Filomat 38:25 (2024), 8907-8916
https://doi.org/10.2298/FIL2425907K

(S
&

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

o

%
<,

b, &

Ty xS’

5
TIprpor®

Some topological properties of intuitionistic fuzzy quasi normed space
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Abstract. We establish the concept of an intuitionistic fuzzy quasi-normed space and provide an illustra-
tive example. Through our exploration, we ascertain that an intuitionistic fuzzy quasi-norm can indeed
transition into an intuitionistic fuzzy norm. However, it is worth noting that not every topology that
supports intuitionistic fuzzy quasi-norms can be classified as metrizable. We establish the definitions of
open balls and sequence convergence within intuitionistic fuzzy quasi-normed spaces. Additionally, we
introduce the concepts of left/right N-Cauchy sequences, both in the context of topology 7, and its inverse
Tl further elucidating the notion of N-Cauchy sequences. We establish the proof of the open mapping
theorem for intuitionistic fuzzy quasi-normed spaces.

1. Introduction

In 1965, L. A. Zadeh introduced a pioneering theory on fuzzy sets, extending the principles of crisp set
theory [30]. The fuzzy norm concept for linear spaces was initially proposed by Katsaras [19], followed by
Felbin’s alternative definition in 1992, including a corresponding metric of the Kaleva and Seikkala type
[14, 18]. Cheng and Mordeson further elaborated on this in 1994, and recent discussions by Xiao et al.
[6] explored relationships between the axioms of KM fuzzy normed spaces and KM fuzzy metric spaces.
Subsequently, Bag and Samanta introduced a modified fuzzy norm in their works (references [10, 11]),
which may find application in specific scenarios. This concept has been utilized in the advancement of
fuzzy functional analysis, as discussed in references ranging from [5] to [27].

In a different light, Atanassov put forward the concept of intuitionistic fuzzy set, which introduced a
singular membership function delineating the degree of non-affiliation, as an extension of the fuzzy set
theory. This proposal, distinct from conventional fuzzy sets, was advanced in Atanassov’s work referenced
as [7]. Following suit, Park introduced the notion of intuitionistic fuzzy metric space in 2004, as expounded
upon in [24]. Further details on intuitionistic fuzzy metric space and associated findings can be found
in references [2],[13],[25]. Additionally, in 2006, Saadati and Park introduced the concept of intuitionistic
fuzzy normed space [26], with more comprehensive information available in references [31],[1] regarding
intuitionistic fuzzy normed space and related developments.

Alegre and Romaguera’s groundbreaking research [4] introduced the concept of a fuzzy quasi-norm,
departing from the traditional symmetrical properties of fuzzy norms [10]. Expanding the application scope,
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they utilized fuzzy quasi-norms to model paratopological vector spaces [3], offering a novel perspective on
the structure of such spaces. Subsequently, their work [6] explored fuzzy quasi-normed fields, uncovering
crucial results such as the uniform boundedness theorem, which has significant implications in functional
analysis and beyond.

Further advancing the field, Gao et al. [15] recently contributed the decomposition theorem for fuzzy
quasi-norms, shedding light on the intricate inner workings of these mathematical structures. Meanwhile,
Hussein and Al-Basri’s investigation [17] into the completion of quasi-fuzzy normed algebras over fuzzy
fields deepened our understanding of algebraic structures in fuzzy settings.

Highlighting the practical significance of fuzzy quasi-normed spaces, Alegre and Romaguera [4] empha-
sized their role in analyzing the complexities of exponential time algorithms, providing valuable insights
into approximation theory and theoretical computer science.

In the domain of functional analysis, the open mapping theorem stands as a fundamental result, eluci-
dating the behavior of mappings between topological spaces. Recent research by Jianrong Wu and Ruini Li
[29] extended this theorem to fuzzy quasi-normed spaces, paving the way for new avenues of exploration
in functional mappings within fuzzy environments and broadening the applicability of the theorem to
diverse mathematical contexts. Through these combined efforts, the field of fuzzy mathematics continues
to evolve, offering novel insights and practical solutions to complex problems.

Inspired by the preceding insights, this paper endeavors to introduce the concept of intuitionistic fuzzy
quasi-normed spaces, thereby extending the framework initially proposed in [4] concerning fuzzy quasi-
norm spaces. Additionally, we aim to contribute to the field by establishing the open mapping theorem
within the context of intuitionistic fuzzy quasi-normed spaces, thus enriching the theoretical understanding
and practical applications of this mathematical framework. .

2. Preliminaries

Definition 2.1. ([28]) A binary operation * : [0,1] X [0,1] — [0, 1] qualifies as a continuous t — norm if it
adheres to the following properties:

(@) sxt=txs V¥Ys,tel0,1];

(b) sk (txu)=(s*xt)*xu Vs, tuel01];

(c) sxt<uxdwhenever s<u and t<d VYs,tudel0,1];
(d)sx1=s VYse[0,1];

(e) * is continuous.

Definition 2.2. ([28]) A binary operation o : [0,1] X [0,1] — [0, 1] qualifies as a continuous t — conorm if it
adheres to the following properties:

(@) sot=tos Vs, te[0,1];

(b) so(tou)y=(sot)ou Vs,t,uel0,1];

(c) sot<uodwhenever s<u and t<d Vs, tudel0,1];
(d) soc0=s VYse[0,1];

(e) o is continuous.

Example 2.3. Let % be a binary operation from [0, 1] X [0, 1] to [0, 1] and defined as (s, u) = min{s, u} for all
s,u € [0,1]. Then % is a continuous ¢ — norm. Usually this t — norm is denoted by A.

Example 2.4. Let o be a binary operation from [0, 1] X [0,1] to [0, 1] and defined as o(s, ) = max{s, u} for all
s,u € [0,1]. Then o is a continuous ¢ — conorm. Usually this ¢ — conorm is denoted by V.
Proposition 2.5. ([16]) Suppose x and o function as continuous t — norm and t — conorm, respectively. Then

(i) If0 <dy <dp <1, there exists ds, dy € (0,1) such that dy % d3 > dp and dy > dy o dj.
(ii) If0 < ds < 1, then there exists dg, d7 € (0,1) such that dg x d¢ > ds and dy o dy < ds.
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Definition 2.6. Let X be real vector space and Q : X — [0, c0) is functional then Q qualifies to be quasi-norm
(also called asymmetric norm in [12]) if it satisfying the following properties:

@) Q) =Q(-v)=0 = v=0
(i) Q(av) =aQ@) Ya =0
(iii) Q+u) < Q)+ Qu) VYoueX

Definition 2.7. ([29]) Let {¥ be the collection of all p — summable sequences i.e.;

= {x =) Ew: Z lxq P < oo}.
n=1

For 0 < p < 1, the space ¥ does not possess a norm; instead, it is equipped with a metric defined as:

e, = Z |&n = 1alP. For 1 < p < oo, £ is a norm linear space with norm defined as follows

n=1
ety = (Y |5n|r’)l/p.

n=1

Definition 2.8. ([29]) A paratopological vector space is denoted by the 4-tuple (V, +, ., 1), wherein (V, 1)
constitutes a Ty topology on V and the addition operation + is continuous. For any neighborhood B of
r&, where £ € V and r > 0, there exists a neighborhood B’ of £ and a positive r > 0 such that the interval
[r,r +7)B’ € B.

To know more about paratopological vector spaces see [3]. Simply paratopological vector space (V, +, ., T)
is represented by (V, 1), if no confusion arises.

Definition 2.9. ([29]) Let M be a subset of real vector space V. Then

(a) M is semibalanced if for each x € M, rx € M whenever r € [0, 1].
(b) M is absorbing if for each x € V, there is rg > 0 such that rox € M.

Lemma 2.10. ([29]) Let (V, 1) be a paratopological vector space.

(a) If M is convex subset of V and int(M) # ¢ then (1 — a)intA + aM C int(M), where o € (0,1) and consequently
intM is convex.

(b) If M is absorbing, convex subset of V and intM # ¢ then © € int(M).

(c) If B(O) is a base of @-neighborhoods, then cl(M) = {M — B : B € B}

Definition 2.11. ([22]) Mapping H :V — U is open map, if the set H(B) is open in U for every open set B in
V.

Theorem 2.12. ([29]) In the context of fuzzy quasi-normed space (V, N, %) it follows that (V, Ty, %) constitutes a
quasi-metrizable paratopological vector space.

Theorem 2.13. ([29]) Consider fuzzy quasi-normed spaces (V, N, %) and (U, N', %"). Assume that (V, N, %) is right
N-complete and (U, N’, %") is of the half second category and Hausdorff. If L: V. — U is a linear, surjective, and
continuous mapping, then L is open.

Remark 2.14. ([29]) If t — norm is chosen as *(a,b) = min{a, b}, then By(®) is convex.

Remark 2.15. ([29]) Bn(x, 72,t) € Bn(x,11,t),if 1 > 7, > 0 and t; > £, > 0 then By(x,7,t2) € By(x,7,t1). Now
the set {Bn(x, 1y, tn) : 1, € (0,1),t, > 0,n € IN} forms a fundamental set of neighborhoods of x in (V, Ty),
where both sequences {x,} and {t,} converges to 0.
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Lemma 2.16. ([29]) Let (V,F, %) be fuzzy quasi normed space and B(®) be the collection of open balls center at
origin. Then:

(a) BN(O,1,t)is absorbing for all t > 0 and r € (0, 1).
(b) Bn(©,1,t) is semibalanced for all t > 0 and r € (0, 1).

(c) ABN(O®,1,t) = BN(G), r,/\t)for every A > 0,t > 0andr € (0,1)
(d) if B € B(O), there is B’ € B(O) such that B" + B’ C B.
(e) if B,B" € B(O), there is B” € B(O) such that B” C BN B'.

Lemma 2.17. ([29]) Let M be a subset of fuzzy quasi normed space (V,F, %), t > 0. Then:

(a) intn(tM) = t inty(M)
(b) cly(EM) = ¢ cly(M)

Lemma 2.18. ([29]) If A is absorbent and convex subset of fuzzy quasi normed space (V, F, %) then cl(A) is too.

Lemma 2.19. ([29]) Let (V, 1), (U, ") be two para topological spaces, T : V. — U be linear mapping. Then T is open
if and only if ®y € intT(B) for all B € B, where B is a base of Oy- neighborhoods.

3. Main results

Definition 3.1. Let V be a real vector space, and %, o be continuous t — norm and t — conorm respectively. Let
F, G be fuzzy sets on VX[0, ). Then (V, F, G, *, o) is said to be intuitionistic fuzzy quasi normed space, if
(@) F(x,0)=0;, YxeV
(b) F(x,t)=F(—x,H) =1 V>0 = x=0;
t

(c) Flax,t) = F(x, E) Ya>o0;
(d) F(x,t) *x F(y,s) <F(x+y,t+s) Vx,yeV ands,t>0;
(e) F(x,—):[0,00) — [0,1] is left continuous;
(f) limt—mo F(x/ t) = 1;
(g) G(x,00=1; VxeV
(h) G(x,t) =G(—x,t) =0 V>0 < x=0;
(i) Glax, b) = G(x, i) Vas0;
() G(x,t)oG(y,5) 2 G(x+y,t+s) Yx,yeV ands, t>0;
(k) G(x,—) :[0,00) — [0, 1] is right continuous;
D limie G(x, £) = 0;

An intuitionistic fuzzy quasi norm on V is intuitionistic fuzzy norm if F(ax, t) = F(x, Et|) and G(ax, t) =

t

G(x, m) for @ # 0. We will denote intuitionistic fuzzy quasinorm by N = (F, G, %, 0). If N is an intuitionistic

fuzzy quasi norm on V, than N -1 is also intuitionistic fuzzy quasi norm, where N/ “1is (Ffl, G, %, o) and
Fl(x,t) = F(—x,t) and G !(x, t) = G(~x, ). Moreover, N* defined as

N° = (min{F(x, 1), F(=x, 1)}, max{G(x, t), G(—x, f)}, %, o)

is intuitionistic fuzzy norm on V.
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Each intuitionistic fuzzy norm N induces a Ty topology i on V generated by the base of open balls

B(x) = {Bn(x,7,t):x€V, t>0and r e (0,1)} @)
where
By(x,r,ty={yeV:Fx-yt)>1-r, G(x-y,t) <r}. (2)

From equation 1, we can define base of open balls center at ©(origin)

B(O) = {By(O,7,1): @€V, t>0and r € (0,1)} 3)
where
By@©,rt)={yeV:Fyt)>1-r, Gy, t) <r} 4)

Definition 3.2. A sequence {x,}in (V, Tx) converges to x if lim,_, F(x,—x,t) = 1 and lim,,—,co G(x,, —x,t) = 0
forallt > 0.

Definition 3.3. Let (V,F, G, %, o) be intuitionistic fuzzy quasi normed space then a sequence x, in V is

left/right N — Cauchy/(N'1 — Cauchy) with respect to topology TN/(TN_l) if xy —x, = 0asm,n — oo for
m > n respectively.

Definition 3.4. An intuitionistic fuzzy quasi normed space (V, F, G, %, o) is said to be left/right complete if
every left/right N — Cauchy/N 1. Cauchy sequence is convergent in V.

Definition 3.5. Let S be a subspace of a intuitionistic fuzzy quasi normed space (V,F, G, %, 0), then S said

to be of half second category if S = (J M,,,  there exists positive integer m such that
n=1

intpy (cl g1 M) # .
We denote closure and interior of a set A in (V, ty) by clyA and int A respectively.

Example 3.6. Let (V,Q(x)) be a quasi normed space, and *,o be continuous t — norm and t — conorm
respectively. Let F, G be fuzzy sets on V[0, c0) defined as follows;

t

Fan=1trQ 0
0, £=0
and
Qx)
G =lirom 7°
1, t=0,

where Q(x) is the quasi norm on V. Then (V, F, G, %, o) is intuitionistic fuzzy quasi norm on V.

Example 3.7. Let (¢7,|| - |+») be a quasi normed linear space, where 1 < p < co and

00 1/p
Il = ( ), maxtx,, op

n=0

In the scenario where x = (x,) € ., and for 0 < p < 1, it constitutes a quasi-metrizable topological
vector space but lacks quasi-normability. Nevertheless, each (£, ||.||l;) can be characterized as intuitionistic
fuzzy quasi-normable through an intuitionistic fuzzy quasi-norm (F, G) defined as follows:
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ForO0<p<1,
p
— £ , t>0
F,(x,t) = 7 + Z(max{xn, oy )
n=0
0, t=0
and
Y (max{x,, 0}
n=0
t>0
G,(x,t) = o ’ (6)
p(0) t + Z(max{xn,O})p
n=0
0, t=0
for1 <p < oo,
f , t>0
Fy(x, t)y={t+ (Z(max{xn,O})”) (7)
n=0
0, t=0
(Y- maxt, 01y)
n=0
t>0
Gylx, t) = 0 1p’ 8)
’ t+ (Z(max{xn, 0})”)
n=0
1, e=0.

where ()" (max{x,, 0)) " = [llsp-
n=0

3.1. Open mapping theorem

In this segment, we aim to formulate the open mapping theorem within the context of intuitionistic
fuzzy quasi-normed spaces.

Theorem 3.8. Let (V,F,G, x,0) and (W,F',G’, %’,0’) be intuitionistic fuzzy quasi normed space. Assume that
(V,F,G, *,0) is right (F, G) — complete and (W,F’,G’, %', 0") is of half second category and Hausdorff. IfL: V. — W
is linear, surjective and continuous, then L is open.

Proof. Consider the family of open balls B(By;) centered at the origin ®y;. According to Remark 2.14
and Lemma 2.16, for any U = BN(®V,f,B € B(Oy), U possesses absorbent, semibalanced, and convex

properties, leading to V = (J nll Given that L is both onto and linear, we have W = L(V) = |J nL(U).
n=1 n=1
Since (W, F',G’, x’,0’) falls under the category of half-second category, there exists n € IN such that
intpyclynL(U) # .
From Lemma 2.17, we deduce intyscl, 1 L(U) # ¢. Given the linearity and surjectivity of L, L(U) is
absorbing and convex. According to Lemma 2.18, cl, - (L(U)) is also absorbing and convex. Referring
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to Lemma 2.10, Oy € intyscl, 1 L(U). Applying the definition of the interior of a set, we can assert the
existence of an open ball By (®y,,’,t’) such that

Oy € Byr(®y, 7, t') C Cle—lL(U) 9)

n ~

7 t

LetU, =B N(@y, ) Then U, is a local base at ®y;. For any U, n € IN from equation 9, there exists
B\) = By/(®y, 7, 1), such that

Bn(®y, 7}, 1) € el L(UL,). (10)
Where 7, € (0,1) and #, > 0. And from remark 2.15, we have that lim, 7, = 0 and lim,#, = 0.
By definition of open map, we have to show that L maps open sets in (V,F, G, x,0) onto open sets in
(W, F,G’, x’,0") i.e. we will show that

B\ = Bx/(®y, 7}, 1)), < L(U). (11)
Here, N = (F,G) and N’ = (F/,G’) is intuitionistic fuzzy quasi norms on V and W respectively. From
equation 10, we have forn =1

Bar(©y, 1’1, tll) - CZN/—l L(U,).

Let y € By+(Oy, 17, 1)), there exists x; € U; such that

FYLxy - yt5)>1-r, and G (Lx; - y, b)) <r

or

F(y—Lxy,t})>1-r, and G'(y—Lxy,t)) <.
This implies that,

y—Lx; € B\ (®y, 79, t5) C cl 1 L(Up).
So, there exists x, € U, such that

F~YLx, + Lxy — y,t5)>1-r, and G Y (Lxy + Lx; — yt3) <1
or

F"1(y —Lx; — Lxy,t5) >1 -+, and G"l(y —Lxy — Lxy, t5) < 1}
On continuing this process, we have

F(y—Lx, — Ly, , — oeee. —Lxp —Lxy, £, +1)>1—7

n+1

G'(y—Lx,— Ly, , — oo —Lxy —Lxy, 8, +1) <7/

n+l*
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This implies that sequence Lx, — Ly, , — ...... —Lx; —Lx; » yasn — oo, forr, € (0,1) and ¢;, > 0. Since
N A ~ k=n
7ot t 7 t 7
xp € Uy = BN(®V, T 2’<_+1) ie., F(xk, %) >1- x and G(xk, 2’<_+1) < % Lets, = Zxk, form > n;
k=1

k=1 =1
m
1 1 \.
= F( Z Xks 2n+1( 2m—n )t)
k=n+1

_ (Z %Y 2,}+1f)

k=n+1 k=n+1

1 .
min F(xk,—t)

n+1<k<m 2k+1

. 7
min |1-—|.
n+l<ksm 2k

\%

\%

Similarly,

k=1 k=1
m
1 1\,
“o Xzl
k=n+1

1 .
< max G(xk,ﬁt)

n+1<k<m

7
< max Pl B
n+l<k<m\ 2

We get thatif m,n — cothenF — 1and G — 0. Thus, the sequence s, exhibits left N-Cauchy characteristics.

By virtue of the right N-completeness inherent in (V, F, G, x, o), it ensures the existence of x € V such that
-1
sy — x as n — oo. Given the continuity of L, we can consequently affirm that

n
N’ -1
Zka — Lx
k=1

Since (W, Tx-) is Hausdorff. So (U, 7,,-1) will be Hausdorff. Hence, y = Lx.
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Pt
F(x,t) =F[x —s, +5,, = + =
(X) (x Sn + Sn > 2)

- f f
> mm{F 1(5,, - X, E),F(Sn, E)}
. f - f
> mm{F 1(5” - X, 5)’ F( Xk, 5)}
k=1
3 - 3
> min{ F! s, —x,=|,F Xy, =
2 2
k=1
£ - = f
> min{F_l(sn X, 5)' F( Xk, e )}
k=1 k=1
> min{ F! X i in F|x f
> min Sy — X, ) 1123;}1 K S
- f 7
> mm{F 1(5,, - X, E)' (1 — ﬁ)}

- t R
Since s, L1—> x that means F_l(sn -x, §)> 1-7 forallt>0and? € (0,1). We have,

F(x,D) >1-7.

Similarly, for G(x, )

Poof
G(x, 1) :G(x —Sntsn 5+ 5)

8915
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-1 3 .
Since s, EAA x that means G_l(sn -x, §)< 7, forall > 0and 7 € (0,1). Hence x € U = By/(®, #,f) and shows

that y = Lx € L(U). So, equation 11 holds. This completes the proof. [

4. Conclusion

This article introduces the concept of the intuitionistic fuzzy quasi norm and establishes the open
mapping theorem within the framework of intuitionistic fuzzy quasi normed spaces. The aforementioned
theorem and findings can be extended to a broader category of intuitionistic fuzzy sets.
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