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On the filter bornological convergence of the nested sequences of sets

Hiiseyin Albayrak?

®Department of Statistics, Stileyman Demirel University, 32260, Isparta, Tiirkiye

Abstract. In this work, we show the equivalence of filter bornological convergence and bornological

convergence for the nested sequences of sets on topological vector spaces. Then we investigate the filter
bornological limit of the nested sequence of sets.

1. Introduction

In 1951, Fast ([13]) and Steinhaus ([27]) defined the concept of statistical convergence, which is a weaker
type of convergence than classical convergence. In 2000, Kostyrko et al ([19]) defined the concept of ideal
convergence (briefly, 7-convergence), which is a more general convergence type that includes classical
convergence and statistical convergence (see also [20]). [6] and [7] provide some results regarding statistical
convergence and ideal convergence of sequences of functions. Ideals and filters are dual concepts to each
other. The reader can refer to [2, 4, 16] for filter convergence (briefly, ¥ -convergence) equivalent to ideal
convergence. Today, many researchers continue to work on statistical convergence, ideal convergence and
filter convergence.

Many convergence methods have been defined for sequences of sets. Among these convergence types,
we can mention Hausdorff convergence, Wijsman convergence and Kuratowski convergence (see [22, 23,
30, 31]). For generalizations of these concepts in terms of statistical convergence and ideal convergence,
the reader may refer to [18, 26, 28]. Apreutesei [3] showed that Wijsman convergence and Hausdorff
convergence are equivalent to each other for monotone sequences of sets. In [1], it has been shown that
ideal Hausdorff convergence and Hausdorff convergence are equivalent, and ideal Wijsman convergence
and Wijsman convergence are equivalent for nested sequence of sets.

The concept of bornology has the structure of ideals, the only difference is that it creates a cover. In the
literature, there are studies on bornological spaces, bornological convergence (briefly, 8-convergence) and
different types of convergence on bornologies (see [8, 9, 11, 24]). In [5], it was introduced the concept of filter
bornological convergence (briefly, # 8-convergence) for sequences of sets on topological vector spaces.

In the second part of this study, we will give basic information about filters, bornologies and their
associated convergence types. In the third part, we will present some results related to bornological conver-

gence and filter bornological convergence. We show that bornological convergence and filter bornological
convergence are equivalent for nested set sequences.
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2. Preliminaries

Let’s start with the definition of topological vector space. Let X be a vector space on the real numbers
field R and let 7 be a linear topology on X (that means the operations addition and scalar multiplication
are t-continuous on X). In this case, the pair (X, 7) is called a topological vector space (or linear topological
space) and it is denoted by TVS for short (see [17, 21, 29]). Throughout this paper, Cl (X) and K (X) denote
the family of all nonempty closed subsets and the family of all nonempty compact subsets of X, respectively.

We will denote the zero element of the space X by 0. Each linear topologies on a TVS has a base N of
neighbourhoods of zero, providing the following properties (we use such a base in our proofs):

a. Each V € N is a balanced set (i.e., Ax € V for each x € V and each A € N with |1] < 1).

b. Each V € N is an absorbing set (i.e., for each x € X thereisa A > O such that Ax € V').

c. For each V € N there is a set W € N such that W + W C V. Here, the operation W + W is defined as
W+W:={x+y:x,ye W}

Every normed space is a topological vector space. Also, if a TVS has a countable base of neighbourhoods
of 6 then it is metrizable.

Let A C X, the closure of A is defined by
cl(A) = {x € X : For every U € N there exists a y € A such thatx — y € U}.

If (X, 7) isaHausdorff TVS then the intersection of all neighborhoods of 6 has only 6, thatis, (e U = {6}
(see [17]).

A nonempty family F of subsets of IN is said to be a filter on IN, if it provides the following conditions
(see [12, 32]):

i 0¢7F,
ii. f A, Be F thenANBeF,

iii. fA€e¥ and ACBthenBe¥.

If # = {IN} then ¥ is called a trivial filter, otherwise a non-trivial filter. The family ¥ = {B: A C B} is
called a principal filter generated by A where A is a nonempty subset of N (¥ is nonprincipal otherwise).
F is said to be a free filter if the intersection of all its members is empty (that is, ()¢ A = 0). If a filter 7 is
not free then it is called fixed.

Definition of filter convergence of a sequence may be given for an arbitrary topological space and, then
in particular, for a topological vector space. The reader can look at [4] and [16] for filter convergence.

Definition 2.1. Let (X, 1) be a TVS. Let (x,),en be a sequence in X, let xo € X and let F be a filter on IN. The
sequence (x,,) is said to be filter convergent (or F -convergent) to the point x, if for every neighborhood U of 6 we have

nelN:x,—xoeU}eF.

. . il
Then we write F — lim x,, = xg or X, — Xo.
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In the following, we give some examples of filters and filter convergence. |A| denotes the cardinality of
the set A.

1. Fréchet Filter: The family 7, = {A € IN : |IN \ A| < oo} is called the Fréchet filter. F,-convergence coincides
with the ordinary convergence. ¥, is the minimum filter by the inclusion relation. So the free filters are
characterized as follows:

F is free = F 2 F,.

2. Statistical Convergence Filter: Let A € IN. Let A(n) = |{1, ..., n} N A| indicate the number of elements in
the set A from 1 to n. The functions

A = A
O(A) = liminf ﬂ and 6(A) = limsup ﬁ
noe oo M

are called the lower asymptotic density and upper asymptotic density of the set A, respectively. If 5(A) = 6(A),
that is, the limit

lim Alw)

n—oo N
exists, then the value of this limit is called the asymptotic density of the set A, and it is denoted by 6(A)

([10, 14, 25]). The family F = {A € IN : 6 (A) = 1} is called the statistical convergence filter. Fg-convergence
coincides with the statistical convergence ([13, 27]).

Now, we give the concept of bornological convergence of a sequence of sets on TVS. For the bornological
convergence of nets of sets in metric spaces, the reader may look to [11] and [24]. Let’s first give the
definition of bornology.

A family B of subsets of a set X is said to be a bornology, if it provides the following conditions (see

[15]):
i. Bisacoverof X, i.e. X = Upeg B,
ii. Bis closed under subsets, i.e. if B € 8 and ACBthenA e B,

iii. Bis closed under finite unions, i.e. if A,B € Bthen AUB € B.

Items (ii) and (iii) together form the definition of the ideal. That’s why every bornology is also an ideal.
The converse of this statement is not true, as ideals do not need to form a cover. If an ideal is a cover of a
set X, then we call it a bornology on X.

Example 2.2. The following (1)-(3) families are bornologies on any set X, and families (4) and (5) on R2.
1) The power set P(X).

2) Biin = {B CX:B isﬁnite}.

3) Bond = {B CX:Bis bounded}.

4) Byt =B C

{ : B is contained in a finite union of vertical lines} .
{Bc

]R2
R? : B is contained in a finite union of horizontal lines} .

In the following, the concept of e-enlargement of a set on metric spaces is generalized to the concept of
U-enlargement on topological spaces.
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Definition 2.3. Let (X, t) be a TV'S and let U be a neighborhood of 0. For A C X, the set
AY ={x e X:x—yeUforsomey e A}

is called U-enlargement of the set A ([5]).

Definition 2.4. Let (X, 1) be a TVS and let B be a bornology on X. Take a sequence (A,)nen of nonempty subsets of
Xandaset ACX.

1. (Ap)nen is said to be lower bornological convergent to the set A, if for each neighborhood U of 6 and each B € B
there is a ng € IN such that

AN B c AY for every n > ny.

Then we write B~ —lim A,, = A.
2. (An)nen is said to be upper bornological convergent to the set A, if for each neighborhood U of  and each B € B
there is a ng € IN such that

A, N B c AY for every n > ny.

Then we write BT —lim A,, = A.

3. If the sequence (Ay)nen is both lower bornological convergent and upper bornological convergent to the set A
then (Ay)nen s called bornological convergent to the set A. In this case, it is denoted by 8 —lim A,, = A.
(see [5,11, 24])

Example 2.5. Consider the topological vector space (]RZ, T) equipped with Euclidean topology.
Let A, = {(x,y) eER?:y= x/n}foreach neNand A = {(x,y) eER?:y= O}.
Where ¢ > 0and U = U, = {(x, YER?: 2+ 12 < e}, the U-enlargement of sets A and A, are
Au:{(x,y)e]RZ:—e<y<g}
and
AU = { , R?: r_ i },
a =3y e STEe<y<_te
respectively.

o Let Bbe any element of the bornology Byerr. Then, there is a set B = {(x, y) € R?: x € {ay,ay, ...,am}} such that

B C B where a,as, ..., 4, are real constants.
Let’s take an arbitrary € > 0 and let U be the neighborhood of 6 = (0, 0) associated with €. We have

A,NB= {(111, a_l)/ ey (am/ a_m)}
n n

. a
for every n € N. Let a = maxy<j<m lail. Then, there exist an n, € IN such that n, > - Hence we get

foreveryie€{1,2,...,m}and every n > n., and so

A,NBCA,NnBcAY
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for every n > n.. Thus, we obtain B, —lim A, = A.

vert

For the same sets and numbers (i.e., B, B, U, ¢,a;,a), we have

ANB={m,0),..,(a,,0)}.

. a
Then, there exist an n, € IN such that n. > —. Hence we get
e
a a a; a;
——e<0<—+e=>——-e<0< 2 +¢
n n n n

foreveryi € {1,2,...,m}and every n > n.. Hence, for every n > n. we get (a;,0) € Al and so
ANBcAnBcAY

Therefore, we obtain B, —lim A, = A. Consequently, Byerr —lim A, = A.

vert

e If we specifically choose the set By = {(x, YeER :y= 1} € Bhorz, we get
A, N By ¢ AY for everyn € N

for each the neighborhood U of 60 = (0,0) associated with 0 < & < 1. Therefore, the sequence (A,) is not

By ,,~convergent to A.

Similarly, if we specifically choose the set By = A = {(x, YeR?:y= O} € Bhors, we get
ANBy=A¢ Al foreveryn e N

for each the neighborhood U of 6 = (0,0) associated with ¢ > 0. Therefore, the sequence (A,) is not B, -
convergent to A. Consequently, (A,) is not Bpor,-convergent to A. O

In the following, the concept of filter bornological convergence, which is a generalization of bornological
convergence, is given.

Definition 2.6. Let (X, ) bea TVS, let B be a bornology on X and let F be a filter on IN. Let (A,)nen be a sequence
of nonempty subsets of X and let A C X.

1. The sequence (An)nen is said to be filter lower bornological convergent to the set A, if for each neighborhood U
of 0 and each B € B we have

fneN:AnBcAYeF

and then we write ¥ B~ -lim A,, = A.

2. The sequence (An)nen is said to be filter upper bornological convergent to the set A, if for each neighborhood U
of 0 and each B € B we have

{ne]N:A,,ﬁBQA”}eT’

and then we write ¥ B"-lim A,, = A.

3. If the sequence (A,)nen is both filter lower bornological convergent and filter upper bornological convergent to
the set A, that is, for each neighborhood U of O and each B € B we have

fneN:ANBcAYand A,nBc A" e F
then the sequence (Ay)nen is called filter bornological convergent to the set A. In this case, it is denoted by

FB-limA, = A.
(see [5])
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For ¥ = F,, ,B-convergence of a sequence of sets is equivalent to its bornological convergence.

Let (An),en be a sequence of nonempty subsets of X. If A, C A, (resp. Ans1 € A,) for every n € N
then (Ay),«y is called a monotone increasing sequence (resp. monotone decreasing sequence). We say that
(An),en is a nested sequence if it is monotonically increasing or decreasing.

In the following example, IP denotes the set of all prime numbers. It is a known fact that 6 (I’) = 0 (hence,
N\ P eFy).

Example 2.7. Let B be any bornology on the TVS (]RZ, T) with Euclidean topology. Let’s consider the sequence
(An)yen defined as

{(x,y)e]Rzzx2+ny2S16} ,ngP

A, =
! {(x,y)e]l{zz(1+i—0)x2+y2§16} ,neP

and let A = {(x,y) €ER?*:—4<x<4andy= 0}.
For every neighborhood U of 6 = (0, 0) and every B € B we have

ANB ¢ ACA,CAY foreachn e N\P
A,NB C AngAuforeachne]N\(]PUM)

where M = M(U, B) is a finite subset of IN. Then, we get

(neN:AnBcAYand A,nBc A"} 2N\ (PUM) € F
and so

[neN:ANBcAYand A,nBc A} e Fy

for every U and every B. Therefore, we obtain F4B — lim A, = A.
But this sequence is not bornologically convergent to A. For every neighborhood U of © = (0,0) and every B € B we
have

ANBcAcCAY foreachn e N\ M

where M = M (U,B) is a finite subset of IN. Then, we get 8~ —lim A, = A.

Specifically, let’s choose an neighborhood U, of © = (0, 0) associated with & = 1 and choose By € B with (0,2) € By.
We have

A, N B ;t_AulforeachnelPUMl

where M1 = My (Ul, Bl) is a finite subset of IN. Since IP U M is an infinite set, we get B* —lim A, # A. O

3. Main Results

In this section, we first show that the ¥ B-limit is unique if the limit sets are closed. We give the
bornological limit of nested sequences of sets. As our main result, we show that bornological convergence
and filter bornological convergence are equivalent for nested sequences of sets.
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Theorem 3.1. Let (X,7) be a TVS, B be a bornology on X, and F be a free filter on N. If F B - lim A, = A and
F B —1lim A, = B where A and B are nonempty sets then cl (A) = cl(B).

Proof. Let Ube an arbitrary neighborhood of § and let W be another neighborhood of 0 such that W+ W+W C
U. Let x € c1(A). Thereisapointy € Asuchthatx —y e W. If 8 -1limA, = Aand 8 - lim A, = B then
we have

K(WB)={neN:A,nBcAVandAnBCA}eF
and
L(WB)={neN:A,nBcBYand BNBEC A} eF
for each B € B. Let’s choose a By € B such that y € B;. For every n € K; we get
yeANB cAY = yeA)
where K; = K; (W,Bl) = {n eN:A,NBicAVand AN B, QA,Z"} € ¥ . For each n € K; there exist z, € A,
such that y — z, € W. None of the points z, may belong to By. Since K1 N L(W, E) € F for every B e B,

we can choose an 7, € K; and a B, € 8 such that n, € L, (W, Bz) and z, € B, where L, = L, (W, Bz) =
{n eN:A,NB,CBYand BN B, QAZV} € F. Then we have

z,. €A, NBy € BY = 2z, e BV.
There exists t € B such that z,, —t € W. Hence we get
x—t=(-y+W-z.)+ @ -HHeW+W+WcCU.
Then we have x € BY. Since U is an arbitrary neighborhood of 6, we get x € cl(B). That is, cl (A) C cl(B).

The inclusion cl (B) C cl (A) can be shown similarly. Consequently, we obtain cl(A) = cl(B). O

Theorem 3.2. Let (X, T) be a first countable TVS and B be a bornology on X. Let A, € K (X) for every n € IN.

1. If the sequence (Ay) e is monotone increasing and cl (\J,en An) is compact then

A

nelN

B-1limA, =c

2. If the sequence (Ay),en is monotone decreasing then
B-lmA, =) An
nelN

Proof.

1. Let’s assume that (A,),cn is @ monotone increasing sequence. Let A := cl (U,.en An)-

e Let’s choose an arbitrary B € 8 and an arbitrary neighborhood U of 0. For each n € N we have

Ja

nelN

A,NBCA,Ccdl =AcCAY.

Then we get 8" —lim A, = A.
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e Again, let U be an arbitrary neighborhood of 0 and let B € 8. Since A is compact, there are

finitely many y1, ¥2, ..., Ym € U,en An such that A € ULL; (v + U). Let’s index the yj’s again such
that ANB C Ul;:l (y]- + LI), k < m. For each x € A N B, there exists a yj € UnenAn (€ {1,2,...,k})
such that x € y; + U, i.e. x —y; € U. From y; € U,en Ay, there is an n; € IN such that y; € A,
for each j € {1,2,...,k}. Let np := max {nj 1jedl,2, ...,k}}. Since (Ay),en is monotone increasing,
we have y; € A, foreach j € {1,2,...,k} and every n > ng. If x — y; € U and y; € A, then we have
x € AY. Hence we have

AnBc AY for every n > ng

(Here 1y depends on U and B,butnotonx e AN B). Therefore we get 8~ —lim A, = A.
Consequently, we obtain 8 —lim A,, = cl (U,,en An)-

2. Now, let’s assume that (4,),cN is @ monotone decreasing sequence and let A := (,,on An-

O

e Let’s choose an arbitrary B € 8 and an arbitrary neighborhood U of 6. We have

ANBCA=(A,cA, Al
neN

for each n € N. Then we get 8~ —lim A, = A.
Let U be an arbitrary neighborhood of 8. We show that there exists an 7y € IN such that

A, c AY

{n1 <np <.. <n <..} €N such that

for every n > ny. Let’s assume that this is not true. That is, there is an infinite set K =

A, ¢ AY

for every k € IN. Then, for each k € IN there exists a point x such that x; € A, and x; ¢ AY. Since
(An)nen s monotone decreasing, (xx)ren 1S @ sequence in the set A;. From the compactness of A,

the sequence (xi);cn has a convergent subsequence (xk/.)],eN (say xo to it’s limit). In this case, we
have xy € A, and for the neighborhood U there is a jy € IN such that

Xk]—X()Gu

for every j > jo. Then we get x;; € AY and that is a contradiction. Therefore, there exists an
np € IN such that

A, cAY

for every n > ny.
Now, for an arbitrary B € 8 and an arbitrary neighborhood U of 6 we can say that there exists
an ny € IN such that

A,NBcA,cAY

for every n > ng. Hence we get 8" —lim A, = A.
Consequently, we obtain 8 —lim A, = (.o An-

Now, we give the equivalence of bornological convergence and filter bornological convergence.
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Theorem 3.3. Let (X, t) be a Hausdorff TVS, B be a bornology on X, and F be a free filter on IN. Let (An),cn be a
nested sequence of closed subsets of X and A € C1(X). Then we have:

B-limA, =A = FB-1limA, = A.

Proof.
(=) : Itis easily obtained from the inclusion ¥ 2 7.

(&) : Let’s assume that #8 — lim A, = A. We will prove in two cases according to whether (A4,),qy is
increasing or decreasing.

Case 1: Let (A,),en be an increasing sequence such that A, C A, for every n € IN.

Firstly, we will show that A, € A for every n € IN. Let n € IN be an arbitrary constant index and let u € A,.
Since (A,) is increasing, we have u € A,, for every m > n. Since ¥ 8 — lim A, = A, if for each neighborhood
U of 6 and each B € B8 we have

K(U,B) = {me]N:AﬁBgA,LnlandAmﬂEQAU}ET.
Let’s choose a By € B such that u € By. Then, for each neighborhood U of 6 and each m € K(U, BO) \
{1,2,..,n} € ¥ we get

ueA,NBycAY = u e A4,

Due to A is closed, we obtain u € A. Hence we get A, C A for every n € IN.
Now, we show that 8 —lim A,, = A. Let U be an arbitrary neighborhood of 6 and let B € 8. Since A, C A
for every n € IN, we get

A,NBCA,cAcCAY

for every n € IN. This implies that 8* — lim A, = A.
From our assumption of ¥ 8 — lim A, = A, we have

L(UB)={neN:AnBcAland A,nBCA"}eF.
Let np := minL (U, B). Since (A,) is increasing, we have
ANBc Al cAY

for each n > ny. Therefore, we get 8~ —lim A, = A.
Consequently, we obtain 8 —lim A, = A.

Case 2: Let (Ay),en be a decreasing sequence such that A1 € A, for every n € IN.
Firstly, we will show that A C A, for every n € N. Let n € IN be an arbitrary constant index and let u € A.
Let U be an arbitrary neighborhood of 6 and let By € 8 with u € By. Since ¥ 8 — lim A, = A, we have

K(U,Bo) = {mEN:AﬂBOQA%andAmﬂBO QAU}€¢.
Then we get
ueAnByc Al c A = ue Al

for each U and each m € K(LI, Bo) \{1,2,..,n} € F. Due to A, is closed, we obtain u € A,. Hence we get
A CA, foreveryn € N.
Now, we show that 8 — lim A, = A. Let U be an arbitrary neighborhood of 6 and let B € 8. Since A C A,
for every n € IN, we get

ANBCcAcCA, cAY
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for every n € IN. This implies that 8~ —lim A, = A.
From our assumption of ¥ 8 —lim A, = A, we have

L(UB):={neN:AnBcAl'and A, nBCcAY}eF.
Let np := minL (U, B). Since (A;) is decreasing, we have

A,NBC A, nBcAY

for each n > ny. Therefore, we get 8* —lim A, = A.
Consequently, we obtain 8 —lim A, = A. O

From Theorem 3.2 and Theorem 3.3, we can give the following corollary.

Corollary 3.4. Let (X, t) be a Hausdorff TVS, B be a bornology on X, and F be a free filter on IN. Let (Ay),en be a
nested sequence where A, € K (X) for every n € IN.

1. If (An),en is an increasing sequence and cl (\U,ep An) is compact then

U

nelN

FB-limA, =cl

2. If (An) e 1S a decreasing sequence then

FB-1limA, = ﬂ A,

nelN

Definition 3.5. Let (X, 7) be a TVS and F be a filter on IN. Let (A,),cn be a sequence of nonempty subsets of X.
We say that the sequence (A,),en is T -monotone increasing if there exist a set M = {n1 <np <..<m <..} €F
such that A, C A,,,, for every k € IN. (Ayn),en 5 said to be F-monotone decreasing if there exist a set M =
{m <np <..<ng<..)€F suchthat A,,,, C Ay, for every k € N.

If (An) e s F -monotone increasing or F -monotone decreasing then we say that (Ay),cn is an F -nested sequence.

Theorem 3.6. Let (X, 7) be a first countable TVS and B be a bornology on X. Let A, € K (X) for every n € IN and
let M ={ny <np <..<ng<..)eF whereF isa free filter.

1. If the subsequence (Ap),epm of (An)pen is monotone increasing and cl (e An) is compact then

FB-limA, = CI[U A,

neM

2. If the subsequence (Ay),em Of (An),en s monotone decreasing then

FB—-1limA, = ﬂ A,.

nemM

Proof.
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1. According to Theorem 3.2, since (A;),c)s is monotone increasing we have
B-limA, =d|| A, |=A
nemM
Let U be an arbitrary neighborhood of 0 and let B € 8. Then there is a ky € N such that
ANBCA] and A, NnBcAY
for every k > ky. Hence we get
fneN:AnBcAYand A,nBCAY 2 M\ (1,2,..k —1}.
Since ¥ is a free filter, we have M\ {1, 2, ..., kg — 1} € F. Therefore we obtain
{nE]N:AﬁBQAEandAnﬁBQAU}ET
and so F B -limA, = A.
2. It can be proved similarly.
U
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