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The general solution to a system of real split quaternion matrix
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Abstract. In this paper, we present a direct methodology for solving a novel system of split quaternion
matrix equations. Leveraging the Moore-Penrose generalized inverse, the Kronecker product, the vec
operator, and the real representation of split quaternion matrices, we offer a comprehensive toolkit. The
primary aim of this paper is to establish the solvability conditions of a system over the split quaternions
and provide a general solution expression when it is consistent. We also give an algorithm to find the
approximate solution to this system when it is inconsistent. Finally, we give a numerical example to
showcase the efficacy of our approach.

1. Introduction

Hamilton quaternions were discovered by Irish mathematician, William Rowan Hamilton in 1843 [26].
It is a significant discovery in terms of the mathematical history. Quaternions and quaternion matrices are
not only used in mathematics but also have applications in numerous other fields, such as attitude control,

computer graphics, robotics, control theory, physics, orbital mechanics, and signal processing (see, e.g.[18],
[34], [52], [54]). The set of quaternions is denoted by H and defined as

H = {q = q0 +g1i + q2j + g3k : 90,91, 92,95 € R},
where R is the real number field, i, j, k satisfy
i? =7 =k =ijk = -1.

General characteristics of quaternions and quaternion matrices can be found in [63]. In 1849, six years
after Hamilton discovered quaternions, the algebra of split quaternions or coquaternions was first presented
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by James Cockle [25]. The algebra of split quaternions is a four-dimensional real vector space with a specific
multiplicative operation. The set of split quaternions is denoted by Hs and represented as

Hs = {g = q0 + g1+ q2j + g3k : 40,91,92,93 € R},
where
i?=-1, =K =ijk = 1.

The main difference between split quaternions Hs and quaternions H is that Hs is not a skew field,
and it contains many zero divisors and nilpotent elements [29]. Due to these complicated characteristics,
studying split quaternions is more challenging than quaternions. As one of the emerging research topics,
the split quaternions have also been applied in split quaternionic mechanics and some other fields, such as
the model of public key cryptosystems, geometric theory, rotations in four-dimensional space E2, and so on
(see, e.g., [2],[19], [33], [35]). Many significant characteristics of split quaternions have been investigated in
recent years, one may be found in [29].

Quaternion matrix equations find wide applications in various fields, including mathematics, engi-
neering, system and control theory, data analysis, color image processing, and optimal control (see, e.g.,[7],
[14], [63]). The problem of solving matrix equations holds significant practical value which is attracting
considerable attention from scholars. As a result, numerous researchers (see, e.g., [1], [8-11], [26], [28], [36],
[39], [43], [50], [56], [61], [64],[65]) have used various approaches to investigate the solutions of the matrix
equations. As we know that Sylvester and Sylvester-type matrix equations are extensively applied in robust
control [4], graph theory [12], output feedback control [42], neural networks [66] and other fields (see, e.g.,
[3], [8], [40]). Roth [39] derived the Sylvester-type matrix equation for the first time over the polynomial
integral domian. Baksalary and Kala [1] gave the solvability conditions and established an expression of the
general solution of Sylvester-type matrix equation. He and Wang ( [15], [17], [47]) proposed the necessary
and sufficient conditions for the solvability to the systems of one-sided coupled Sylvester-type quaternion
matrix equations and derived the expressions of general solutions to these systems. Moreover, the general
solutions of some systems of mixed type generalized Sylvester matrix equations were also studied in ([48],
[49]). Wang et al. [51] derived the solvability conditions to the following two-sided coupled Sylvester-type
matrix equations

AX=Ey, XB1=E,, CY=E; 1
YD, = E4, AyXBy +CoYD, = Es, ( )

and then provided the least squares solution with the least norm to the system (1) in [53]. In 2019 [54], the
solvability conditions and the form of the general solution to the following system of matrix equations

AX=Cy, AY=C, AZ=C;,
XB1 =Dy, YBy=D,, ZB3=Ds3, (2)
AyXBy+C4YDy =P, A5ZB5 + C5YD5 = Q

were also investigated. Xie and Wang [55] gave the solvability conditions and the general solution to the
system (2) over commutative quaternions. Some necessary and sufficient conditions for the solvability of
the system of five quaternion matrix equations in terms of the ranks of matrices were derived in [57]. In
2022, Yuan and Wang [60] investigated a system of twelve matrix equations over quaternion algebra and
established the solvability conditions and an expression of general solution when the system is consistent.

It is worth noting that 7-Hermitian quaternion matrices and 7-anti-Hermitian quaternion matrices
have important applications in linear modeling and convergence analysis in statistical signal processing
(see, e.g.[44-46]). There are many results focusing on the n-Hermitian solution, the n-anti-Hermitian
solution, and other solutions with special forms (see, e.g., [5], [16], [27],[37], [38],[67]). Recently, Kyrchei
derived determinantal representations of the solutions to some systems of quaternion matrix equations and
two-sided generalized Sylvester matrix equations (see, e.g.,[21-24]).
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Now, we turn our attention to the solution of split quaternion matrix equations. A few studies have
expanded the results of quaternion matrix equations to the split quaternion equations. Li et al. [26] used
the real and complex representations of split quaternion matrices to examine the 7-Hermitian solutions of
the equation (AXB, CXD) = (E, F). In [68], Zhang et al. studied the split quaternion least squares problem
and provided two algebraic methods for finding solutions to the problems in split quaternionic mechanics.
In order to explain the consistency of two types of split quaternion matrix equations AX*—XB = CY +D and
X—-AX'B = CY+D, Liuand Zhang [29] derived some new real representations of split quaternion matrices.
Yuan et al. [59] discussed the Hermitian solution of split quaternion matrix equation AXB + CXD = E
and established the necessary and sufficient conditions for the existence of the solutions. Yue et al. [58]
investigated the bisymmetric and skew bisymmetric solutions of a split quaternion matrix equation and
found the equivalent solvable conditions and general expressions of the (skew) bisymmetric solutions.
Kyrchei [20] investigated Cramer’s rules for left and right systems of linear equations with Hermitian
split quaternion coefficient matrices. Liu and Zhang [30] derived the necessary and sufficient conditions
and provided the expression of general solutions for the matrix equation AXAT = B. Si and Wang [41]
presented the general expression for solving a dual split quaternion matrix equation AXB = C. Gao et al.
[13] established the necessary and sufficient conditions for the system of split quaternion matrix equations
for the existence of 1- anti-Hermitian solutions.

Motivated by the work mentioned above and keeping the interest in wide applications of split quater-
nion matrices, we in this paper consider the following problem which represents a significant extension of
the previously considered equations. For the convenience, throughout this paper, we denote the sets of all
m X n real matrices, complex matrices, quaternion matrices, and split quaternion matrices by R™", C"*",
H™" and ]I—I’;X”, respectively.

Problem 1. LetAl, Cl, E, € H?Xn,Az, C2, E, € HZXk,Eg;, Ey4, E5 S ]I—Irsnxn,Fg,, Fy, F5 € Hng,Bl, Dy, Fi € Hsmxn’
By, Dy, F, € HY*, and H € H**. Find

X = {[X,Y,Z] ‘ X, Y,Z e Hg"",A1X =B, XAy =B,, C1Y =Dj,

3)
YC,=D,, E1Z=F,, ZE, =F,, E3XF3 + E4YF, + E5ZP5 = H}

The remainder of this paper is outlined as follows. In section 2, we study the real representation of
split quaternion matrix and also analyse the structure of vec(EXF) over split quaternions. In section 3,
considering different methods mentioned in ([26], [55], [60]), we propose some necessary and sufficient
conditions for the solvability of the system (3) and give an expression of the general solution to the system
(3) when it is solvable. In section 4, we present an algorithm and a numerical example to illustrate the main
results of this paper. Finally, we conclude this paper by giving some remarks in section 5.

2. Preliminary

In this section, we consider some definitions and lemmas that will be used in the following development
of this paper.

For A e ]H’gx", A can be uniquely expressed as A = Ay + A1i + Azj + Ask, where Ay, A1, Ay, Az € R™",
The conjugate matrix A is expressed as A = Ay — A1i — Azj — A3k, the transpose matrix AT is defined as

AT = AT+ATi+ATj+ATk, and the conjugate transpose matrix A* is represented as A* = AT-ATi-AJj—ATk.
Let A = (a;;) € R™" and B € R*/, then the Kronecker product of A and B is defined as
ﬂllB e alnB
A®B=

amB ... au.B
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For any given a; = (a1;, i, **+ , ami), we define vec(A) = (a1, a2, -+- , a,)T, wherea;(i= 1, 2, ---, n)is the th
column of A. The Moore-Penrose generalized inverse of A € C"*" denoted by A" is a unique matrix which
satisfies the following equations,

AXA=A, XAX =X, (AX)' =AX, (XA) =XA.
For A = Ag + A1i+ Ayj + Ask € ng”X”, A; € R™", areal representation of A is given by
Ay A1 A Az
-A1 Ay -A; A

Az —A3 Ao _Al
Az A A Ay

G(A) = € R4,

It is easy to verify the following results.

Proposition 2.1 ([26], [30]). For A, B € H{™" and k1, k € R, we have the following:
(1) A =Bifandonly if G(A) = G(B);

(2) G(AB) = G(A)G(B);

(3) G(k1A + k2B) = k1G(A) + k2 G(B);

(4) G(l,) = Ly, where I, is an identity matrix with order n.

For any B = By + Bji + Byj + Bsk € ]Hg””, we define ¢p = (By, B1, By, B3). Clearly,

IBIl = lipsll = VIIBoll2 + 1Bl + [IBI12 + [[Bs]P?,
and
B+C=d¢p+ ¢c.
Thus
llppcll = llgp + Pcll.
Let B = (Bo, B1, Ba, B3) and then
vec(By)
vec(Bq)

vec(By)|”
vec(B3)

vec(B) = vec(ds) =

Moreover, we have

vec(By)
- B
Ivec(B)l = Iivec(@n)l = || voctp!
vec(B3)
Theorem 2.2. If k is a real number and A, B € HZ*". Then
(1) A=Bifandonlyif s = ¢p;
(2) Pass = Pa+ Ppand Pra = kpa;
(3) Pap =PaG(B).
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Proof. (1) and (2) can be proved easily, here we only consider (3). The multiplication of two split quatrernion
matrices A and B is expressed as

AB = (Ao + Aqi+ Azj + A3k)(B0 + Bii+ Bz] + B3k)
= (A()Bo - A1B1 + Asz + A3B3) + (AOB1 + A1B0 - A2B3 + A3B2)i
+ (AOBZ — AlBg + AzBO + A3Bl)j + (AoB3 + Ale - AzBl + A3B0)k.
Thus
B, B, B, B
-B1 By -Bs; B
= (Ap,A1,A, A = G(B).
quB ( 0,431,412 3) B2 _B3 BO _B1 qu ( )
Bs By Bi By
|

By the definition of A ® B, it follows that
vec(AXB) = (BT ® A)vec(X).

However, it cannot hold in the split quaternion algebra for noncommutative multiplication of split quater-
nions. Thus, we have to study the structure of vec(¢axa).

Theorem 2.3. LetE = Eg+Eji+Exj+Ezk € ]I—I?X",X = Xo+X1i+X0j+ X3k € ]I—I';X”,F = Fo+F1i+Fyj+F3k € ]I—Ing.
Then

vec(Px)
vec(exe) = (G © o, G @ Fs, GO & Ex, G 9 )| v,
vec(Prx)
where
vec(—X1) vec(Xy) vec(X3)
et = 50| vt =", et =[50
vec(Xa) vec(—X1) vec(Xo)

Proof. By Theorem 2.2, it follows that

¢exr = PrG(XF) = prG(X)G(F)

Xy X, Xo Xs1[Fo Fi FE Fs

X, Xy -Xs X ||-F, Fy -F; F,

X -Xs Xo -Xi||F -F F -F

X3 X5 X1 Xo |l F3 F, F; Fy

= [(EoXoFg — E1X1Fo + EoXpFg + E3X3Fy — EgX1F1 — E1XoF1 + Eo X3Fy — E3XoF;
+ EgXoFy — E1X3F; + EoXoF, + E3XqFy + EgX3F3 + E1XoF3 — Ex X F3 + E3X(F3),
(EoXoF1 — E1X1F1 + ExXoF + E3X3F1 + EgX 1 Fo + E1XoFg — Ex X3Fg + E3XoFy

— EgX,F5 + E1X3F3 — Ex XoF3 — E3X1F3 + EgX3F, + E1XoF, — Ex X1 Fp + E3sXoF»),
(EoXoF2 — E1X1F> + ExXoF + E3X3Fy — EgX1F3 — E1XoF3 + Eo X3F3 — E3XoF;3

+ EgXoFg — E1X3Fg + EoXoFo + E3X Fo + EgX3F1 + E1XoF, — Ex X F1 + E3sXoFq),
(EoXoF3 — E1X1F3 + Ex XoF3 + E3X3F3 + EgX 1 Fy + E1XoF2 — Ex X3F, + E3XoF>

— EgXyF1 + E1X3F — Ex; XoF1 — EsX1Fy + EgX3Fy + E1 XpFg — E; X Fo + EsXoFp)].

= (Eo, E1,E», E3)
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Therefore,

VeC(¢Exy) =Ki+K, + K3 + Ky,

where
[(F} ® Eg)vec(Xo) + (=F] ® Eg)vec(Xy) + (F; ® Eg)vec(Xy) + (F; ® Eg)vec(Xs)
K = (F% ® Eg)vec(Xp) + (POT ® Eg)vec(Xy) + (—1—"Zr ® Eg)vec(X,) + (Fz ® Eg)vec(X3)
1= (FJr ® Eg)vec(Xp) + (—Fg ® Eg)vec(X7) + (FBf ® Eg)vec(X,) + (FI ® Eg)vec(X3)
_(Fif ® Eg)vec(Xo) + (F} ® Eg)vec(X1) + (—F] ® Eg)vec(Xz) + (FOJr ® Eg)vec(X3)
[Fr —-FT Fr FT vec(Xo)
3 F% Fgl —I%T F% E vec(X?)
=\ T | @B [vec(xy)
[|F3 Ff —F] FOJf vec(X3)
vec(Xp)
= G @ k) |vecl)|-
vec(X3)
Similarly, we can prove that
vec(—X1) vec(X3) vec(X3)
K= (6O 0 E) | WO |, K = G e ) [ ) ki = T @ B VD).
vec(X>) vec(—X1) vec(Xp)
Hence,
vec(¢x)
vec(pexe) = (GO © B0, GPI" © E1, GE)' © E2, G @ E2)| Veg( ).
vec(¢rx)
|

8832

Note that the above results are important for solving a system of constrained two-sided coupled Sylvester-

type matrix equations over the split quaternions.

Lemma 2.4. Suppose that C = Co + Cii + Cyj + Csk € HE*, then

vec(¢c) |

vec(pic) | _ =

VeC((P]'C) - anVeC(C),

vec(Prc))

where

(r L. 0 0 O 0 —-Ix O 0

Cp= Ci 0 = 0 Ly 0 O Gy = Lie O 0 0

nk — C]I s LI 0 0 I‘rlk 0l il — 0 0 0 _Ink ,
Crr 0 0 0 Ik 0 0 Ly O
0 0 Ly O 0 0 0 Ig

Co= 0 0 0 —Ix G = 0 0 Ly O

T 1L 0 0 0 7]0 Iy 0 0
0 -ILy O 0 L. 0 0 O
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Proof.
vec(¢c) [ vec(Co) + vec(Cy)i + vec(Cy)j + vec(Cs)k
vec(pic) | _ |vec(—=Cq) + vec(Co)i + vec(—C3)j + vec(Ca)k
vec(pjc) | [vec(Ca) + vee(=C3)i + vec(Co)j + vec(—Cy)k
vec(Prc)] | vec(Cs) + vec(Cy)i + vec(Cy)j + vec(Co)k
[ Ci ][ vec(Co)
| Gir||vec(Cy)| _ -
= C;‘ lvec(cl) = Cvec(C).
| Cir | [vee(Cs)
O

Using Theorem 2.3 and Lemma 2.4, we can obtain the following result.
Corollary 2.5. IfE = Eg+Eji+Ezj+Esk € H, X = Xo+ Xqi+Xoj+Xsk € HY", and F = Fo+F1i+F2j+F3k €
H* . Then
vec(Pexr) = (G(F)' ® Eo, G(F)' ® E1, G(F)" ® Ez, G(F)" ® E3) (evec X).
To find the solution of system (3), we recall the following lemma.
Lemma 2.6 ([55]). The matrix equation Ax =b, A € R™" and b € R", has a solution x € R" if and only if
AAb =b.
In this case, the general solution can be expressed as
x=A"b+ (I, - ATA)y,

where y € R is an arbitrary vector. If rank(A) = n the equation has a unique solution x = A%b.

3. The Solution of Problem 1

From the above discussions, we now pay attention to solving the system of split quaternion matrix
equations (3). For convenience, we provide the following notations that will be used in the sequel. Let
Al = A10+A11i+A12j +Aizk, Cp = C10+C11i+C12j+C13k, E, = E10+E11i+E12j+E13k € ]I‘I;"XH, Ay, Cy,Ep € HnXk,
E; = Ei + Eni + Epj + Egk € H™" (t = 3,5), F3,Fy,Fs € HY*, B;, Dy, F; € H™", By, D>, F, € H, and
H € H{™*. Set

[GDT®Aw GDT®AL GIDT®AnL GIDT®A;]
G(A)T®I 0 0 0
0 0 0 0
L= 0 0 0 0 Co,
0 0 0 0
0 0 0 0
|G(F3)"®E3 G(F3)"®Es G(F3)T®Es, G(F3)' ® Ess]
0 0 0 0
0 0 0 0
GT®Cpw GH'eCu GIN'®Cn GI)'e®Cis
P=| GC)T®I 0 0 0 Co,
0 0 0 0
0 0 0 0
|G(Fy)" ®Ey G(F)"®Eyn G(F)"®Eyn G(F4)" ® Egs]
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0 0 0 0
0 0 0 0
0 0 0 0
Q= 0 0 0 0 L.
G(I)T ® Eqg G(I)T ® Enq G(I)T ® E1p G(I)T ® Eq3
GE)T®I 0 0 0
|G(F5)T®Esg G(Fs)"®Es; G(F5)T®Es; G(F5)T ® Es)
Let
Vi=I[L; P;, Q]I (j=0,3), 4)
[E
Vo Ef
T1= V1,€= EZI (5)
Vs Es
where
[vec(¢s,;) ]
VeC(<PBz,-)
vec(¢p,;)
E; =|vec(¢p,)| (j=0,3).
vec(¢r,;)
vec(¢r,;)
| vec(¢n;) |

Theorem 3.1. For A, Cq, Eq € H?x",Az, Gy, E, € Hng , E3, E4, E5 (S ]I—Iglxn, F3, Fy, F5 S HEXk, By, D4, F; €

,B>, Dy, Fp € ,an S . Let T1, V3 and € be defined in an . Then, Problem 1 has a solution
H", By, Dy, F, € HP¥, and H € H*. Let Ty, V3 and € be defined in (4) and (5). Then, Problem 1 h luti
[X,Y, Z] € HY" if and only if

+
il e

In this case, the set of general solution can be expressed as

VEC(;() T t T t T
X= {[X/ Y,Z] VEC(;) = [V;] €+ [112112 - [V;] |:V;j| }y}/ (7)
VGC(Z)

where y is an arbitrary vector with appropriate order. Furthermore, if (6) holds, then the system of split quaternion
matrix equations (3) has a unique solution [X,Y, Z] € x if and only if

Ti|_ 5.2
rank [Vs} =12n". (8)

In this case, we have

Vec(;() _—
={x 21| veett)| =[] ¢ ©)
VE‘C(Z)
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Proof. By Corollary 2.5 and Theorem 2.2, it follows that

3) {¢A1x =08, Pxa, =P, Pciy = Ppy, Pyc, = Py,

Qez = Or,, PzE, = Pr,, PEXE, + PE,YE, + PEszFs = PH,

o {vec<¢A1X> = vec(fn,), veclpxa) = vec(dn), vec(pey) = vec(d,), vec(re,) = vee(@n,)

vec(Pr,z) = vec(Pr,), vec(Ppzg,) = vec(Pr,), vec(Pe,xr;) + vec(Pg,yr,) + vec(Pe,zr;) = vec(Pn),
=3 Lvec(;() + Pvec(§) + QVGC(E) =g,

Lo Po Qo Vec(;()
o Li P O Dlee
L, P, Q Vec(z) =€,

Lz P3 Qsf[vec(Z)

Vec(;()
T1 - _
(=4 V3] Vec(z) = €.
) vec(Z)
By Lemma 2.6, Problem 1 has a solution [X, Y, Z] € x if and only if (6) holds. If this condition is satisfied,
then
[vec X
(X) T TR
vec(Y)| = Vs €+ |l — Vsl | Vs v
| vec(Z)

which implies (7) holds. Moreover, if (6) holds, Problem 1 has a unique solution [X, Y, Z] € x if and only if

SRR
][]
_V3:| [V3] - 112112/ (10)

that means that (8) holds. Thus we have (9). O

As mentioned in ([59], [64]), Theorem 3.1 is simple and convenient to solve the split quaternion matrix

equations (3), especially when the known matrices are small in size. In order to deal with the Moore-
t

Penrose generalized inverse of the block matrix [‘7;13] , we use the following results from [31] and derive

them as follows. Let

s = 12mn + 12kn + 4km,
R = (I — T{T1)V3,
Z =+ (- RIRVSTITI'VI(, - R'R)) 7,
W =R"+ (I, - R'R)ZV5T T (I),2 — VIR,
On =Iss — T1 T} + TTTVIZ(I, - R'R)V5TT,
O = -Ti'V3 (I - R'R)Z,
Oy = (I, - R'R)Z

From the results in [31], we have

7,1 T[T
] ot wrvsttn, [ ) =i e a
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and
+ -
Ti| |Ta|_|®u On2
Iis — = . 12
ol [l -[et &l &
Theorem 3.2. Problem 1 has a solution [X, Y, Z] if and only if
On Op|
[®1T2 O] e=0. (13)
In this case, the set of general solution can be expressed as
Vec(;()
X= {[X/ Y, 7] ‘ VQC(?) = [TV - WTVSTH, WTe + (Ige — TIT - RR*)y}, (14)
Vec(z)

where y is an arbitrary vector with appropriate order. Furthermore, if (13) holds, then the system of split quaternion
matrix equations has a unique solution [X,Y, Z] € x if and only if (8) holds. In this case,
Vec(;()
X= {[X/ Y, Z] ‘ Vec(;) = [TI - WTV,T], WT]€}~ (15)
VE‘C(Z)

Proof. We have seen in Theorem 3.1 that (6) is the necessary and sufficient condition for the existence of
solution [X, Y, Z] € x. We can rewrite (6) as

e[ J=e

From (12), system (3) has a solution [X, Y, Z] € x if and only if (13) holds. From Theorem 3.1, and (11), (7)
implies (14). Furthermore, if both (8) and (13) hold then we can write (9) in the form of (15). O

Corollary 3.3. Let the condition be satisfied in Theorem 3.2. Then the optimization problem
min_(lpxIP + gyl + llpzIP)

[X,YZ]ex
has a unique minimizer [X;, Y, Z;] which satisfies
Vec(}_()l)
vec(Y)) | = [T} - WV, T WTe. (16)
vec(Z))

Proof. From (14), we can see that the solution set y is a nonempty closed convex set. Hence,

. 2 2 2 . 2 L VA2 4 112
min + + = min (| X||*+|YIF+I||Z
Jmin (6xI + gyl + Izl = min (IXIF + V12 + 1ZIP)

= i }_)( 2+ ? 2+ z 2
[XI,Iyl,%r]leX(HveC( WP + [[vec(Y)I? + [Ivec(Z)|[%)

o2
vec(X)

- [X?érllex Vec(z)
vec(Z)
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vec(X))
By Theorem 3.2, we have Vec(l_/;) is in the form of (16). [

vec(Z))

We have two theorems to solve Problem 1 so far. We have derived the necessary and sufficent conditions
for the existence of a solution of the system of equations (3) and provide the general solution formulas,
respectively. Obviously, Theorem 3.2 is based on Theorem 3.1. The only difference between them is from
the viewpoint of calculations. Theorem 3.2 takes advantages of the results of equations (11) and (12) to
solve Problem 1. Consequently, Theorem 3.2 is more general than Theorem 3.1.

4. Numerical Verification

Based on the discussions in sections 2 and 3, we provide an algorithm and a numerical example for
finding the solution of Problem 1. The algorithm is based on Theorem 3.2 and Corollary 3.3. If the condition
(13) for the system of matrix equations (3) holds, the following algorithm give the numerical solution of
Problem 1 for [X, Y, Z] € HY".

Algorithm 1

1. Input the matrix: Input Al = A +A;d +A12j +A;zk, C; = Co+Cpi+ C12j +Cisk, E1 = Ejo+ Eq1i+
Elzj +E13k S Hglxn, Ay, Cy, Ep € Hng, E; = EtO +Et1i+Et2j +Et3k (S ]I_Irsnxn (t =3, 5), F3,F4,F5 [S Hng,
By, D1, F1 € HP", By, Dy, F, € H* and H € H>.

Compute Tl, V3, R, Z, W, @11, @12, @22 and €.

If both (8) and (13) hold, then calculate [X;, Y;, Z;] € x according to (15).

If only (13) holds, then calculate [X;, Y;, Z] € x according to (14). Or else, go to next step.
Calculate [Xj, Y;, Zj] € x according to (16).

Ol W

If the system (3) is consistent, then
+
Ty Ty
e
+
I T T, | | ®u ©On
V3 V3 ®I2 ®22

Example 4.1. Letm=3,n=2,k=3,and A, =Apn+Ani +Au2]' +Au3k, C,=Cup+Cpi+ Cl,2j+ Cu3k, u=1,2
E\v =Eyo+ Eni+ Ev2j + Ev3k/ (?\z 1, 5)/ Fy =Fuo + Funi + Pw}j + Fw3k/ (w =3, 5)/
X = XlO + Xlli + Xlzj + X13k , Y = Y10 + Ylli + lej + Y13k, Z = ZlO + lei + lej + Zl3k. We take

N‘

and

N3 =

must be small.

015 0 0 -2 -1 0 1 -2
Ap=1038 087|, An=|-1 1|, Ap={0 =2|,A=|0 0],
0.16 0.35 2 2 -2 0 -2 2
[0.65 0.94 0.24 1025 2 1 0 1
Azo‘»o.% 0.46 0.76]’A21_[0 1 —1]"“22‘[—1 -2 1]'
0 —2 o 0.66 0.75
A23= 1 0},(:10: 0.04 0 ,C11:C12=C13=Z€TOS(3,2),
, 0.81 053
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C_’o.790.440.75c_20.50C_0—10C_12—1
070058 026 023" 771 0 1)1 0 2P 7|0 2 0
0.5 04 2 -1 -1 2 0 2
Eyy=06 0|, En=(0 1|, Ep=|1 2|, E3=|2 1|,
09 0.8 2 0 1 2 10
[—0.2 02 08 2 -1 0 0 -2 -1 1 -2 1
Ex=199 o 0.6]']521‘[0 2 2]’522‘[0 0 —1}']523‘[0 2 —1]'
[0.38  0.53] -2 —1] 0 1] 0 1
Es=10.62 026|,E;=|0 1|, Epn=|2 =-2|,Ex=|-1 -2],
0.58 0.25] |2 -2 -1 -1 -1 0]
[0.14  0.04] (1 -2] -1 2] -2 1
E40= 022 011 ,E41= 2 0 ’ E42= 025 0 ,E43— 0 0 ’
0.18  0.62] -1 0] | 0 2] -1 -2]
[0.09 0 ] -1 =2 0 -1
Eso =(0.04 0.31{, Es; = zeros(3,2),Es =1 0], Esg=|-1 =2,
056 0.18) -2 =2 2 2
pof055 051 0] -2 -1 2] . 0o 1 -1] . _[-1 0 0
07 (058 0.08 099" |-1 2 2/7"*27 |05 0 2" F 7|0 -03 025/
[0.70 022 0.67] [1 05 0 1 2 -1
F40‘_o.73 0.27 O.48_’F41__1 0 1]’F42‘Z”"S(2'3)' F43‘[—1 2 —1]'
E _[0.65 039 0.84] F 25 1 1 b |reros@3)] oo _[-1 011
070083 075 032 T2 025 0% |onmes(1,3)|” " T |2 -2 1)
1 -1 097 0.84 1 -0.25
XlO - _1 _1:|/ Xll - [033 073:|/ X12 - Ones(Z, 2)/ X13 - [_1 0 ]/
(1 0.1 0.25 0.5 1 0
YlO = »_1 1 ]/ Yll = [ -1 089] s Y12 = 26705(2, 2)/ Y13 = |:_1 0]/
(1 1 -1 1 1 1 0.01 -0.05
Zuo=|_4 —1]'2“‘[1 —1}'212‘[0.5 1}'213‘[—0.1 —0.02]'

where zeros(n, k) is an n X k matrix whose all elements are zero and ones(n, k) is an n X k matrix with all one
elements. Let

5, = 94, G(X), Pp, = DzG(A7), ¢, = bc, G(Y),
¢p, = p3G(Ca), Dr, = P, G(Z), P, = P7G(E2),
$n = e, G(X)G(F3) + ¢e,G(Y)G(Fy) + ¢, G(Z)G(Fs).

Using Matlab and Algorithm 1, we obtain

rank [ h

v ] =48, N, =9.6181 x 107
3

Therefore, we can see that the system of equations (3) is consistent. Additionally, we can compute Ny = 9.904 x 10~ 14
and N3 = 9.7774 X 107*.  Thus, Problem 1 has a unique solution [X,Y,Z] = [X,,Y),Z/] € x and we can get
||(P[XI:YIrZI] - qb[i,?i]” =1.1036 x 10714,
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5. Conclusion

In this paper, we have discused how to find the solution of the system of split quaternion matrix

equations (3) by using the Kronecker product, the Moore-Penrose generalized inverse, the vec operator,
and the real representation of split quaternion matrix. We have proposed necessary and sufficient conditions
for the solvability of the system (3) and established the expression of the general solution of the system

@)

If the system (3) is inconsistent, then we have given an algorithm to find its approximate solution.

Moreover, a numerical example has also been designed to illustrate the results of this paper. Inspired by
([32], [62]), we plan to explore solving the system (3) of tensor equations over the split quaternion algebra
in future work.
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