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Generalized Cartesian symmetry classes

Seyyed Sadegh Gholami?®, Yousef Zamani®**

?Department of Mathematics, Faculty of Basic Sciences, Sahand University of Technology, Tabriz, Iran

Abstract. Let V be a unitary space. Suppose G is a subgroup of the full symmetric group S,, and X is an
irreducible unitary representation of G. In this paper, we introduce the generalized Cartesian symmetry
class over V associated with G and X. Then we investigate some important properties of this vector space.

Also, we study some basic properties of the induced linear operators on the generalized Cartesian symmetry
classes. Some open problems are also given.

1. Introduction and Preliminaries

In recent years, the study of symmetry classes has played a fundamental role in various branches of
mathematics (see [1, 2, 4, 5, 7-10]). In this paper, we focus on the generalized Cartesian symmetry class

associated with an irreducible unitary representation of a subgroup of the full symmetric group. Our main
goal is to establish important properties of this vector space.

Let S,, denote the full symmetric group of degree m, and let G be a subgroup of S,,. Let U be a unitary
space, meaning a finite dimensional complex vector space equipped with an inner product. The set of all

linear operators on U is denoted by End (U). Assume that X is an irreducible unitary representation of G
over U. The generalized trace function T7x : Cyxm — End (U) is defined by

Try(A) = Z X(0) Zm: io (i)
ceG i=1

for A = (a;j) € Cxim-
It is proved that Trx(A*) = Trx(A)*. In particular, if A is Hermitian, then Trx(A) is Hermitian (see [8]).

Let V be a unitary space of dimension # and denote by x™V be the Cartesian product of m-copies of V.
Then U ® x™V is a unitary space with an induced inner product given by

uex*,v®y*) =(u,0) Z(Xi, Yi

i=1
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where u,v € Uand x* = (x1,-* ,Xpn), Y = (Y1, -+ , Ym) € X"V.

The generalized Cartesian symmetrizer associated with G and X is defined by

1

C.:_
TGl

Y ¥ @ Q),

oeG
where
Q(G)(vlr e /vm) = ('00-—1(1), Tty Z)(7‘1(111))
is Cartesian permutation operator with respect to ¢ € G.
By using [8, Proposition 2.4], we immediately deduce that Cx is an orthogonal projection on U ® X" V.
Definition 1.1. The range of Cx,
VX(G) := Cx(U® x™V),
is called the generalized Cartesian symmetry class over V associated with G and X.

If dim U = 1, then V¥(G) reduces to VX(G), which is the Cartesian symmetry class associated with G and
the irreducible character y of G corresponding to the representation ¥ (see [3,7, 11]). The elements of V¥(G)
that have the form Cx(u ® x*) are called the generalized Cartesian symmetrized vectors. The equality of
two generalized symmetrized vectors has been studied in [8]. We will need the following theorem (see [8,
Corollary 5.9]).

Theorem 1.2. Let X be a unitary representation of G over unitary space U and x*,y* € x"V. Let A = [a;;], B =
[bij] € Cux such that x; = Y7y aijej, yi = Yiq bijej, i =1,--+,m. Then the following are equivalent:

(1) Cx(u®x*)=Cx(u®y*) forallu € U.
(b) Trx(AA*) = Trx(AB*) = Trx(BB").

The following theorem states the inner product two generalized symmetrized vectors in terms of the
generalized trace function.

Theorem 1.3. [8, Proposition 5.1]

Forallu,v € Uand x*, y* € X"V we have

(Cxl1® 37, Cx(0® ) = T (Trs(Ahu, o,

where A = [a;j] € Cpxm and aj; = (x;, y;).
In this paper, we will refer to the following lemma frequently.
Lemma1.4. Leto € G, u € Uand x* € X"V. Then
Cx(u®x)) = Cx(X(o)u ® x*).
Proof. From definition Cx, we have

Cxl1®37) =1 ), (¥() 9 Q(r) (1 97

7eG

:ﬁa Y X(rue Qo

7€G



O

Definition 1.5. Suppose G, is the stabilizer subgroup of p where p = 1,2,

defined by
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=G Gl =Y ¥0ue Q@

7€G

Z X(1)u ® Q(ro Hx* (to' =n)

7eG

|G| Z X(no)u ® Q(m)x*

neG

IGI

Z X(m)X(0)u ® Q(r)x*

neG

=Y ¥me Q(n)] (X(@)u ® ")

neG

"Gl

B

=Cx(X(0)u ® x*).

Tr= |G|Z%(")

0€G,

is called the linear map corresponding to p.

Theorem 1.6.

(a) The linear map T, is an orthogonal projection on U.

,m. The linear map T, : U — U

(b) rank T, = %p‘ Y.oec, X(0), where x is the irreducible character of G corresponding to the representation X.

Proof. (a) We first prove that T, is Hermitian. We have

0€Gy

Now we show that T), is idempotent. We have

Ty [lc | Z (G)}[lG Mzez‘c,,ﬂm]
|G G, Z 2, ¥

0€G, 1eGy

IG |2 Z Z X(om)

0€Gy eGy

. lzZZ%(T) (o7t = 1)

0€Gy 1€Gy

e |2Z|G IT,

0€Gy

_P'
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(b)

rank T, = tr (T,) = tr

|G|2 (o) |G|ZX(0)

0€Gy

O

In this paper, we study some important properties of the vector space V¥(G).

2. The generalized Cartesian Symmetry Classes

Suppose F = {uy,---,u,} and E = {ey,---,e,} are orthonormal bases for unitary spaces U and V,
respectively. Assume [X(0)]F = [m;j(0)] foranyoc € G. For1 <i<nand1<j<m,let

eij = (Oujei, 6aj€i, -+, Omjei) € X" V.

Then the set
B={uy®ej|1<k<rl1<i<nl<j<ml

is an orthonormal basis of U ® X" V. Therefore,
VHG) = (Cx(uk ®e;j) |1 <k<r1<i<nl1<j<m).

The elements
Cx(ur®eij), 1<k<r,1<i<n 1<j<m

of V¥(G) are called the generalized Cartesian standard symmetrized vectors.
Definition 2.1. For any 1 < j,s < m, we define the linear map Ts; : U — U by

Z X(0),

0€Gs;

B = |G51|

where
Gsj=1{oe€G|lo(j) =s}.

If Gs;j is empty, then we define Ts; = 0. If s = j, then Gj; = Gj, the stabilizer of j in G and so Tj; = T}, the linear map
corresponding to j.

Theorem 2.2. Forany 1< js<m,1<ir<n1<kIl<r wehave

0 s+
(Cx(u ®eif), Cx(u; ®ers)) = 6zr||(;f|<T51uk/ Wy s~
In particular,
| el @ €5) IP= ——— | Ty | .
[G:G,]

Proof. By using Theorem 1.3, we have
(Cx(uk ® eif), Cx (w1 ® €15)) =(Cx(ux ® €3f), U1 ® ers)

1
=@<T73(A)Mk, up)
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|G| <Z X O)Z”w(p)”kr ur),

oeG

where
Apg = <6pjeir 6qser> = 5pj6qs<ei/ €)= Opj0OqsOir-

Therefore

(Cam @ ), Cx(n @ er)) =i LY x a)}:ép,(sg(ms ik, 1)

oeG
Oir X(0)04(i\sUk, U
c |<;G (0)0o(j)stx, Ur)
0 s*j
= 1 .
5ir@<zaest X(o)ug, up) s~ j
0 s*j
= |Gs;l .
Oir I(;< Ui, Uy S~ j
In particular
|| Cx(ux ® e) IP=(Cx(ux ® e37), Cx(ux ® €ij))
Gl
=E<Tjukruk>
1 2 _ _ "
[G G]<T uk/Tuk> (T]‘ —Tj —T]')
1
= || T |7 .
GG | Tju ||

O
From the above Theorem, we deduce that Cx(ux ® ¢;;) = 0 if and only if Tjuy = 0. Forany 1 <k <7, let
Qp ={1<j<m|Tju #0}.

Put Q = J;_; Q. Then Q = {1 < j <m | Tj # 0}. By Theorem 1.6, T; # 0 if and only if dec/_ x(0) # 0. Hence

Q=(1<j<m| )Y x(0)#0)={1<j<m|lx1c]#0],

O‘EG,‘

where [ , ]is the inner product of characters (see [6]).
Let D be a set of representatives of orbits of the action of G on the set I, = {1,2,--- ,m}. We put
D=DNQ. Foreach1 < j<mand1 <i<n, the subspace

V;(G) = (Cx(u ®€i]‘) |1<k<r)

is called the generalized cyclic subspace. If dim U = 1, then V;(G) reduces to Vf;(G), the cyclic subspace
associated with G and the irreducible character x of G (see [3, 11]).
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Since (X(0)uy | 0 € G)isanon-zero submodule of the irreducible C[G]-module U, so (X(0)uy | 0 € G) = U.
Therefore it is to see that forevery 1 < j<mand 1<i<n,

V(G) = (Cx(ur ® ein(y) | 0 € G,
For each 1 < i < n, we define
VHG) =(Cx(ux®e;) |1 <k <r,1<j<m).

By Theorem 2.2, if i # r then V(G) L V(G). Thus

V¥(G) = ) VX(G) (orthogonal).
i=1
For 1 < j,s < m, if j ~ s then by Lemma 1.4, Vf;(G) = V(G), otherwise Vl?]‘:(G) L V¥(G), by Theorem 2.2.
Hence )
Vf(G) = EB V;(G) (orthogonal).
j€D

Therefore .

V¥ (G) = B € V(G) (orthogonal).

=1 jeD
The following theorem provides a formula for computing the dimension of the generalized cyclic subspace.

Theorem 2.3. Let X be an irreducible unitary representation of G over a unitary space U. Suppose X affords the
irreducible character x of G. If j € D then

dim V5(6) = [, 161

Proof. Letj e D,[G: Gj] = tand G = Ui_, 0;G}, be the left coset decomposition of G, in G. Then [Orbg (j)| = .
Suppose
Orbg (j) = {o1(j), -+~ , o:()}-

Notice that
V;?(G) = Cx(Wy)),
where
W,']' = <uk®ei(7(j) |1 <k<r o€ G>
Then

IE,']' = {uk®eigs(j) |1<k<r 1<s<t}
is a basis of W;; but the set Cx(IE;;) may not be a basis for V;(G). Since W;; is an invariant subspace of Cx, so
the restriction Cx |w, = CZ : Wij = Wi; is a linear operator. We put
ij _n_
[CilE; = B = [b)),pq]-
Now we have

Cluy ® eigyj) =Cx(ity ® eig ()
=Cx(X(0; 1y ® i)

1 _
:@ Z %(ooql)ur, ® €ig(j)

oeG
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IGI Z Z %(aa )up ® €io(j)

I=1 \o€0,G;
:@ Z Z % OITG )Mp ® ewl(]))
I=1 1€G;
E Z Z Z Mgy ( o1to, )uk ® Cig(j)
I=1 7€G;j k=1

T

p”q,_

Il
—_

=1 1€G;

So
biesy, ) = Gl Z Myy(01T0, h.

1€G;

We prove that B is an idempotent matrix. We have

r t
2 —
Bnen =Y, Y benpabomwen

p=1 g=1

r t
= [E Z myy (0170, )][|G| Z My (Oq 10, )]

p=1 g=1 T€G; UEG;

<

t
é Z Z Z myy (01707 Yy (ogu0;")

p=1 q=1 1€G; peG;

|G|2 Z kak'(ﬁﬂya,,

w,T€G; =1

_HGjl

~1CE Z mye (01907,") (g9 = 1)

9€G;

=a Z Mg (01907,

g€G;

=Bn,w -

Thus y
dim V;(G) = rank Cg =rank B=tr B

Now we calculate tr B. We have

= {ﬁ Z mkk(ol’ca,_l)]

|G| Z mkp(GlTG ) Uk ® Cigy(j)-

8899



S. S. Gholami, Y. Zamani / Filomat 38:25 (2024), 8893-8905 8900

Zi ((71’1'(7[
1€G; I=1

1
IV
- ZG x@  (G:Gl=1)
1

=55 LK

7€G;
=[x, 1],
so the result holds. [
Now we construct a basis for the generalized Cartesian symmetry class V*(G). Since V¥(G) = @:’zl EB/’ <D V; (G),
in order to find a basis for V¥(G), it suffices to find a basis for the generalized cyclic subspace Vltf(G) for
everyl<i<nandjeD. Letje Dand dim V;’;(G) = s;. Since

V(G) = (Cx(u ® eiap) | 0 € ),

so we can choose the ordered subset {ji,---, jsj.} from the orbit of j, such that the set

{Cx(mr ®eijy), -+, Ca(ur ®eij )}

is a basis for the generalized cyclic subspace V;.’?(G). Execute this procedure for each k € D. If D =
ik} (<k<l<---) take X
D= {jl/"' /jsl';klr"' /ksk;"'}

to be ordered as indicated. Then
{Cx(uq ®61']') |[1<i<m, ] € D}

is a basis of V¥(G). Hence

dim VX(G) = dim V)|D| = n Z si=n Z[X' 16,
jeD j€D

If X is a linear representation of G, then dim Vf;(G) =1 and the set
{Cx(uq ®€1']') [1<i<mn, j€ D}

is an orthogonal basis of V¥(G) (such representations of G are called o.b.-representations).

3. Induced Linear Operators on Generalized Cartesian Symmetry Classes

Let S;, be the full symmetric group of degree m, and let G be a subgroup of S,,. Let U be a unitary vector
space. Given a linear operator T : V — V, we can define the linear operator x"T : X"V — X"V by

(X"T)w* = (Toy, -+, Tow),

where v* = (vy,-++ ,v,) € X"V. It is easy to see that T — X™T is an algebraic homomorphism. Moreover,
(X"T)Q(0) = Q(o)(x™T) for any ¢ € G, which implies that

Cx(I® x"T) = (I® x"T)Cx,
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and hence, V*(G) is an invariant subspace of U ® X"V under the mapping Cx. We denote the restriction
of I® x"T to V¥(G) by K¥(T) and call it an induced operator. Note that T — K¥(T) is also an algebraic

homomorphism.

Theorem 3.1. Suppose X is an irreducible unitary representation of G over unitary space U and let S,T € End (V)

and V¥(G) # 0. Then
(@) K¥(T) = K¥(S) < T =S5,

(b) K¥(T) is invertible if and only if T is invertible.

Proof. (a) Let K¥(T) = K¥(S). Then foreach1<i<n,1<j<mandu e U, wehave

K¥(T)(Cx(ux ® €55)) = K¥(S)(Cae (g ® €57)).-

So
Cx(u ® (61Tei, 02 Tei, -+, 0miTer)) = Cx(ux ® (61;Sei, 62jSei, -+, OmjSei)).
We put
Xp = (3ng€,‘ = 5[]‘ Z apiep = Z 6[}’11;11'5;7/
p=1 p=1
Ye = 5(1‘561' = 6[]' Z bpiep = Z 6€fbl’iep'
p=1 p=1

Now we define two matrices C and D as follows:
C = (Cy) = (6¢japi), D= (Dgp) = (6¢jbyi).
Using Theorem 1.2, we get
Trx(CC*) = Trx(CD") = Trx(DD").

We can easily see that
n
Otj0pj Z lagil?
q=1

(DD = ey ) Il
q=1

(CC)ep

n

(CD)gp = O¢jby; Z”qibqi

q=1
Tr(CC) = Y lagP ) ¥(o)
q=1 0€G;
Tra(DD) = ) Ibyi ), ¥(0)
q=1 0€G;

n

Tre(CD) = ) agby Y (o).

q=1 0€G;

1)
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Applying the trace map on Equations (1), (5), (6), (7), we get

mn

Zl%leX(U) Zlbql|22X(U) Zaqz quX 8)

0€G; 0€G; 0€G;

If we choose j € D, then decj X(0) # 0. Hence from Equation (8), we obtain

n n n
Y lag =Y bl =) agbg (1 <i<n). 9)
q=1 q=1

Thus

n n

|aq1|2 Z Z |qu|2 Z Z aqz qir (10)

i=1 g=1 i=1 g=1 i=1 g=1

which is equivalent to
tr(A*A) = tr(B*B) = tr(B*A),

or
IAIP = |IBI* =< A, B >, (11)

where ||.|| is the Frobenius norm C,x,. From the equality condition in the Cauchy-Schwarz inequality, there
exists a real number A such that A = AB. Now by substituting in Equation (11), we get A = 1 and then
A = B. Therefore T = S. The converse is obvious.

(b) If T is invertible then K¥*(T) is invertible because K* is an algebraic homomorphism.
Conversely, if K¥(T) is invertible then we prove that T is invertible. To show this, suppose that T is a
singular operator. Then there exists a non-zero vector e; € V such that Te; = 0. We can extend the set {e}
to an orthonormal basis {ej, - -- ,e,} for V. Let {uy, -+ ,u,} be an orthonormal basis for the unitary space U.
Since V¥(G) # 0, we have D # 0. Choose j € D, then jbelongs to Q = U7Q. Therefore, there exists 1 <k <r
such that j € Q. It follows that Cx(ux ® ;) # 0. Now we have

KYT)Cx(u ® e1)) =(I ® X" T)Cx (1 ® 1))
=Cx( ® me((Sl]-el, cee, 6m]‘€1))
=Cx(ur ® (61]'T61, ceey, 6m]'T61))
=Cxu®(0,---,0))
=0,

which is a contradiction. Therefore, T must be a non-singular operator. This completes the proof. [

Theorem 3.2. Suppose X is an irreducible unitary representation of G over unitary space U and let S, T € End (V).
Then K¥(T)* = KX(T*) and K¥(T) is (a) normal, (b) unitary, (c) Hermitian, (d) skew-Hermitian, (e) p.s.d, or (f) p.d if
and only if T has the corresponding property.

Proof. We know that V*(G) is an invariant subspace under of the both I ® X" T and (I ® X"T)* = [ ® X"T".
Thus
KXT) = (I ®X"T) lys)” = T®X"T)" lyxe) = KX(T").

If T is (a) normal, (b) unitary, (c) Hermitian, (d) skew-Hermitian, (e) p.s.d, or (f) p.d, then I ® X"'T has the
corresponding property and so, K¥(T) = (I ® X"T) |yx, has also the corresponding property.
Conversely, if K¥(T) is normal, then

KX(T'T) = KXT)KX(T) = KXT)'KX(T) = K{T)KX(T)" = K{(T)K¥(T*) = KXTT").
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By Theorem 3.1, TT* = T*T, i.e.,, T is normal. Similarly, if K¥(T) is unitary or Hermitian, then so does
T. If K¥(T) is skew-Hermitian, then K¥(T)* = —K¥*(T), so K¥(T*) = K¥(-T) because K* is an algebraic
homomorphism. Then, by Theorem 3.1, T* = —T, i.e; T is skew-Hermitian.

Now we consider K*(T) be a p-s.d operator. For every v € V, define v; = (61jv," -+, 6mjv). Then we have

(KX (T)Cx(i1 ®0}), Ca(u1 @ 07))
=(Cx(11 ® X" T(510,*+ , 6j0)), Cx (11 ® (5170, , 5uj0)))
=(Cx(u1 ® (61;Tv, -+ , 6, T0)), Cx(11 ® (510, ++ , Om;V)))
1

=@<T7’X(A)u1,141>

1 n
=@<Z X(0) Z Apo(p)U1, u1)

oeG p=1

1 n
=@<Z *(0) Z OpjOa(p) TV, VYU, 1)

oeG p=1

1
=(Tv,v) el (Z X(0)0o(j)ju1, U1)

oeG

(T, v><é ZG (0, )
=(Tv Z)>@<T'u1 uy)
7 |G| ] 7

IGjl
=(Twv, U>ﬁ<Tju1/ Tju1)

=(Tv U)g Tl > 0

- 7 |G| ] 1 = 7
where ay; = (6,;Tv, 64jv) = 6p;0,4j(Tv,v). Consequently, (Tv,v) > 0. forallv e V,ie, Tisp.s.d. If K¥(T) is
p.d, thenj € D. So Cx(u; ® v;) # 0. Hence

G/
(KH(T)Cx(11 @), Cx(ar ®9)) = (To, 0) 720 [Tyl > 0.

Consequently, (Tv,v) > 0forallve V,ie, Tisp.d. O

Corollary 3.3. Suppose X is an irreducible unitary representation of G over unitary space U and let S,T € End (V)
such that T > S. Then K¥(T) > K¥(S).

Proof. Assume that T > S. Then T — S > 0. Hence xX™(T — S) > 0. Therefore X"'T — x™S > 0. Consequently
x"T > x™S. This implies that

KXT) = I ® X" T)lyxc) = L ® X"S)lyx() = K¥(S).
[

Theorem 3.4. Suppose X is an irreducible unitary representation of G over the unitary space U and let T € End (V).
Then

rank (KX(T)) = rank (T) |D|.
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Proof. Suppose F = {uy,--- ,u,} and E = {ey,--- ,e,} are orthonormal bases for unitary spaces U and V,
respectively. We can assume that the set {e;,-- - , ¢} is a basis for Ker T. Then the set

[Cx(um®ej) |1<i<n,jeD

is a basis of V¥(G). For every 1 <i <'s, we have

KX(T)ng(Lll ® e,-]-) = (I ® x’”T)ng(ul ® ei]-)
=Cx(u1 ® x"Tej))
=Cx(1h ® (61]‘T€i, e, (3ij€1‘)
=Cx(u1 ®(0,---,0))
=0.
Let

n

Te; = Zaﬁe}- 1<i<n).

j=1

Lets+1<i<nandjeD. Forevery 1 <k < m, we define

n n
Xk = (3ij€,' = 6k] Zagieg = Z 6](]'&[16‘5.
=1 =1

Let B = [by] = [5k]'a[i]. Then

Tre(BB') =) X(0) ) (BB ot

oeG k=1
n n
= Z X(o) Z Z brebogye
0eG =1 (=1
n
= Z X(o) Z OkjaciOo(r)ci
oeG k=1
n
= Z lagi? Z X(0)
=1 L)'EG/'

n
= Z lagl?IG,IT; # 0.
=1

Using Theorem 1.2, we deduce that K¥(T)Cx(uy ®e;j) = Cx(uy ® x*) # 0. Also, forevery 1 <i<nandje€ D,
we have

K}:(T)C)g(ul ®e;j) =Cx (Ml ® (61]'Tei, Tty 6ij€i))
n

n
=Cx|u1 ® [2 Ovjaciec, ", Z 5111]‘(1{’1'3{’]]
=1

(=1

n
=Cx|u1 ® Z aci(b1jee, -, 5mjef)]
=1

n
=Cx|u1 ® Z aé’iet’j]
=1
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n
= Z a;iCx(u1 ® eg)).
=

This shows that the representation of K*(T) under the basis
§= U {Cee(u1 ®eyj), -+, Cxl(un ®6nj)}
j€D

is the following block matrix

U

0 - [T] 1DIXID
Therefore )
rank K¥(T) = rank (T) |D|.

O

Using the above block matrix representation of K¥(T), we obtain the following corollary.

Corollary 3.5. Let X be an irreducible unitary representation of G over unitary space U and let T € End (V). Then
det K¥(T) = (det T)2.

4. Open problems
Problem 4.1. Characterize the subgroups of S, whose irreducible representations are all 0.b.-representations.

Problem 4.2. Let G be a subgroup of S, and X be an irreducible unitary representation of G. Determine the conditions
on X such that V¥(G) has an orthogonal basis consisting the generalized Cartesian standard symmetrized vectors.

Problem 4.3. Determine the conditions on G and X such that V¥(G) # 0.
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