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Core and strongly core orthogonal elements in rings with involution
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Abstract. In this paper, we present a new concept of the core orthogonality for two core invertible elements
a and b in rings with involution. a is said to be core orthogonal to b, if a2®b = 0 and ba® = 0, where a? is
the core inverse of a. The characterizations of the core orthogonality and the core additivity are provided.
By using the matrix representations of the core orthogonal elements, the connection between the core
orthogonality and the core partial order is also given. Moreover, the strongly core orthogonality is defined
and characterized.

1. Introduction

As we all know, there are two forms of the orthogonality: one-sided or two-sided orthogonality. Let
R(A) and R(B) denote the ranges of A and B, respectively. It is called that R(A) and R(B) are orthogonal if
A'B=0. If AB = 0 and BA = 0, then A and B are orthogonal, denoted as A L B. Notice that, when A" exists
and AB = 0, where A" is the group inverse of A, we have A*B = A*AA*B = (A*)?AB = 0. And it is obvious
that A*B = 0 implies AB = 0. Thus, when A* exists, A L B if and only if A*B = 0 and BA* = 0 (i.e. A and B
are #-orthogonal, denoted as A L4 B).

In [1], Hestenes gave the concept of +-orthogonality: let A,B € C"™", if A'B = 0 and BA* = 0 hold, then
A is »-orthogonal to B, denoted by A L. B. For matrices, Hartwig and Styan proved in [2] that if A, B satisfy
the dagger additivity (i.e. (A + B)' = A" + BY, where A is the Moore-penrose inverse of A) and the rank
additivity (i.e. rank(A + B) = rank(A) + rank(B)), then A is +-orthogonal to B.

Ferreyra and Malik introduced the core and strongly core orthogonal matrices by using the core inverse
in[3]. Let A, B € C"™" with Ind(A) < 1, where Ind(A) is the index of A, if A®B = 0 and BA® = 0, then A is core
orthogonal to B, denoted as A 1, B. The notion of the strongly core orthogonality also has been given by
Ferreyra and Malik in [3]. A, B € C"™*" with Ind(A) < 1 and Ind(B) < 1 are strongly core orthogonal matrices
(denotedas A Ls4 B)if A Ly Band B Ly A. In[3], we can see that A Lgg B implies (A + B)® = A® + B® (core
additivity).

In [4], Liu et al. proved that A, B € C"™" with Ind(A) < 1 and Ind(B) < 1 are strongly core orthogonal
if and only if (A + B)® = A® + B® and A®B = 0 (or BA® = 0) instead of A L, B. The proof is more concise
than Theorem 7.3 in [3]. And Ferreyra and Malik in [3] have proved that if A is strongly core orthogonal to
B, then rank(A + B) = rank(A) + rank(B) and (A + B)® = A® + B®. But whether the reverse holds is an open

2020 Mathematics Subject Classification. 15A09; 06A06; 16W10

Keywords. Core inverse; Core orthogonality; Strong core orthogonality; Core partial order

Received: 24 October 2023; Revised: 29 January 2024; Accepted: 03 June 2024

Communicated by Dragana Cvetkovi¢ Ili¢

* Corresponding author: Hongwei Jin

Email addresses: 11iuying6621@163.com (Ying Liu), xiaojiliu72@126.com (Xiaoji Liu), jhw_math@126.com (Hongwei Jin)



Y. Liu et al. / Filomat 38:24 (2024), 8411-8432 8412

question. In [4], Liu, Wang and Wang solved the problem completely. Furthermore, they also gave some
new equivalent conditions for the strongly core orthogonality, which are related to the minus partial order
and some Hermitian matrices.

On the basis of the core orthogonal matrix, Mosi¢ et al. extended the concept of the core orthogonality
and present the new concept of the core-EP orthogonality in [5]. Let A and B be two Drazin invertible
operators in a bounded linear Hilbert space. A is said to be core-EP orthogonal to B if A°B = 0 and BA® =0,
where AP is the core-EP inverse of A. A number of characterizations for core-EP orthogonality were proved,
including simultaneous canonical forms, connections with the core partial order and core additivity in [5].
Applying the core-EP orthogonality, the concept and characterizations of the strong core-EP orthogonality
were introduced in [5].

Motivated by these reserches, we give the concept of the core orthogonality to rings with involution
by using the core inverse in this paper. We discuss their characterizations. We also study the equivalent
conditions of the core additivity and give their matrix representations when a and b are core orthogonal.
The connection between the core partial order and the core orthogonality has been given. And we study
some characterizations of the core orthogonal element when a is EP. Moreover, we study that two arbitrary
complementary projections are strongly core orthogonal.

2. Preliminaries

Throughout this paper, R is a unital ring with involution, i.e. all 4, b € R satisfy (a*)* = a, (ab)* = b*a" and
(@a+b) =a*+b. RV = {a € R: a € aRa} denotes the set of all regular elements.
For a, x € R, we consider the following equations:

1. axa = a;
2. xax = x;
3. (ax)" = ax;
4. (xa)" = xa;
5. ax = xa;
6. xa* = a;
7. ax% = x;
8.(8) a’x = g;
9. ax? = x;

10. xa™*! = g™ for some positive integer m.
The set of all elements x € R which satisfies equations i, j, ..., k in equations 1-10 are denoted as a{i, j, ..., k}.
If there exists

ateafl,2,3,4},

then a is said to be Moore-Penrose invertible, in this case, at is unique and called the Moore-Penrose inverse

of a. It is introduced by Moore [6] and improved by Bjerhammar [7] and Penrose [8]. If there exists

a* €all,2,5},
then a is said to be group invertible, in this case, a* is unique and called the group inverse of a [9]. In [10],
Raki¢, Din¢i¢ and Djordjevi¢ considered the core inverses in the setting of arbitrary *-ring, which is shown
that x is the core inverse of a if and only if

axa = a,xR = aR,Rx = Ra’, (1)

in this case, x is unique. If there exists

a®e€all,2,3,6,7},
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then a is said to be core invertible, in this case, a? is unique and called the core inverse of a [11]. And if there
exists

a® €al3,9,10},
then a is said to be pseudo-core invertible, in this case, 4° is unique and called the pseudo-core inverse of
a[12]. R*, R¥, R® and R?® denote the sets of all Moore-Penrose, group, core and core-EP invertible elements

of R, respectively.
Based on this, we review the definition of the partial order.

Definition 2.1. [13] Let a,b € R,
(1) if there exists a'V € a{1} such that,

aaV = baW, qWg = 4Wp,

then a is below b under the minus partial order (written as a <~ b).
(2) a is below b under the star partial order (written as a <* b) if

aa* =ba*,a"a = a’b.

(3)ifa,b € R, then a is below b under the sharp partial order (written as a <* b) if
aa® = ba®,a*a = a*b.

(4) ifa, b € R?, then a is below b under the core partial order (written as a <® b) if
aa® = ba®,a%a = a®b.

We denote aR and Ra as the right and left ideals generated by a, respectively, that is, aR = {ax : x € R}
and Ra = {xa : x € R}. AlsoaRb = {axb : x € R}. The right annihilator of a is denoted by 4° and is defined
by a® = {x € R : ax = 0}. Similarly, the left annihilator of a is the set °a = {x € R : xa = 0}. In [14],
Koliha and Patricio introduced the concept of the EP element in rings with involution.

Definition 2.2. [14] Let a € R', a is an EP element if and only if a*R = aR.

Lemma 2.3. [15] Let a € R®, p = aa®, and a = a1 + a, be the core-EP decomposition of a, where ay is the nilpotent.
Then,

|t s J _100
M=lg of "®@=g 4| -
pXp pXp

where t € pRp is invertible.

3. The core orthgonality and its consequences
Firstly, we give the concept of the core orthogonality in rings with involution.
Definition 3.1. Leta,b € R®. If
a®b=0,ba® =0,

then a is core orthogonal to b, denoted asa L4 b.
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Ifa,b € R, then
ab=0& bR Ca® & Rac®b. (2)

We explore the relations between the right ideal and right cancellable elements of core orthogonal
elements in rings with involution, and the relations between the left ideal and left cancellable elements of
core orthogonal elements can be obtained similarly.

Lemma 3.2. [10] Let a,b € R.
(1) aR c bR implies °b C °a and the converse is valid whenever b is regular; (2) Ra C Rb implies b° C a° and the
converse is valid whenever b is regular.

Remark 3.3. By 1, we have a®R C aR and Ra® C Ra*, and it follows from Lemma 3.2 that
@) = @)’ 3)
and
°(@®) = “a. (4)
Theorem 3.4. Let a,b € R®, then the following are equivalent:
(1)algh;
(2) bR C (a®)°, a®R C b° ;
(3) bR c (a*)°,aR C b° ;
(4)aR c (b*)°, 'R C (a*)° ;
(5) aR c (b®)°, 'R C (a®)°;
(6) a®R c (b*)°, 'R C (a®)° ;
(7)ab=0,ba=0;
8)b'a=0,ab" =0;
(9) b®a =0, a®b* = 0;
(10) b*a® = 0, a®b* = 0.
Proof. (1) & (2) From (2), we have
a®b =0,ba® = 0 < bR C (a®)°,a®R C I°.
(2) © (3) From (3) and (1), we have (a®)° = (a*)° and a®R = aR. Then
bR c (a®)°,a®R c b° © bR C (a*)°,aR C b°.
(3) © (7) From (1), we have
bR c (a*)°,aR Cc b° © a’b=0,ba = 0.
(7) © (8) Transposition of (7) and (8).
According to (1), (2) and (3), we can prove (4) < (5), (5) & (6), (8) & (6), (5)  (9) and (6) & (10).
0
Theorem 3.5. Leta, b€ R®, thena Ly bifand only ifa L b
Proof. It follows from (10) in Theorem 3.4. [J

Theorem 3.6. Leta,b € R®, ande = a®a, ¢’ = aa®, f = b®b, f' = bb®. Thena Ly bifandonlyife’ L f" and fe = 0.
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Proof. Onlyif: Ifa 1, b,i.e. a®b =0, ba® = 0, then

fe =b®ba® = b® (ba®)a =0,
e’ f' = aa®bb® = a (a®b) b® = 0.

By (9) in Theorem 3.5, we have b®a = 0. Then
f'e’ = bb®aa® = b (b®a)a® = 0.

Consequently, we gete’ L f'.

If: If fe = b®ba®a = 0, then pre-multiplying by b and post-multiplying by a®, we obtain ba® = 0. Since
e L f,ef =aa®bb® = 0. And pre-multiplying by a® and post-multiplying by b, we obtain a®b = 0. Then
wegeta Ly b. O

Lemma 3.7. Leta,b € R®. Ifab =0, then
(1) aR N bR = {0} ;

(2)a* RN bR = {0};
(3)@+b)°’=a"nb°;

(4) (@ +b)° = @)’ N .

Proof. (1) From (1), we haveab = 0 & bR C a°. Then
aRNbR caRnNa® ={0}.

(2) Let ab = 0, we have b*a* = 0. By (1), we can prove (2).
(3) Obviously, a° Nb° C (a+b)°. Letx € (a+Db)°, then (a+b)x = 0, i.e. ax = —bx. Since ax = a®%°x =
a®a (—bx) = —a®abx = 0,i.e. bx = 0, we get x € a° Nb° , which implies (¢ + b)° € a°Nb°. Then (a + b)° = a°Nb°.
(4) Let ab = 0, we have b*a* = 0. By (3), we can prove (4).

O

Theorem 3.8. Leta,b e R®. Ifa L4 b, then
(1) aR N bR = {0} ;

(2)a*RN bR = {0};

(3)aRNb*R = {0} ;

(4) a*R N bR = {0};

(5)(a+b)°=a°Nb°;

(6) (@ +b")° = (@) N

(7)(a+1b)° =a°NO)°;

(8) (a* + b)° = (a*)° N b°.

Proof. Leta Lg b. It follows from (7), (8) in Theorem 3.5 that we get a*b = 0, ba = 0, b*a = 0 and a*b* = 0.
And by Lemma 3.7, we can get Theorem 3.8. [J

When a is an EP element, we have a more refined result which reduces to the well-known characteriza-
tions of the orthogonality in the usual sense.

Theorem 3.9. Let a € R. If a is an EP element, then the following are equivalent.
(1)a L b;

(2)a L, b;

(3)a Lb;

4)a<®a+b;

(b)a< a+b;

(6)a<ta+b.
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Proof. (1) & (2) When a € R? is an EP element, we have aa® = q®a. Leta Ly b, then by (7) in Theorem 3.4,
i.e. a’b = 0and ba = 0, we have

ba* = b(aa®a)* = b(a®a)*a* = b(aa®)*a* = baa®a* = 0.

Then, a L, b.
On the contrary, ifa L, b, i.e. a’b = ba* = 0, then we have

ba = b(aa®a) = b(aa®)*a = b(a®a)*a = ba*(a®)'a = 0.

By (7) in Theorem 3.4, we have a L4 b.
(2) © (3) Leta L. b, we have a*b = ba* = 0. Then

ab = (aa®a)b = a(aa®)b = a(aa®)'b = a(@a®)’'a’b =0
and
ba = b(aa®a) = b(aa®)*a = b(a®a)*a = ba*(a®)'a = 0.

Thus,a L b.
On the contrary, ifa L b, i.e. ab = ba = 0, then we have

a'b = (aa®a)'b = a*(aa®)'b = a*aa®b = a*a®ab = 0
and
ba* = b(aa®a)* = b(a®a)'a* = b(aa®)*a* = baa®a* = 0.

Thena L, b.
(1) © (4) Leta <® a + b, then

(a+0)a® = aa® + ba® = aa®,
and
a® (a + b) = a®a + a®b = a®a.

Thus, we have a®b = 0 and ba® = 0, i.e. a Ly b.
On the contrary, if a L4 b, i.e. a®b = 0 and ba® = 0, then we have

(a+b)a® = aa®,

a® (a + b) = a®a.

Thena <®a +b.

(2) © (5) It can be proved similarly with (1) & (4).

(1) © (6) Let a € R is an EP element, and by [16], we have a® = a*. Then, it can be proved similarly with
1) & @.

O

Remark 3.10. In Theorem 3.9, we give a condition that a € R® is an EP element instead of b, which is more concise
than Corollary 4.8 in [3]. Ifa Ly b, by (4) in Theorem 3.4, we have aR C (b*)° and b*R C (a*)°. When a,b € R® are
EP elements, aR = a*R and bR = b*R hold. Thus, a'R C (b*)° and bR C (a*)°, i.e. b*a* = 0 and a*b = 0. Therefore, by
(8) in Theorem 3.4, b Lg a. In other words, when a,b € R® are EP elements, a Lg b is equivalent to that b L a.

Theorem 3.11. Leta,b € R. Ifa, b are EP elements witha L b, then a + b is the EP element.
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Proof. Leta,b € Rbe EP elements, we have thata® = (a*)°, b° = (b*)°. Sincea L b, by (5) and (6) in Theorem
3.9, we have

@+b)°’=a°nb°=@)°Nn@) =@ +b) =(a+b))°.
Then a + bis an EP element. []

Furthermore, we study the matrix forms of the two elements that are core orthogonal. At first, we
review the ring factorization. An equation 1 = e; + e, + --- + ¢, where ¢;,i = 1,2,---n are idempotents
from R such that e;e; = 0 for i # j is called the decomposition of the identity of the ring R. And we denote
e:fer,ep,---,en). Ifl=eg+ex+---+e,and 1 = f1 + fo +--- + f,, are two decompositions of the identity of
the ring R, then for any x € R, we have

x=1-x-T=(+e+ +e)x(fi+ ot + fu) = Lijexf.
We may write x as a matrix

X110 Xm

=
Il

. a
Xn1l Xnn exf
where x;; = ejxfj.

Lemma 3.12. Leta € R®, p = aa®, then

_ |t s
=10 o
pPXp

is the core-EP decomposition of a, where t € pRp is invertible.

Proof. Leta € R® and p = aa®, thent = pap = a*a® is invertible, s = pa(1-p) = a—a?a®, and a, = (1-p)a(1-p) =
0. Thus,

t s 0 0
a = [O 0] and a, = [O ﬂz] =0
pxp pxp

From Lemma 2.3, we have

t s
a=m +a2:[0 O]
pxp

is the core-EP decomposition of 4, where f € pRp is invertible. [

Theorem 3.13. Let a,b € R®. Then, the following are equivalent.

(a Lyl

2)a<®a+b;

(3) there exists 1 = ey + ey + e3 which is a decomposition of identity of the ring R, where e = p = p> = p",
ep=qg=q"e=1-p—q,and then

t1 r s 0 0 O
a=|0 0 0| ,b=(0 t sy ,
0 0 0],, 0 0 0],

where t1 € pRp and t, € qRq are invertible, respectively.
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Proof. (1) = (2) Leta Lz b. Then
(a +b)a® = aa® + ba® = aa®
and
a® (a + b) = a®a + a®b = a®a.

Thus we havea <® a + b.
(2) = (3) Let

_ tl S1
o i
pxp

be the core-EP decomposition of a, where t; € pRp is invertible, p = aa®. Since

|t 0
[0 o0
pxp

satisfies xax = x, axa = a, (ax)* = ax, ax* = x and xa* = a, we get x = a®. And let the decomposition of b be

b= [bn 512]
b b )
2 bz,

By (2), we have that a <® 4 + b if and only if a®b = 0 and ba® = 0. Then, by

a®b = thl 0 b1 b12— _ Elebn tl_lbu ~0
- 0f b1 banf | O 0 =Y
pxp Apxp L pXp

we get b1 = 0and b1, = 0. And by
_ . _
bt = | 0 o] [tl of _[o 0] _o,
pxp pxp

-1
hb21 by 0 0_ pxp _b21 tl 0

we get by; =0. Thenb = 00 .
0 by
pxp

Let the core-EP decomposition of by, be

th s
by = [5 02]
9xq

where t; € gRq is invertible, g = bxbj,. Then
0 0 0
b=10 tz S» .
0 O 0 exe

Letl-p=g+(1-p—¢q),wegetl=p+(1-p)=p+q+(1-p-4q). And there exits s; = v + s with r € pRg
and s € pR(1 —p —¢q). So, we have

ty r s
0 0 of .
0 0 O oxe

a =
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(3) = (1) We know that

£t 0 0
y=|0 0 0

0 0 O oxp
ty r s
iscore inverseofa=|0 0 0| ,ie. y=a® Thena®h=0and ba®=0,ie. a LD
0
exe

O

In Theorem 5.1 and Corollary 5.1 of [19], Xu, Chen and Benitez pointed out the conditions for (B — A)® =
B® — A%, where A,B € C"™". Using the core-EP decomposition of 4 which is core orthogonal, we apply a
different method to prove that this theorem and corollary also hold in rings with involution as follows.

Theorem 3.14. Leta,b—a € R® N R and a <® b. Then, b is core invertible. In this case,
b® =a® + (b —a)® — a®a(b — a)®.

Moreover, if (aa* — aa*)b(1 — aa®) = 0, then

(1) (b —a)® = b® —a®;

(2) (b—a) <®b.

Proof. Froma <® b = a+ (b —a) and (3) in Theorem 3.13, we have that there exists 1 = e; + ¢, + €3, which is a
decomposition of identity of the ring R, wheree; =p =p> =p*, e =g =q" and e = 1 — p — q. Then,

ty r s
a={0 0 O

0 00

,b—a=

0 0 O
0 o sf , )
0O 0 O exe

exe

where t; and t; are invertible in the ring eRe and qRg, respectively. Thus,

£t 0 0 0 0 O
a®=[0 0 0| ,(b-a®=|0 &' 0 (6)
0 0 0 exe 0 0 O exe
and
th r s
b=b-a)+a=|0 t sy| . (7)
0 0 0f,,
Let
-yt 0
x=a®+b-a)®-a®alb-a)®=|0 t! 0
0 0 0f,,
Then

boros] [/ -t 0 100
bx=10 t s 0 t2_1 0 =0 1 0 ,
exe exe exe

0 0 Oof_|O 0 0
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which implies

1 0 0 t1 r s t1 r s
bxb={0 1 0 0 tr s =10 th S =b.
0 0 0 exe 0 0 0 exe 0 0 0 exe
In the same way, we can prove that xbx = x, (bx)* = bx, bx> = x and xb?> = b also hold. Then b is core
invertible and

gt o=ttt 0
b =x=a%+b-0a)®-a%b-a)®=|0 £y 0 (8)
0 0 0f,,
Let
at = [1111 ﬂu]
dx1 A pxp
Then

gt = [tl Sl] [ﬂn ﬂlz] _ [flﬂn +s51a1  han +s1ax
ay a 0
pl®2l 022],

pxp

From (aa")* = aa®, we have tjay; +s1a = 0, i.e.

t1a11 + s1a 0

+ _ [f1411 + S1a21
<[ e 0]
pxp

And from aata = a, we have

tiaty + s1a21t1 t141181 + S142151 _|h =
0 0 !
pxp pxp

which 1mphes a1ty + s1anty = ty, i.e. f1a1 + s1a21 = 1. Then

1 00
aat=10 0 0] .
exe

0 0 0
Let
it = [yn ]/12] )
Y21 Y2 pxp
Then
# [h Sl] []/11 ylz] _ [tlyn +s1yn1 by + 51]/22]
= 0 = 0 0
ppl¥2L Y2, pxp
and

ga= Y11 V2| |hosi _(ynh yns:
yao yzf |00 Of [ynb yasi|
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From aa® = a*a, we have y1151 = 12 + s1y20 and yx = 0, i.e.

Y12 = fl_ly1151 + tl_lslyzz )
and
it = [y hyntsiyn) 10)
0 0
pxp
From aa®a = a and aaa” = a*, we have
—f1y11t1 hyns |l s
0 0 10 O
s pxp pxp
and

_]/11151]/11 Y11ty + Y1181y |y Y2
0 0 - 0 Y2 !
pxp pxp

which imply y11 = i.‘l‘1 and y2» = 0. Then from (9), we have

-1 -1 -2
Y12 =t Y1181 + £ s1Y» = 781

From (10), we obtain that

#_ 1 t;lsl
aa ‘[0 0| -
pXp

i.e.

1 t;lr tl‘ls
ai® =10 0 0 )
0 0 0
exe

Then we have

0 —t'rty —t'rsy
(aa* — aa®)b = |0 0 0 (11)
0 0 0 1.,
and
0 —tj'r, —ti'rs;] [1 0 0
(aa* — aa*)baa® = |0 0 0 0 0 0] =0 (12)
0 0 0 [0 0 0],

If (aa" — aa®)b(1 — aa®) = 0, i.e. (aa* — aa*)b = (aa* — aa*)baa®, from (11) and (12), we have

0 —t'rty —t]'rs;
0 0 0 =0.
exe

0 0 0

Then we have —t;'rt; = 0 and —£;'rs, = 0, which imply r = 0. And from (7) and (8), we have

0 s £t 0 0
0 H s ,02=]0 i’gl o] . (13)
0 0 0f,, 0 0 0],

b=
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And
0 0 O
b-a)®=[0 ' 0 (14)
0 0 0],
(&t 0 0 £t 0 0
=10 t;l of -10 0 O
10 0 0], 0 0 0of,,
_b®—11®
Since
0 0 0] [O 0 O 00 0
b-a)®b-a)=[0 &' 0| [0 s =|0 1 £ls
0 O 0 exe 0 0 O exe O 0 0 exe
and

0 0 O t1 0 s 0 0 0
(b — Ll)@b =10 t;l 0 0 t s =10 1 tz_lsz ,
exe exe exe

0 0 O 0 0 O 0 0 O
we get (b —a)®(b —a) = (b — a)®b. In the same way, we get (b —a)(b—a)® =b(b —a)®. Then (b —a) <®b. O
Corollary 3.15. Leta,b —a € R®. Ifa <® b, then a* = ab if and only if (b — a)® = b® — a®.

Proof. Let the decompositions of a, b —a, a®, (b —a)®, b and b® be as in (5), (6), (7) and (8), respectively.
Only if: Let a? = ab, we have

B hr o hs B thr+rh hs+rs
=0 0 0| =|0 0 0 = ab.
0o 0 O oxe 0 0 0 oxe

Then we get t1r = t;+ + rt,, which implies rt, = 0. Since ¢, is nonsingular, we have r = 0. From (13) and (14),
we get (b —a)® = b® —a®.
If: Let (b — a)® = b® — a®, we have

0 0 0 5t =ttt 0 £t 0 0
0 ' 0f ={0 ' 0 -|0 00
0o 0 of, 1[0 0 0], LO 0 0],
0 -ttt 0
=10 £ of ,
0 0 0],,.,

which implies —tl‘lrtg 1 = (. Since #; and t, are nonsingular, we have r = 0. Then

tq 0 s
a=|0 0 0] .
0 00

exe

From (13), we have

2 0 fs th 0 s] [ O s
22=[0 0 0 =0 0 0| |0 £ s| =ab.
exe exe exe

0 0 0 0 0O 0 0 O
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4. The strongly core orthgonality and its consequences

A special orthogonality is mentioned in Remark 3.2 in the previous section, thatis,a Ly band a L4 b.
Now we give the definition.

Definition 4.1. Leta,b € R®. If
alyb b lga,

then a and b are said to be strongly core orthogonal, denoted as
algeb.

Remark 4.2. a 1,4 b if and only if a®b = 0, ba® = 0, b®a = 0 and ab® = 0. By (9) in Theorem 3.4, a®b = 0 is
equivalent to b®a = 0. Then, a Ly b if and only if a®b = 0, ba® = 0 and ab® = 0,i.e. a Ly band ab® = 0,0rb Ly a
and ba® = 0.

Theorem 4.3. Let a,b € R®. Then, the following statements are equivalent.
(1)a Lss b;

(2)a Ly b,ab=0;

(3)aLbab=0;

(4)a* LV, b*a=0.

Proof. (1) & (2) According to (7) in Theorem 3.5, we have that ab® = 0 is equivalent to ab = 0. Then, by
remark 4.3, we have thata L4 bif and only ifa L, band ab = 0.

(2) © (8) From (2), we have ab = 0. According to (7) in Theorem 3.5, we get that a L, b is equivalent to
a'b = 0 and ba = 0, which imply thata L b and a’b = 0.

(3) © (4) Take the conjugate transpose of  and b. [

Theorem 4.4. Leta,b e R®. Then,a Lgq b if and only if a® Ly, b.

Proof. From (3) in Theorem 4.3, a® L, b if and only if 2® L b and (a®)'b = 0. Then, by Lemma 3.7, we get
a®R N bR = {0} and (a®)*R N bR = {0}. And by a®R =aR, we haveaR N bR = {0} and " RN bR = {0},i.e.a L b
and a*b = 0. From Theorem 4.3, we havea L35 b. O

Theorem 4.5. Leta,b,c € R®, a <® candc L4 b. Then,a L4 b.

Proof. From Theorem 2.3 in [4], a <® c if and only if ca®c = a and a®ca® = a®. By (3) in Theorem 4.3 and
¢ lss b,wehavec L band ¢*b = 0. Then

ab = ca®chb = 0,ba = bea®c = 0,a’b = ¢*(@®)'¢’b = 0,
which impliesa L4 b. O

Theorem 4.6. Let a,b € R®, e = a%a, ¢’ = aa®, f = b®band f" = bb®. Then, a L, b if and only if e’ L f" and
el f.

Proof. From Theorem 3.6, a L4 b if and only if ¢’ L f" and fe = 0. And b L, aif and only ife L f and
e f'=0. Thena 1,4 bifand onlyife’ L f"ande L f. O

From the above theorems, it can be seen that the condition of the strong core orthogonality is stronger
than that of the core orthogonality and usual orthogonality. Next, we explore the relationship between the
strongly core orthogonality and various kinds of orthogonality when a,b € R are EP elements. In fact, it
has been proved in Remark 3.10 that b L, a4, when a,b € R are EP elements and a L b. So the corollary is
as follows.
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Corollary 4.7. Leta,b € R. Ifa, b are EP elements, Then the following statements are equivalent.
(1)a L b;
(2)a L, b;
(3)a Ly b;
(4)a Lygb.

In [4], Liu, Wang and Wang pointed out that A 1,4 B if and only if BA® = 0 (or A®B = 0) and
(A + B)® = A® + B®. Based on the result, we prove these theorems also hold in rings with involution and
give a different way to prove these theorems as follows.

Theorem 4.8. Leta,b e R®. a Ly, bifand only if ba® = 0 and (a + b)® = a® + b®.
Proof. If: Let ba® = 0 and (a + b)® = a® + b®. Then
(@a+b)a+Db)®=(a+Db)a®+b®) = aa® + bb® + ab®.
From ((a + b)(a + b)®)* = (a + b)(a + b)?, it follows that
aa® + bb® + (ab®)" = aa® + bb® + ab®,
which implies (ab®)* = ab®.
Since ba® = 0, we get ba = ba®a* = 0. From (a+b)(a+b)®(a+b) = a+b, it follows that aa®b+ab®a+ab®b+bb®a = 0.
Left multiplying by b, we obtain bbb®a = 0, which implies b®(bbb®a) = bb®a = 0. Then
b®a = b®(bb®a) = 0.
From (a + b)((a + b)®)? = (a + b)?, it follows that aa®b® + ab®b® = 0. Then
(aa®b® + ab®b®)* = (aa®b®)* + (ab®b®)* = (b®)'aa® + (b®)*ab®,

which implies (b®)*aa®+(b®)*ab® = 0. Right multiplying by a, we obtain (b®)*a = 0. Then (b®)*aa® = (aa®b®)* =
0, i.e. aa®b® = 0. Therefore, we have

a®b = a®(aa®b®)b* = 0.
From (a + b)®(a + b)(a + b)® = (a + b)?, it follows that a®ab® = 0. Then
ab® = a(a®ab®) = 0.

Above all, we have ba® = a®b = ab® = 0,i.e. a Ls4 b.
Only if: Leta L4 band x = a® 4+ b®. Then ba® = 0. And

(a+b)x(a+Db)=(a+Db)a®+b®@a+b) = (aa® + bb®)(@a+b) =a+b.

In the same way, we can also get x(a + b)x = x, ((a + b)x)* = (a + b)x, x(a + b)*> = a + b and (a + b)x*> = x. Then
x is the core inverse of a + b,i.e. (a+b)® = x =a®+b®. O

Theorem 4.9. Let a,b € R®. a 1,4 bif and only if a®b = 0 and (a + b)® = a® + b®.
Proof. 1f: Let a®b = 0 and (a + b)® = a® + b®. Then, from (a + b)®(a + b)(@a + b)® = (a + b)®, we have
a®ab® + baa® + b®ab® + b®ba® = 0. Lift multiplying by a®we obtain (a®)?ab® = 0, which implies a®ab® =

a((a®)2ab®) = 0. Then

ab® = a*(a®ab®) = 0.
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And
(a+Db)(a+Db)® = (a+Db)a® + b®) = aa® + bb® + ba®.
From ((a + b)(a + b)®)* = (a + b)(a + b)?, it follows that
aa® + bb® + (ba®)* = aa® + bb® + ba®,

which implies (ba®)* = ba®.
From (a + b)((a + b)®)? = (a + b)?, it follows that b(a®)? + bb®a® = 0. Then

(b(a®)? + bb®a®) = (b(a®)?)" + (bb%a®)" = (a®)"ba® + (a®)'bb°,

which implies (a®)'ba® + (a®)'bb® = 0. Right multiplying by b, we obtain (a®)'b = 0, which implies that
(a®)*bb® = (bb®a®)* = 0, i.e. bb®a® = 0. Then, we have

b®a = b®(bb®a®)a® = 0.
From (a + b)(a + b)®(a + b) = a + b, it follows that b®a®a = 0. Then
ba® = (b®a®a)a® = 0.

Based on the above results, we have a®b = ab® = b®a = ba® = 0,i.e. a L4 b.
Only if: Leta 1g4 band x = a® + b®. Then a®b = 0. Following the proof of Theorem 4.8, we get x is the
coreinverseof a+ b,i.e. (a+b)® =x=a®+b®. 0O

Remark 4.10. We extend Theorem 3.8 in [4] in a different way and give two new equivalent conditions for the
strongly core orthogonality in rings with involution, which is more comprehensive than Theorem 3.8 in [4].

Theorem 4.11. Let a,b € R®. Then, the following statements are equivalent.
(1)a L4 b;

(2) ab® = 0 and a®b = ba®;

(3) ba® = 0 and b®a = ab®;

(4) a®b = 0 and ab® = ba®.

Proof. (1) = (2) It is obvious.
(2) = (3) Let ab® = 0. Then ab = ab®b? = 0. From a®b = ba®, it follows that

a®b = a®aa®b = a®aba® = 0.
Then, we have
bb®aa® = (bb®)"(aa®)* = (aa®bb®)" = 0,

which implies that b®a = b®(bb®aa®)a = 0. Then, ba® = 0 and b®a = ab®.
(3) = (4) Let ba® = 0. Then ba = ba®a? = 0. From b®a = ab®, it follows that

b®a = b®bb®a = b®bab® = 0.
Then, we have
aa®bb® = (aa®)"(bb®)" = (bb®aa®)* =0,

which implies that a®b = a®(aa®bb®)b = 0. Then, a®b = 0 and ab® = ba®.
(4) => (1) Let a®b = 0 and ab® = ba?, it follows that

ab® = ab®bb® = ba®bb® = 0.

Then, b®a = a®b = ab® = 0. Applying Remark 4.2, we havea L4 b.
O
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Theorem 4.12. Leta,a® € R® be two projections. Then, ais strongly core orthogonal to its complementary idempotent
element1—a,ie. a L,e1—a.

Proof. Letp=aand q=a® Thenb=p—qp =a—a®. If x = a® — aa®, we have
bxb = (a — a®a)(a® — aa®)(a — a®a) = (aa® — a®)(a —a®a) =a - a®a =0
and
xbx = (a® — aa®)(a — a®a)(@® — aa®) = (a®a — a)(@® — aa®) = a® — aa® = x.
Since a,a® € R® are two projections, we have a® = a(a®)? = 2a® and a = a®a* = a®a. Then
bx = (a —a®)(a® — aa®) = aa® —a® = 0
and
xb=(a®-aa®)a-a®) =a®a—-a=0.

We have bx = xb, (bx)* = bx and (xb)* = xb. Then, b = p — gp = a — a®a € RE.
From Theorem 4.1 in [20], we have pg = qp, i.e. aa® = a®a. Then

a®(1 — a®a) = a® — a®a®a = a® — a®aa® = 0.

Obviously, (1 —a®a)a® = 0. Then, a L4 1 —a®a. From Theorem 4.1 in [20], we have
1-a®a=(1-aa®®=1-aa®a=1-a.

Thena L 51 —a. O

Theorem 4.13. Let a,b € R®. Then, the following statements are equivalent.

(DaLlseb;

2)a<®a+bb<®a+b

(3) there exist 1 = ey + e + e3 which is a decomposition of the identity of the ring R, where ey = p = p* = p",
ep=q=q"andes =1—p—q,and then

th 0 s 0 0 O
a=10 0 O , b=10 t s ,
0 00 0 0 O

exe exe

where t1 and t, are invertible in the ring eRe and qRq, respectively.

Proof. (1) = (2) It is obvious.
(2) = (3) By Theorem 3.13, we have that a <® 4 + b if and only if

ty r s 0O 0 O
a=(0 0 0| ,b=|0 t, s
exe

0 0O 0 0 O

4

exe

where t; and #; are invertible in the ring eRe and qRq respectively.
Since b <® a + b, we have b L a. From (7) in Theorem 3.4, we get ab = 0 and b*a = 0. Then,

thor s 0 0 O 0o 0 O
ab=10 0 O 0 t s =0 rtp, 7rsy =0,
exe exe exe

0 0 0/_|0 0 O 0 0 O
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which implies that ¥ = 0. And b*a = 0 is obvious. Then,

tp 0 s 0 0 O
0 0 0f ,b=|0 £ s ,
exe exe

0 00 0 0 O

a =

where t; and ¢, are invertible in the ring eRe and qRg, respectively.
(3) = (1) Let

£t 0 0
0o 0 of .
exe

0 00

z=

We can check that z satisfies zaz = z, aza = a, (az)* = az, az> = z and za> = a. Then z = a®. Thus, we have

;' 0 0] [0 0 0]
{1®b= 0 00 0 tz S2 =O,
0 exe

[0 0 0] 0o 0 o]
0 0 0] [ 0 0

ba® =10 £ s 0 00 =0
0 0 0,0 0 0],

and

t1 0 s 0 0 O
ab=(0 0 O 0 i’z S» =0.
0 0 0],,0 0 0],

Thena L;e b. O

t s

8427

Lemma4.14. Leta,b € R®,anda <~ b. Ifb = [0 O] ,thena = [%1 {102] , where a; = a1t~ 1a; and ay = ayt~1s.
pxp pxp

Proof. By a <~ b, we have

bb®a = bb®aata = bb®bata = ba'a = aata = a,

ab®b = aa’ab®b = aa’bb®b = aa'b = aata = a
and
ab®a = aa’ab®aata = aa'bb®bata = aatbata = aataata = a.

Let the core-EP decomposition of a be
aoa
el ]
3 4],

t s
Ifb= [O O] , then
pxp

1 0
@
=[5 o
pxp

(15)

(16)

(17)
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and

s 10 a; a ap  ap
@, — —
bb“‘[o 0] [0 o] [ag aJ ‘[0 0| -
pXp pXp pXp pXp

From (15), we have

[al 2 N
0 0 “las a ’
pXp 3 4 pXp

which implies a3 = a4 = 0. Then

_ |4 a2
[r]
pXxp

And it follows from (16) that

e [ 1 0 t s |a atls _|m
wP=10 0o o of ool Tlo o ~lo
pxp pxp pxp pxp

which implies a; = a1t~ 's. Furthermore, from (17), we get

o |m atls 10 a; mtls
abba=15 g ] [0 ol o o
L pXp pXp pXp

(a1t 1ay  at gt s
0 0
pxp

o ats
10 0 !
. pxp

which implies a; = a1t7'a;. Then

|41 a2
=[5 5.,
pxp

where a; = ;yt71ay and ap = ;t~1s. O

az
O 7
pxp

Theorem 4.15. Let a,b € R®. Then, the following statements are equivalent:

(1)a Ly b;
(2)a< a+band (a+b)® =a® + b®.

Proof. (1) = (2) It follows from Theorem 4.9 and Theorem 4.13.

(2) = (1) Let the core-EP decomposition of a + b be

t s
0 of =
pxp

Froma <™ a + b and Lemma 4.14, we get

_ |4 a2
-[5 5],
pXp

a+b=

8428
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where a1 = a1+ a1 and a, = a1t 1s. Then

|t-a s-a o |t—a)t 0
ol e e
pxp pxp

Furthermore, let

t S
w=lo %)
pXp

be the core-EP decomposition of 2;. Then

=1 0
(O |
[0 0] .

pXp

And let the core-EP decomposition of +! be

o=[E

By a1 = a1t'a;, we have

alt‘lalz[tl 51] [fl fz] [tl 51]
0 Opxr’fs f4pxno OPXP

_ [ty +s1fsht tfist+s1fas _|h
0 0
pxp

which 1mphes tlfl t+ Slfgtl = 1. Then

tlfl + Slf3 =1.

By (a + b)® = a® + b®, we get

ay O |(t—a)® O _{t 0
0 0 0 0 0 o] ~
pxp pxp pxp

which implies
|
(t—m)® =t —af.
Write
X = t1f2 + Slf4.
By (t —a1)(t —a1)®(t —a1) =t — a1, we have

(t—a)(t—a) " (t—a1) = (t—an) (" —ay" )t — a1)

51
0 7
pxp

=t—2a; — ta‘ft + ta?al + ala?t

=t—u.
Then

—ay — talt + talay + ayai’t = 0.

8429

(18)

(19)

(20)
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Pre-multiplying the above equation and post-multiplying the above equation by +!, we have
. ajy + a?alt_l + t‘lala? =0,

ie.

[0 fflx‘flx] =0,
0 f3x pxp

Then
t'x = fix, fix = 0. (21)
By (t — a1)((t — a1)®)? = (t — a1)®, we have
—a; — ta?t‘l + 1E(a<f))2 —a () + alt_la(l@ - ala?t‘l =0.
Pre-multiplying the above equation by ¢!, we have
—t gy — a?t‘l + (az%”)2 — a7 + t_lalt_la? - t‘lala?t_l =0,
ie.

-t A - fixfs+ (0N - - fixfy -0
0 0 )
pxp
Then

~t - Axf+ () =0~ o - fixfy = 0.
From (21), we have

-t - fixfa+ (T =t A+ (T = (A -+,
which implies

—fi-xfs+t1=0.
Then

A=t =xfs, (71 f = fixfi. (22)
Applying ((t — a1)(t — a1)®)" = (t — a1)(t — a1)®, we have

(tal + mt ) = tal + atL (23)
Since

ta? +ayt™ = ta® + gt (),
we get ((a + £ 'ay ™)) = (@) + a7 ()" by (23). Then,

(@ + Fla ) = HUf +J}1f1’:+f1xf; s +f1f31+f1xfz o,

1 33 pxp

which implies

H'fi+ fifs + fixf; = (B



Y. Liu et al. / Filomat 38:24 (2024), 8411-8432 8431
So,
fa=—fix' fit]. (24)
From (21) and (22), we have
—fx = fax' fitix = fux" (! — xf3) Fx = fax'x = 0.
When f; # 0, it implies x = 0. Then from (18) and (20), we get

aj(t —ay) = (a7 - a?alt_l)t

_ (_tl_l 0- _ —tzl 0_ _i'l Sl] [fl fz] )f

| 0 0<p><p | 0 0] W»O 0 pxp i fa o
_(tl_l of [t o tifi+sifs tifa+sifs t
Mo 0 0 0 0 0

- Apxp L dpxplL pxp

L o
= ( t 0 g0 1 0 )t

0 0 0 0 00

L I L Ipxpl pxp

=0.

When f; = 0, itimplies f = 5 =0and f; =t~ by (21), (22) and (24). And from (18), we have t;#7* = 1.
Then

aj(t—ar) = (a7 - a?alt_l)t

_ ('tl-l o] _[gY o] [0 si| [£! 0 .
B U 0 0] [0 O 0 0
L pxp L dpxpl pxp pxp
_(t1‘1 o _|#' o] ([att O .
“0 0 0 0 0 0
L dpxp L dpxpl pxp
_(tl‘l o] _[* o] [1 0 .
“0 0 0 0] [0 0
L dpxp L dpxpl pxp
=0.

Therefore, by Lemma 4.14, we get

o, _ |a%(t—a1) a®(s —ay)
a®b = [ 0 0
pxp

a®(t —ay) a®(t —a))t™'s
0 0
pxp

0.
From Theorem 4.9, we havea 135, b. 0O
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