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Some new characterizations of normal and SEP elements
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Abstract. We give some new characterizations of normal and SEP elements in a ring with an involution

by the solutions of equations in a certain set. Furthermore, we first use w-core inverses to describe SEP
elements in this paper.

1. Introduction

Let R be an associative ring with 1. An elementa € R is called group invertible if there exists a* € R such
that

a = aa*a, a* = a*aa®, aa" = a*a.

We call the element a* the group inverse of a [3], which is unique if it exists. The set of all group invertible
elements of R is denoted by R*. In particular, if a = a?b = ca® for some b, ¢ € R, then a* = cab = c*a = ab®.
Amap *: R — R, a ais said to be an involution of R if:

@) =a,(ab) =ba’, (a+b) =a +b".
An element a* € R is called the Moore-Penrose inverse (or MP-inverse) of 4, if
aata =a, ataat =a*, (aa*) =aa*, (ata)* =a‘*a.

If a* exists, then it is unique [9]. The set of all MP-invertible elements in R is denoted by R*. Leta € R, a is
said to be normal if aa* = a*a. Mosi¢ and Djordjevié¢ proved that a € R* is normal if and only if aa* = a*a
and a*a™ = a*a* [4, Lemma 1.2]. For other studies of normal elements, one can refer to [6, 10, 11].

We say that an element a € R* N\ R* is EP if a” = a*. The set of all EP elements of R is denoted by RE. For
the works of EP elements, one can see [1, 4-8]. An element a € RE? is called strongly EP (or SEP) if a* = a*.
The third author of this paper and his cooperators have done some works concerning SEP elements [12, 13].

Leta,w € R, a is called the w-core invertible element of R if there exists uu@ € R such that
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@ — aw(a@)Z @ @

a = ay,, awa, (awa@) = away,’,

® ®

where a;;” is called the w-core inverse of a [14, 15]. If a;;” exists, then it is unique. We write Rw® for the set
of all w-core invertible elements of R. In particular, a is called the core invertible element of R if

@ = ﬂ(ﬂ®)2, a= a®a2, (aa@)* — aa@

where a@ is said to be the core inverse of 2. We denote the set of all core invertible elements of R by R@.
Dually, we call 2 dual core invertible if there exists ag € R such that

ag = (ag)’a, a =a’ag, (aga)’ =aga,

where ag is called the dual core inverse of a. The set of all dual core invertible elements of R is denoted by
ke

The studies of generalized inverses in rings with involution are popular recently [1-3, 7, 8, 10-15]. Such
as Mosi¢ and Djordjevié considered Moore-Penrose invertible elements, EP elements and partial isometries
inrings [4, 6-8]. In [1], Cao et al explicitly determined all EP and SEP elements in Z[x]/(x*+x). Among these
works, the study of characterizations of normal elements, EP elements and SEP elements is an important
ingredient in rings. For this reason, the third author Wei and his cooperators have done many works in
recent years [2, 10-13]. For example, Zhao and Wei proved that an element a € R* N R* is SEP if and only if
the equation a*xa = aa*x has at least one solution in the given set x, := {g, a*,a*,a*,(a*), (a*)*}. Then Li and
Wei showed that a € R* N R* is SEP if and only if xx* = aa* for some x € .

Motivated by the existing results, in this paper we give new characterizations of normal and SEP elements

by the solutions of some new equations in the given set p, := {a,a",a*,a", (a*)", (a*)", a®,a@, (@, (@),
Moreover, we first give some sufficient and necessary conditions for an element in an involution ring to be
SEP by the solutions of some equations related to w-core inverses in the given set ¢, := {g, at,a*,a*, (a%),

@+y,a®, (a*)*, (a*)"). Itis obvious that x, C ¢, C p,.
2. Characterizations of normal and SEP elements related to the solutions of equations in a given set
In this section, we will give some new characterizations of normal and SEP elements by the solutions of
some equations in a certain given set p, = {a,a",a",a*, (a")", (a+)*,a@, ag, (@")*, (a")*). Tt is proved that
a® = gtaat, ag = a*taa®, (a")* =a*ala*,

@) = @a*ya(@a'y, @®) = @®) =a%a*, (ag)* = @g)" =0,

(@M =aata*a*a, (@) = (W#)*ﬂ#(ﬂﬂ#)
Moreover in case a € REF, we have

at =a*, (@*) = @y, a® = atant = at,
ag) = a*taa® = a*, (a@)+ = (a@)# =gq, (a@)+ - (a®)# =a,
(11#)+ — {1+{13{1+ =a, ({1+)# — (aa#)*a(aa#)* =q, ((11#)+)* =a,
(a+)#)* =a, ((a#)+)# — a#’ ((u+)#)+ — a#'

In this case p, = {a,a",a*, (a*)*}.

Theorem 2.1. Leta € R* N R*. Then a € RN" if and only if for some x € p,,

()*#+_# (1)



L. Cao et al. / Filomat 38:24 (2024), 8481-8493 8483

Proof. = Sincea € RN, a*a = aa* and a € RF?, i.e., a* = a*. Choosing x = 4, then
a‘a(a*)a*at = (aa*(a*))a’a" = aa*a* = aata* = a*.
& Multiplying the equation (1) on the left by a*a, then

ataa*x(at)a*x* = ataa®.

Since a*aa* = a*, the above equality induces a* = a*aa*, and hence a € REP by [3, Theorem 1.2.1]. By above,
in this condition, p, = {a,a*,a*, (a")"}.
(1) If x = a, then

a‘a(a*)atat = a*.
Multiplying the equality a*a(a*)*a*a™ = a* on the right by 42, then one gets
a‘a(a*)ata*ta® = a*a?,
ie.,
a=a"a® = a*a(a*)a*(a*a®) = a*a((a*)a’a) = a*a(a™)".
This induces

aa* = a*a((a*)'a*) = a*(a*a*) = a’a.

Hence, a € RNr,
(2) If x = a*, then

aat@yat @)t = a.
By a € REP, thena™ = 4" and (a*)" = (a*)* = 4, it follows that
at = a* = a'at (@) at @) = a'at @ty ata = aat (@) = atat(@b)".
Multiplying the equality a*a*(a*)* = a* on the right by a* and remind a*(a*)*a* = a*, one gets
rat = @@t (@t ya) = atar,

which implies thata € RNor,
(3) If x = a*, then

a'a*(a*Yat (@)t = a".

Since a € REP a* = a* = (a*a*(a*)*)a"(a*)* = a*a*(a™)*. As the same as the case of x = a*, one can prove that
a € RNor,
(4) If x = (a*)*, then

a*(a#)*(a+)*a#((a#)*)+ — Cl#.

According to a € R, one has at = a* = (a*(a*)"(a*))a*((a"))* = (a*)'a*a’. Multiplying the equality
(a*)a*a’ = a* on the left by a*, then

ata = (@*(@*)at)a' =a‘a*.

Hence,a € RN, O
Noting that when a € RE?, p, = {a,4*,a*, (a*)*} and x* = x* for any x € p,. Hence, by Theorem 2.1, we can
obtain the following conclusion.

Corollary 2.2. Leta € R* N R*. Then a € RN" if and only if for some x € p,,
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ax(@)atx* = at.

Theorem 2.3. Let a € R* N R*. Then a € RN if and only if for some x € p,,

a*xaa*x* = a. 2)

Proof. = By aa* =a*aand a* = a*, one has a*aa* = a*aa™ = a*, and hence

# # #

(a*aa)a*a® = aa*a® = a*aa® = a".
& Multiplying the equation (2) on the left by aa™, then

aataxaa*x* = aata®.

Noting that aa*a* = a*, one gets a* = (a?a*)’, i.e., a = a?a*, and hence a € RE by [3, Theorem 1.2.1].
(1) If x = a, then

#,2

a*a?ata® = a*.

Thus by a € REP, a* = (a"a?)a*a® = aa*a™. Hence, a € RN by [3, Theorem 1.3.2].

(2) If x = a*, then

(a*a*a)a* (a®) = a*a'a = a”.

So a € RN by [3, Theorem 1.3.2].

(3) If x = a*, then

ataraa* (@) = a*.

Since a € RE?, a* = a*a*aa*(a*)* = a*a*(aa*(a*™)*) = a’a*a. As the same the case of x = a¥, one gets a € RN".

(4) If x = (a*)*, then

a#(a#)*aa*((a#)*)# =a.
This induces a* = a*(a*)*aa*((a*)*)* = a*(a*)*aa"a*. Multiplying the equality a*(a*)*aa*a* = a* on the left by a*a
and on the right by (a*)* respectively, and according to a*a*(a*)* = a* and a*(a*)*a = (a*)*a*a = a, one gets
a‘a =a*(aa*(@a*)) = a*(aa* (@*))a(a*a*(a*)*) = (a*(@a*)a)a* = aa*.

It follows thata € RN", O

Proposition 2.4. Leta € R* N R*. Then a € RE if and only if for some x € p,,

#

a*xaa™x* = a. (3)

Proof. = Choosing x = a, then by a € RSE, one has a* = a*, and hence

a* = a*a(aa*a®) = aa*a® = a*.

& Similar to Theorem 2.3, multiplying the equation (3) on the left by aa™, one gets

aataxaatx® = aata®.

Since aa*a® = a*, one has aa*a* = (aa*a*)xaa*x* = a*, which implies that a € REP by [3, Theorem 1.2.1].
(1) If x = a, then

a* = (a*aa)a*a* = aa*a* = a*,
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which shows that a € RSP,
(2) If x = a*, then

a* = a*a*(aa* (a*)*) = a¥a*a = a*.

Hence, a € R5EP.
(3) If x = a*, then

at = a#a*(aa+(a*)#) — a#a*(a+)* = 4%

It follows that a € RSEP,
(4) If x = (a*)", then

at = a#((a#)*aa+)((a#)*)# — a#(a#)xcayr — a+(a+)*a* =g+,

SoaeREP. O

3. Characterizations of SEP elements via w-core inverses

The aim of this section is to give some new characterizations of SEP elements via w-core inverses in the

certain set ¢, = {a,a",a",a*, (a")", (a*)’, a® (a*)*, (a*)*). Tt is the first time to use w-core inverses to describe
SEP elements.

Theorem 3.1. Let a € R N R*. Then (ﬂ*x#(w)*)@ =a'x(a*)" for x € ¢,

Proof. (1) If x = a, then

a*a#((11+)*a*a)((a+)*a*a)(a+)* — a*(a#az)(f)*
=da‘a(a®),

ﬂ*a((a*—)*a*a#)(a*—)*ﬂ* — ll*(aa#(a*—)*)ﬂ*
— a*(a+)*a*

= [1*,

and

a*a#((a+)*a*a)(a+)* — a*(a#a(a+)*)
= a'(@")
— (a+u)>(-
=a'*a
— (a*a#(a+)*a*a(a+)*)*.
Hence, (ﬂ*a#(w)»)@ =a‘a(a*)".
(2) If x = a*, then

a*(a#)#((a-#)x—a*a#)((a+)*a*a#)(a+)x- — a*(aa#a#)(ﬂﬁ)*

= a'a'@Y,
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a"a#((bf)*u*(a#)#)(f)*a* — a*(ﬂ#ﬂ(ﬂ_'—)*)a*
=a*(a*)a’

= a*,

and

a"(a#)#((f)*a*a#)(f)* — a*(aa#(f)*)
= a'(@*y
— (a+a)>(-
=a‘a
— (a*(a#)#(a+)*a*a#(a+)*)*,
which implies that (a*a(,ﬁ)*)@ =a'a*(a*)".
(3) If x = a*, then

@@ @y a @ @ty a)at @) = @ @a"y )@y @y aatat @)
= a'a((aa®y (a*)'a)ata* (@)
= a*a(aa*aa®) atat (a*)
— a*a((ad"y'at)a* @)
= (a*aa*)a* (a*)"

=aat @y,

a*(a+(u+)*a*)(a+)#(a+)*a* a*(a+(aa#)*)a((aa#)*(f)*a*)
= a'a*a(aa*aa®)’
a*(a+a)*(aa#)*

= (a*aa*an)*

- @@

= a*/

and

a*(a+)#(a+)x-a=ea+(a+)=e — (a*(aa#)*)a((aa#)*(a+)x-ax-)a+(a+)=e

= a'a((aa®)'a*)(@a*)’
=a'(aa*(a")")
=a'(a*)
— (a+a)*
=a*a
— (a*(a+)#(a+)*a*a+(a+)>+)*'

Tt follows that (a" gy )® = a'a* (@',

(4) If x = a*, then

8486
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a*(a*)#(lf)*a*a*(a*)*a*a*(a*)" — (a*a(aa*a)(aa*a#)a)*
= (a*(aaa™)a)*

(a*aa)*

aa'(a*),

a'a* (@) a* @) @) a = ((aa*a®)(aa*a)a)*
= (a*an)’

= a*,

and

@Y @) aa @) = @ aaa*a)a)y
= (a*aaa)’
— (a+a)=(r
=a'a
- @@ @y aa @)y,

Hence, (a*(a#)»(m*)@ =a‘a*(a*)".
(5) If x = (a*)*, then

a*((a#)*)#(a+)*a*(a#)*(a+)*a*(a#)*(a+)* — (a+a#(au+a#)(ua+u)a)*
= (a*(@*a*a)a)*
— (ﬂ+ﬂ#u)*

= 0@y @,

@ (@) @0 (@) @Yo = (a0 a)aa*a")ay
= (aa*a)*

= [1*,

and

a*((a#)*)#(f)"a*(a#)*(f)* — (a+a#(aa+a)a)*
= @ @)y
= (a+a)>e
=a*a
— (a*((a#)*)#(f)*a*(u#)*(a+)*)*.
It follows that (ﬂ*a*(w)*)@ = a*(a*)*(a*)".
(6) If x = (a*)*, then

8487
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a (@)W (@) a @) )(@*ya @))a*) = a'ad*a (aa* @) )a*) @*)"
— a*a(a#a*(a+)*)(a+)*(a+)*
— ﬂ*(ﬂa#(ﬂ-'—)*)(ll*—)*
= r@yey,

a"(a+)"(a+)"a*((a+)*)#(a+)*a* — a*(a+)*((a+)*a*a)a#a*(aa#(f)*)a*
=a'((@*)'aa") (@ (a*)a")
— a*(a+)*a*

= a*,

and

a*((a*)*)#((zf)*a*(a*)*)(a*)* — a*aa#a*(aa#(f)*)(a*)*
— ax-a(a#a*(a+)x-)(a+)x-
= a'(aa*(a*)")
=a'(a)
= (a*a)*
=a*a
= @ (@)Y @ ya @y @)y,
which implies that (ﬂ*((w)*)#(m)»)@ =a(a*)(a*).
) If x = a®, then note that a® = a*aa*, we have aa®(a+) = aa*(aa* (a*)) = a*a*(a*)". Then

a‘a(aa*a®)a® (a*)
a*(aa#a#)(a-#)*

=aat@y,

@@y (@ yea) @y aa @y

a*a#(aJ')*a*(a@)#(f)*a* — a*a#((a+)*u*a)(aa+(a+)*)a*
= a*(a*a(a™)")a*
= a@ya
=a,

and

a*(a@)#((f)*a*a#)(f)* — a*a(aa+a#)(a+)*
= a'(aa"(a*)")
=a*(a*)
— (a+u)>(»
=a"a

= @ @@ @y ad @)y,
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which shows that (a*(a®)#(ﬂ+)*)@ = u*a®(a+)*.

(8) If x = (a*)* = a*a’a*, then a*(a*)* (a*)* = a*ata®(aa* (a*)*) = a*a*a*(a*)*. Thus, we have

(@Y @) aat @y aat @ty = (@ (@) ) (ad") @ ) a)ata (@) a)at dd(aty
- o' (aa* aa®Y'a BPatata @)
= a'a*((aa*)'aH)aPatata®(a*)
= ¢(@*aa)Pata @ty
- r(@P)atat @ty
= (@'aa)a*a*(@*)

=a'ata®(aty,

a*a+a2(a+)*a*((a#)+)#(a+)*a* _ a*a*az(a*)*(a*(aa#)*)a#((aa#)*(a*)"a*)
_ a*a+a2((a+)*a*a#)(aa+aa#)*
= a'a*a(aa®)
= a'(a*a) (aa")*
=a*(a(a’ata))’
= a*(aa®)"
=a,

and

a*((a#)+)#)(a+)*a*a+a2(a+)* — (a*(aa#)*)a#((aa#)*(a+)x—a*)aJraZ(aJr)x-
= aa* (ad"ya )@y
=a'(@*ata)a(a®)
= a*(a"a(a®)")
=a'(a*)
= (a*a)’
=a*a
= @ (@ @y aat @Y.
So (@ @y ® = @@ @
9) If x = (a*)* = (aa*)*a(aa®)’, then a*(a*)*(a*)* = (a*(aa*)")a*aa®)*(a*)* = a*a(aa®)*(a*)*. Thus, we have

a*((a*)#)#((f)*a*a)(aa#)*((a*)*a*a)(aa#)*(f)* — a*a*a(aa#)*u(aa#)*(f)*
— a»s(a+a(a#)*)a*a(aa#)*(a+)*
= (@ (@")'a)a(aa")y (@)

— a*a(aa#)*(aJr)*,

a*a((aa#)*(a*)*a*)((f)#)#(u*)*a* — a*a(aa#)*(f(a*)*a*)
= a*a((aa")*a™)
=a'aa*

= a*,
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and

a"((a+)#)#((a+)*a*a)(aa#)*(a+)* — a*a+a(aa#)*(a+)*
— ayr(a+a(a#)*)ayf(a+)yr
= @ @ya)@*y
— a*(a+)*
— (a+a)*
=a‘a
= (@ (@)@ a'a(aa®) @),

It follows that (a*a+(u+)x)@ =a'(a")*@*). O

Theorem 3.2. Let a € R* N R*. Then a € RSEP if and only if for some x € da, x* and (a* o )® exist and
Y (a*)

(a#x#(mn)@ =a'x(a*)".

Proof. = Since a € Rt?, 4" = 4* = a*. Then by Theorem 3.1, this assertion holds.
< By (ﬂ#x#(w)*)@ =a‘x(a*)*, we have

a'x(@a*)a*x*(a*)a* = a*. 4)
Multiplying the equation (4) on the left by a*a, then
#

ataa*x(at)a*x*(a*)a* = ataa®.

By a*aa* = a*, one can get a* = a*aa®, it follows that a € RE” by [3, Theorem 1.2.1].
(1) If x = a, then by (ﬂ#a#(wy)@ =aa(a*),

ata*(a*)ata(a*)ata(a®) = a*a(a*) .
Since a € RE?, it is easy to compute
a#(a#(f)*a*)a((a*)*a*a)(a*)* — a#(a#az)(a+)* — a#a(w)* — (a+)*'

Thus we have (a*)" = a*a(a*)*. Multiplying the equality (a*)* = a*a(a*)" on the right by a*a*, and according
to (a*)'a*a® = (a*)'a*a* = a*, one gets

a+ — (a+)*a>fa+ — ﬂ*ﬂ((ﬂ*—)*ﬂ*ﬂ*—) - a*aa+ — a*'

It follows that a € RSEP,
(2) If x = a*, then

aat(@*yat @) atya = at,
ie.,

a = a'at @ty at (@ ety at = aat @) (@) at.
Multiplying the equality a*a*(a*)*(a*)*a* = a* on the left by a(a*)* and on the right by aa*, then

a(a*y'ata* @ty (at)ata(@t) = a(at)ata(at)y .
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By a € REP, one has that a((a*)*a*a*)(a*)"(a*) (a*aa*) = aa*((a*)*(a*)'a*) = aa*(a*)* = (a*)* and a(a*)*(a*aa") =
a(a*)'a* = a, which implies that a = (a*)*, i.e.,a* = a*, and hence a € RFF.
(3) If x = a*, then
a'a* @@ty at (@) (at)a* = a*.
This induces
a* = a*(a*(a*)a®)(a)(a*)a* = a'a*(a*) (a*)at.

As the same as the case of x = a¥, one can prove that a € RS,

(4) If x = (a*), then by a*(a*)*(a*)* = a*(a*)*(a*)* = (a*)* = (a*)", one has
a# — (a*(a#)*(a+)*)a#((a#)*)#(a+)*a# — (a*)*a+(a"(a+)"a+) — (a*)*a+a+.

Multiplying the above equality (a*)*a*a* = a* on the left by a* and on the right by 4, and according to
atata = a*a*a = a* = a* and a*a’a = a*a*a = a, one gets

+ +

a* =a‘a*a = a*(a*) (atata) = a*(a*)a* = a*.
It follows thata € R, O

Theorem 3.3. Leta € R* N\ R*. Then a € RSEP if and only if for some x € &g, x* and (a* o )® exist and
Y (a*)

(a*x#(m*)@ = a'x(a")".

Proof. = By a € RSEP and Theorem 3.1, this conclusion holds.
< By (ﬂ*x#(m*)@ = a*x(a*)", we have

a*x@ax(atya = a. 5)
Multiplying (5) on the left by aa*, then
aa*a®x(a*ya'x*(a*)'a* = anta’.

By aa*a® = a*, one has a* = aa*a*, and hence a € R* by [3, Theorem 1.2.1].
(1) If x = a, then by (a*)*a*a*(a*)*a* = (a*)'a*a*a*(a*)" = a*, one has

a* = a*a((a*yaa?(@*)a*) = a*aa® = a*.

Soa € RSP,
(2) If x = a*, then by a*(a*)'a* = a*™(a*)'a* = a* and (a*)*(a*)'a* = aa*(a*)* = a, one gets
y g

a* = a*(@*(a*ya’) (@) (a*)a) =atata = a*.
It follows that a € RSEP.
(3) If x = a*, then according to (a*)*a*(a*)*(a*)'a* = (aa*a*aa®)* = (a*)* = (a*)* and a*a*(a*)* = a*a*(a*)" = a™,
one obtains
a =ata* (@) a (@) (@a*)a) =ata’ @) =a*,

which implies that a € RSEF.
(4) If x = (a*)", then according to (a*)'a*a*(a*)'a* = (a*)'a*a*(a*)'a* = (a*)* = (a*)", one obtains

at = a*(a#)*((f)*a*a*(a*)*a*) — a*(a*)"a* =g,

Hence, a € RSEP. O
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Theorem 3.4. Let a € R* N R*. Then a € R°EP if and only if for some x € g, x* and (a* (- 3B exist and
Y (a*)

(a"x#(m*)@ =a*x(a*)".

Proof. = By a € RSEP and Theorem 3.1, the statement holds.
& Since (ﬂ*x#(w)*)@ =a*x(a*),

a’ =a'x@)a'x @) a. (6)
Multiplying (6) on the left by aa*, then
aatatx(a*)a*xF(at)at = an*ar.

Since aa*a® = a*, one has a?a* = a, and hence a € RE” by [3, Theorem 1.2.1].
(1) If x = a, then

a* = a*a(a*)ata*(at)a".

Since a € RE?, one has a* = a*(a(a*)'a*)(a*(a*)'a*) = a*aa® = a*, and hence a € R°FP.
(2) If x = a*, then

a* = ata*(a*)'a (@) (at)a".

By a € REP, a* = a*a*((a*)'a*(a")*(a*)'a*) = a’a*a = a*, which implies that a € RS,
(3) If x = a*, then

a* = ata*(a*)a (@) (@) a.

Noting that a € RE?, one gets a* = a*(a*(a*)'a*)((a*)*(a*)*a*) = a*a*(a*)* = a*. Hence, a € RSFP.
(4) If x = (a*)", then
a* = a'(a'y (a*)ya (@*y ) atya.
Because a € RFP, one can have that a* = a*((a*)"(a*)'a’)((a*))*(a*)'a*) = a*(a*)'a* = a*. It follows that
aeREP. O
In [2], Li and Wei proved that for an element x € x, := {a,4%,a",a*,(a")", (a*)*}, then xx* € R°E" if and

only if (xx*)® = xx* ([2, theorem 4.7]). In fact, this statement is true for any x € R* N R*. Thus, we have the
following conclusion.

Theorem 3.5. Let a € R* N R*. Then xx* € RSEP if and only if for some x € ¢, xx@ exists and

xx@ = xx".
Proof. = Choosing x = a, then by a € R, g* = ¢* = g+, we have aa*a = a. Thus, following equalities hold:
g y
aa*(aa*)* = (aa*a)a*aa* = (aa*a)a” = aa’,
(aa*a)a*a = aa*a = a,

and

((aa*a)a*)" = (aa*)* = aa*.
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It follows that a,” = aa”.

< By xx@ = xx*, we have

xxt(xx*)? = (xx*)® = xx”.

Thus xx* € RSEP by [2, theorem 4.7]. O
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