq+1

Γ(q+2) ,

γ3 =
m∑

i=1
|ai|

η
pi+q
i

Γ(pi+q+1) and γ4 =
m∑

i=1
|ai|

η
pi+q+1
i

Γ(pi+q+2) .

We prove the existence of solutions to (2) by applying Krasnoselskii’s fixed point theorem.

Theorem 4.2. Suppose that the assumptions (A4) and (A5) hold with

L∗ =
TM∗

1

|A|

{
L f

[(
γ1 + γ3

)
+ Lk2

(
γ2 + γ4

)]
+ L1

[(
γ1 + γ3

)
+ Lk1

(
γ2 + γ4

)] }
< 1. (12)

Then the boundary value problem (2) has at least one solution on (−∞,T].

Proof. Consider the operator F : Ω̄→ Ω̄ defined by

(Fx)(t) =



ϕ(t), t ∈ (−∞, 0],∫ t

0
(t−s)q−1

Γ(q) f (s, xs,K2x(s))ds +
∫ t

0
(t−s)q−1

Γ(q) 1(s, xs,K1x(s))ds + t
A

( m∑
i=1

ai

×

∫ ηi

0
(ηi−s)pi+q−1

Γ(pi+q) f (s, xs,K2x(s))ds+
m∑

i=1
ai
∫ ηi

0
(ηi−s)pi+q−1

Γ(pi+q) 1(s, xs,K1x(s))ds

−

∫ T

0
(T−s)q−1

Γ(q) f (s, xs,K2x(s))ds −
∫ T

0
(T−s)q−1

Γ(q) 1(s, xs,K1x(s))ds
)

+ϕ(0)
[
1 + t

A

(
m∑

i=1

aiη
pi
i

Γ(pi+1) − 1
)]
, t ∈ J.

(13)
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In analogy with Theorem 3.4, we consider the operator Q : E0 → E0 defined by,

(Qz)(t) =
∫ t

0

(t − s)q−1

Γ(q)
f (s, ys + z̄s,K2(y(s) + z̄(s)))ds

+

∫ t

0

(t − s)q−1

Γ(q)
1(s, ys + z̄s,K1(y(s) + z̄(s)))ds

+
t
A

 m∑
i=1

ai

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)
f (s, ys + z̄s,K2(y(s) + z̄(s)))ds

+

m∑
i=1

ai

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)
1(s, ys + z̄s,K1(y(s) + z̄(s)))ds

−

∫ T

0

(T − s)q−1

Γ(q)
f (s, ys + z̄s,K2(y(s) + z̄(s)))ds

−

∫ T

0

(T − s)q−1

Γ(q)
1(s, ys + z̄s,K1(y(s) + z̄(s)))ds

)
+ϕ(0)

1 + t
A

 m∑
i=1

aiη
pi

i

Γ(pi + 1)
− 1


 , t ∈ J.

Define Br̄ =
{
z ∈ E0 : ∥z∥E0 ≤ r̄

}
. For any positive constant h∗, let h∗ < r̄ where h∗ = 2∥p∗∥L1 r̄∗ [θ1 + θ2] +

∥ϕ(0)∥
[
1 + T

|A|

(
m∑

i=1

|ai |η
pi
i

Γ(pi+1) + 1
)]
. Now, for t ∈ J, we decompose Q as Q1 +Q2 on Br̄ where

(Q1z)(t) =
∫ t

0

(t − s)q−1

Γ(q)
f
(
s, ys + z̄s,K2(y(s) + z̄(s))

)
ds

+

∫ t

0

(t − s)q−1

Γ(q)
1(s, ys + z̄s,K1(y(s) + z̄(s)))ds,

(Q2z)(t) =
t
A

 m∑
i=1

ai

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)
f (s, ys + z̄s,K2(y(s) + z̄(s)))ds

+

m∑
i=1

ai

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)
1(s, ys + z̄s,K1(y(s) + z̄(s)))ds

−

∫ T

0

(T − s)q−1

Γ(q)
f (s, ys + z̄s,K2(y(s) + z̄(s)))ds

−

∫ T

0

(T − s)q−1

Γ(q)
1(s, ys + z̄s,K1(y(s) + z̄(s)))ds

)
+ϕ(0)

1 + t
A

 m∑
i=1

aiη
pi

i

Γ(pi + 1)
− 1


 .
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Now, for z, z∗ ∈ Br̄ and t ∈ J, we find that

∥(Q1z)(t) + (Q2z∗)(t)∥X ≤
∫ t

0

(t − s)q−1

Γ(q)
∥ f (s, ys + z̄s,K2(y(s) + z̄(s)))∥Xds

+

∫ t

0

(t − s)q−1

Γ(q)
∥1(s, ys + z̄s,K1(y(s) + z̄(s)))∥Xds+

T
|A|

 m∑
i=1

|ai|

×

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)
∥ f (s, ys + z̄∗s,K2(y(s) + z̄∗(s)))∥Xds

+

m∑
i=1

|ai|

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)
∥1(s, ys + z̄∗s,K1(y(s) + z̄∗(s)))∥Xds

+

∫ T

0

(T − s)q−1

Γ(q)
∥ f (s, ys + z̄∗s,K2(y(s) + z̄∗(s)))∥Xds

+

∫ T

0

(T − s)q−1

Γ(q)
∥1(s, ys + z̄∗s,K1(y(s) + z̄∗(s)))∥Xds

)
+∥ϕ(0)∥

1 + T
|A|

 m∑
i=1

|ai|η
pi

i

Γ(pi + 1)
+ 1




≤

∫ t

0

(t − s)q−1

Γ(q)
[
p1(s)∥ys + z̄s∥B + p2(s)∥K2(y(s) + z̄(s))∥X

+p3(s)∥ys + z̄s∥B + p4(s)∥K1(y(s) + z̄(s))∥X
]

ds +
T
|A|

{ m∑
i=1

|ai|

×

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)
[
p1(s)∥ys + z̄∗s∥B + p2(s)∥K2(y(s) + z̄∗(s))∥X

+p3(s)∥ys + z̄∗s∥B + p4(s)∥K1(y(s) + z̄∗(s))∥X
]

ds +
∫ T

0

(T−s)q−1

Γ(q)
×

[
p1(s)∥ys + z̄∗s∥B + p2(s)∥K2(y(s) + z̄∗(s))∥X + p3(s)∥ys + z̄∗s∥B

+p4(s)∥K1(y(s)+z̄∗(s))∥X
]
ds

}
+∥ϕ(0)∥

1+ T
|A|

 m∑
i=1

|ai|η
pi

i

Γ(pi + 1)
+1




≤ 2∥p∗∥L1 r̄∗ (θ1 + θ2) + ∥ϕ(0)∥

1 + T
|A|

 m∑
i=1

|ai|η
pi

i

Γ(pi + 1)
+ 1


 := h∗.

which implies that ∥Q1z +Q2z∗∥E0 ≤ h∗. Thus Q1z +Q2z∗ ∈ Br̄. Here

∥ys + z̄s∥B ≤M∗

1r̄ +M∗

2r̄∥ϕ∥B ≤ r̄∗.
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Next we prove that Q2 is a contraction. For z, z∗ ∈ Br̄ and t ∈ J, we have

∥(Q2z)(t) − (Q2z∗)(t)∥X ≤
T
|A|

{ m∑
i=1

|ai|

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)
[
∥ f (s, ys + z̄s,K2(y(s) + z̄(s)))

− f (s, ys+z̄∗s,K2(y(s)+z̄∗(s)))∥X+∥1(s, ys+z̄s,K1(y(s)+z̄(s)))

−1(s, ys+z̄∗s,K1(y(s)+z̄∗(s)))∥X
]

ds +
∫ T

0

(T − s)q−1

Γ(q)[
∥ f (s, ys+z̄s,K2(y(s)+z̄(s)))− f (s, ys+z̄∗s,K2(y(s)+z̄∗(s)))∥X

+∥1(s, ys+z̄s,K1(y(s)+z̄(s)))−1(s, ys+z̄∗s,K1(y(s)+z̄∗(s)))∥X
]
ds

}
≤

T
|A|

{ m∑
i=1

|ai|

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)

[
L f

(
∥z̄s − z̄∗s∥B + Lk2∥z̄τ − z̄∗τ∥Bs

)
+L1

(
∥z̄s−z̄∗s∥B+Lk1∥z̄τ−z̄∗τ∥Bs

)]
ds+

∫ T

0

(T−s)q−1

Γ(q)

[
L f

(
∥z̄s−z̄∗s∥B

+Lk2∥z̄τ−z̄∗τ∥Bs
)
+ L1

(
∥z̄s−z̄∗s∥B + Lk1∥z̄τ−z̄∗τ∥Bs

) ]
ds

}
≤

TM∗

1

|A|

{
L f

[(
γ1 + γ3

)
+ Lk2

(
γ2 + γ4

)]
+ L1

[(
γ1 + γ3

)
+Lk1

(
γ2 + γ4

)] }
∥z − z∗∥E0 .

Thus ∥Q2z −Q2z∗∥E0 ≤ L∗∥z − z∗∥E0 . Hence Q2 is a contraction.
Continuity of f , 1, k1 and k2 implies that the operator Q1 is continuous on Br̄. Also Q1 is uniformly bounded
on Br̄ as

∥(Q1z)(t)∥X ≤
∫ t

0

(t − s)q−1

Γ(q)
∥ f (s, ys + z̄s,K2(y(s) + z̄(s)))∥Xds

+

∫ t

0

(t − s)q−1

Γ(q)
∥1(s, ys + z̄s,K1(y(s) + z̄(s)))∥Xds

≤

∫ t

0

(t − s)q−1

Γ(q)
[
p1(s)∥ys + z̄s∥B + p2(s)∥K2(y(s) + z̄(s))∥X

]
ds

+

∫ t

0

(t − s)q−1

Γ(q)
[
p3(s)∥ys + z̄s∥B + p4(s)∥K1(y(s) + z̄(s))∥X

]
ds

≤ 2∥p∗∥L1 r̄∗
(
γ1 + γ2

)
,

where p∗(t) = max{p1(t), p2(t)p6(t), p3(t), p4(t)p5(t)}. To prove that Q1 is compact, it remains to show that Q1
is equicontinuous. Now, for any t1, t2 ∈ J with t1 < t2 and z ∈ Br̄, we have

∥(Q1z)(t2) − (Q1z)(t1)∥X ≤
∫ t1

0

[
(t2 − s)q−1

−(t1 − s)q−1
]

Γ(q)
∥ f (s, ys+z̄s,K2(y(s)+z̄(s)))∥Xds

+

∫ t2

t1

(t2 − s)q−1

Γ(q)
∥ f (s, ys + z̄s,K2(y(s) + z̄(s)))∥Xds

+

∫ t1

0

[
(t2 − s)q−1

−(t1 − s)q−1
]

Γ(q)
∥1(s, ys+z̄s,K1(y(s)+z̄(s)))∥Xds

+

∫ t2

t1

(t2 − s)q−1

Γ(q)
∥1(s, ys + z̄s,K1(y(s) + z̄(s)))∥Xds
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≤

∫ t1

0

[
(t2 − s)q−1

− (t1 − s)q−1
]

Γ(q)
[
p1(s)r̄∗ + p2(s)p6(s)r̄∗s

+p3(s)r̄∗ + p4(s)p5(s)r̄∗s
]

ds +
∫ t2

t1

(t2 − s)q−1

Γ(q)
[
p1(s)r̄∗

+p2(s)p6(s)r̄∗s + p3(s)r̄∗ + p4(s)p5(s)r̄∗s
]

ds

≤ 2∥p∗∥L1 r̄∗

∫ t1

0

[
(t2 − s)q−1

− (t1 − s)q−1
]

Γ(q)
(1 + s)ds

+

∫ t2

t1

(t2 − s)q−1

Γ(q)
(1 + s)ds

]
.

As t2 → t1, the right hand side of the above inequality tends to zero independent of x ∈ Br̄. Thus Q1 is
equicontinuous. By Arzela-Ascoli’s Theorem, Q1 is compact on Br̄. Hence, by the Krasnoselskii fixed point
theorem, there exists a fixed point z ∈ E0 such that Qz = z which is a solution to the fractional boundary
value problem (2).

The next uniqueness result is based on the Banach contraction principle.

Theorem 4.3. Assume that the hypotheses (A4) and (A6) hold. Then the boundary value problem (2) has a unique
solution on (−∞,T].

Proof. Consider Br̄ = {z ∈ E0 : ∥z∥E0 ≤ r̄}. Let z, z∗ ∈ E0. For t ∈ J, we have

∥(Qz)(t) − (Qz∗)(t)∥X ≤
∫ t

0

(t − s)q−1

Γ(q)
∥ f (s, ys + z̄s,K2(y(s) + z̄(s)))

− f (s, ys + z̄∗s,K2(y(s) + z̄∗(s)))∥Xds +
∫ t

0

(t − s)q−1

Γ(q)
×∥1(s, ys + z̄s,K1(y(s) + z̄(s))) − 1(s, ys + z̄∗s,K1(y(s) + z̄∗(s)))∥Xds

+
T
|A|

{ m∑
i=1

|ai|

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)
∥ f (s, ys + z̄s,K2(y(s) + z̄(s)))

− f (s, ys + z̄∗s,K2(y(s) + z̄∗(s)))∥Xds +
m∑

i=1

|ai|

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)

×∥1(s, ys + z̄s,K1(y(s) + z̄(s))) − 1(s, ys + z̄∗s,K1(y(s) + z̄∗(s)))∥Xds

+

∫ T

0

(T − s)q−1

Γ(q)
∥ f (s, ys + z̄s,K2(y(s) + z̄(s)))

− f (s, ys + z̄∗s,K2(y(s) + z̄∗(s)))∥Xds +
∫ T

0

(T − s)q−1

Γ(q)

×∥1(s, ys + z̄s,K1(y(s) + z̄(s)))−1(s, ys + z̄∗s,K1(y(s) + z̄∗(s)))∥Xds
}

≤

∫ t

0

(t − s)q−1

Γ(q)

{
L f

[
∥z̄s − z̄∗s∥B + Lk2∥z̄τ − z̄∗τ∥Bs

]
+ L1

[
∥z̄s − z̄∗s∥B

+Lk1∥z̄τ − z̄∗τ∥Bs
]}

ds +
T
|A|

{ m∑
i=1

|ai|

∫ ηi

0

(ηi − s)pi+q−1

Γ(pi + q)

[
L f

(
∥z̄s−z̄∗s∥B

+Lk2∥z̄τ − z̄∗τ∥Bs
)
+ L1

(
∥z̄s − z̄∗s∥B + Lk1∥z̄τ − z̄∗τ∥Bs

)]
ds
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+

∫ T

0

(T − s)q−1

Γ(q)

[
L f

(
∥z̄s−z̄∗s∥B + Lk2∥z̄τ − z̄∗τ∥Bs

)
+L1

(
∥z̄s − z̄∗s∥B + Lk1∥z̄τ − z̄∗τ∥Bs

)]
ds

}
≤

{
L f M∗

1

[( Tq

Γ(q + 1)
+

T
|A|

m∑
i=1

|ai|
ηpi+q

i

Γ(pi + q + 1)
+

Tq+1

|A|Γ(q + 1)

)
+Lk2

( Tq+1

Γ(q + 2)
+

T
|A|

m∑
i=1

|ai|
ηpi+q+1

i

Γ(pi + q + 2)
+

Tq+2

|A|Γ(q + 2)

)]
+L1M∗

1

[( Tq

Γ(q + 1)
+

T
|A|

m∑
i=1

|ai|
ηpi+q

i

Γ(pi + q + 1)
+

Tq+1

|A|Γ(q + 1)

)
+Lk1

( Tq+1

Γ(q + 2)
+

T
|A|

m∑
i=1

|ai|
ηpi+q+1

i

Γ(pi + q + 2)
+

Tq+2

|A|Γ(q + 2)

)]}
∥z−z∗∥E0

≤

{
L f M∗

1
[
θ1 + Lk2θ2

]
+ L1M∗

1
[
θ1 + Lk1θ2

]}
∥z−z∗∥E0 .

Thus ∥Q(z) −Q(z∗)∥E0 ≤ Λ
∗
∥z−z∗∥E0 .

HereΛ∗ depends only on the parameters involved in the problem. By assumption (A6), Λ∗<1 and therefore
the map Q is a contraction. Hence, by the Banach contraction principle, the problem (2) has a unique
solution on (−∞,T].

4.2. Example

Consider the following fractional neutral integrodifferential equation

LCD3/2

x(t) −
∫ t

0
2

√
t − s
π

(
e−γsx2

τ

16(1 + x2
τ)
+

1
16

∫ s

0

e−γs

3
ln(1 + xτ)dτ

)
ds


=

(1 + e−t)
(35 + et)

e−γt
|xt|

(1 + |xt|)
+

1
18

∫ t

0
e−γt sin

(xs

2

)
ds, t ∈ [0, 1],

x(t) = ϕ(t), t ∈ (−∞, 0],

x(1) =
5∑

i=1
ai(Ipi x)(ηi), 0 < η1 < η2 < η3 < 1.

(14)

We consider the phase space Bγ as defined in Section 3.2.
Here q = 3

2 , m = 3,

a1 =
1
2 , a2 = 3, a3 =

1
5 ,

η1 =
1
8 , η2 =

1
2 , η3 =

3
4 ,

p1 =
1
9 , p2 =

1
5 , p3 =

1
3 .

From the above data, we see that
A=0.84473, γ1 = 0.75225, γ2 = 0.3009, γ3 = 0.04238, γ4 = 0.00245, θ1 = 1.69295 and θ2 = 0.66001.

(i) From (14), we have

f (t, xt,K2x(t)) =
(1 + e−t)
(35 + et)

e−γt
|xt|

1 + |xt|
+

1
18

K2x(t) where K2x(t) =
∫ t

0
e−γt sin

(xs

2

)
ds and

1 (t, xt,K1x(t)) =
e−γtx2

t

16(1 + x2
t )
+

1
16

K1x(t) where K1x(t) =
∫ t

0

e−γt

3
ln(1 + xs)ds . Now, for xt, yt ∈ Bγ, we
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have ∣∣∣k1(t, s, xs) − k1(t, s, ys)
∣∣∣ ≤ 1

3
∥x − y∥γ,∣∣∣k2(t, s, xs) − k2(t, s, ys)

∣∣∣ ≤ 1
2
∥x − y∥γ,

| f (t, xt,K2x(t)) − f (t, yt,K2y(t))| ≤
1

18

[
∥x − y∥γ +

1
2
∥x − y∥γ

]
,

|1(t, xt,K1x(t)) − 1(t, yt,K1y(t))| ≤
1
16

[
∥x − y∥γ +

1
3
∥x − y∥γ

]
.

Also | f (t, ϕ1, ψ1)| ≤ 1
18 +

1
36∥ψ1∥γ, |k1(t, s, φ1)| ≤ 1

3∥φ1∥γ, |1(t, ϕ2, ψ2)| ≤ 1
16 +

1
48∥ψ2∥γ and

|k2(t, s, φ2)|X ≤ 1
2 |φ2|γ. The condition (A4) is satisfied with L f =

1
18 , L1 = 1

16 , Lk1 =
1
3 and Lk2 =

1
2 . The

condition (A5) is satisfied with p1(t) = 1, ∥ϕ1∥γ =
1
18 , p2(t) = 1

36 , p3(t) = 1, ∥ϕ2∥γ =
1
16 , p4(t) = 1

48 , p5(t) =
1
3 and p6(t) = 1

2 . Computing the value of L∗, we have L∗ = 0.1285 < 1 thereby satisfying the condition
(12). Thus all the assumptions of the Theorem 4.2 are satisfied. Hence the problem (14) has at least
one solution on (−∞,T].

(ii) Taking f (t, xt,K2x(t)) =
√

(12 + 5 sin 2t) +
e−γt

5
tan−1 xt +

1
5

K2x(t) where

K2x(t) =
∫ t

0

e−γt(ts)2

(1 + s2)
e−

xs
15 ds and 1 (t, xt,K1x(t)) =

e−γt(t + 1)2

(2t + 5)2

x3
t

1 + x3
t

+
1
25

K1x(t)

where K1x(t) =
∫ t

0
e−γt s

2
sin(xs)ds in (14), we have for xt, yt ∈ Bγ,

∣∣∣k1(t, s, xs) − k1(t, s, ys)
∣∣∣ ≤ 1

2
∥x − y∥γ,∣∣∣k2(t, s, xs) − k2(t, s, ys)

∣∣∣ ≤ 1
15
∥x − y∥γ,

| f (t, xt,K2x(t)) − f (t, yt,K2y(t))| ≤
1

58

[
∥x − y∥γ +

1
15
∥x − y∥γ

]
,

|1(t, xt,K1x(t)) − 1(t, yt,K1y(t))| ≤
1
25

[
∥x − y∥γ +

1
2
∥x − y∥γ

]
.

The condition (A4) is satisfied with L f =
1
5 , L1 = 1

25 , Lk1 =
1
2 and Lk2 =

1
15 . Computing the value of

Λ∗, we have Λ∗ = 0.42831 < 1 thereby satisfying the condition (A6). Thus all the assumptions of the
Theorem 4.3 are satisfied. Hence the problem (14) with the given function f has a unique solution on
(−∞,T].
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