Filomat 38:25 (2024), 8755-8772

Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL2425755A

University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

2y

‘&,
g,
T &

&
Ipapor®

On generalized 1)-conformable calculus:
Properties and inequalities

Noureddine Azzouz?, Bouharket Benaissa®, Hiiseyin Budak®*

®Faculty of Sciences, University Center Nour Bachir El Bayadh, Algeria
YFaculty of Material Sciences, University of Tiaret, Algeria
Department of Mathematics, Faculty of Science and Arts, Diizce University, Diizce, 81620, Tiirkiye

Abstract. In this paper, we first introduce a new fractional derivatives and integrals called generalized
Y-conformable derivative and generalized y-conformable integral operators, respectively. We also show
that these operators generalize various well-known fractional integral operators. Then, we present several
properties of these operators including semi-group property. Moreover, we apply these operators to obtain
a new Hermite-Hadamard-type inequality for convex functions. Furthermore, we obtain corresponding
midpoint and trapezoid type inequalities for functions whose derivatives in absolute value are convex.

1. Introduction

Throughout history, various forms of fractional derivative definitions have been introduced, including
Riemann-Liouville, Caputo, Grunwald-Letnikov, Riesz, and Weyl. The majority of them are defined using
fractional integrals, with the loss of some basic properties that ordinary derivatives have, such as the
product rule and the chain rule, among others.

Essential tools that allowed mathematicians to define fractional integrals were Cauchy’s iterations of n
integrations

I"f)(x) = f doy f [ f(an)danzﬁ f (x— " F(t)dt,

and the Gamma function defined for complex values @ with Re(a) > 0 as follows

I'(o) = f Lot dt,
0

which satisfies the following properties

VnelN*: T(n)=m-1)! and al(a)=T(a+1),
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and the Beta function defined by

1
ngztft*%1—n*1m Re(z) > 0, Re(s) > 0.
0

It verifies
_T(z)T(s)

B s) I'(z+s)"

In 2014, Khalil et al. [3] proposed well-behaved type of fractional derivative named conformable
fractional derivative whose most properties coincide with Newton derivative.

Definition 1.1. Let f : [0,00) — R be a continuous function. The conformable fractional derivative of order
a € (0,1] is defined for all t > 0 by

ft+et=) - £

€

£ (¢) = lim
If f is a-differentiable in some (0,a),a > 0, and lim;_,g+ f*(t) exists, then define
£2(0) = lim £()
Iffis differentiable at t; then the a-derivative is f*(t) = 1= f'(#).
The a-fractional integral of a function f starting from a > 0 is defined as follows

Definition 1.2. : Let f : [0,00) — R be a continuous function. The conformable fractional integral starting from
a > 0of order a € (0,1] of the function f is defined by

X dt X
@Hw= [ 055 = [ fod W
. . . . . ot
where the integral is the usual Riemann improper integral and d, t = el

Iterating n-times (1) leads to (takings =a —1)

54 t1 n-1 1-n X n—
f £ dty f £ dty ... f t;f(tn)dtn:% f (=t =) YHF dt.

The generalized fractional integral of order > 0, with parameter « € (0,1] [2] is

FI% f() = %ﬁ) f (== ){H 10

The major focus of this work is to introduce a novel class of fractional conformable integration and
differentiation operators of order « € (0, 1] with respect to a differentiable monotone function ¢. Then, us-
ing Cauchy’s iteration, generalized fractional conformable integral operators of order f > 0 and parameter
a € (0,1] are defined, and their boundedness and semi-properties are given. Next, we derive the general-
ized fractional conformable derivatives. Finally, for convex functions, we prove new Hermite-Hadamard
inequalities.

dt

; 2)

2. New Conformable Fractional Integrals

In this section, we introduced new conformable derivatives and integrals. In this section, we assume
that ¢(.) is a positive continuously differentiable function such that i)’ > 0 and a € (0, 1].
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2.1. Y-conformable fractional derivative and integral

The definition of 1- conformable fractional derivative is now given.
Definition 2.1. Let f : [0, 00) — R be a continuous function.
e Forallt > 0, the Y-conformable fractional derivative of order « is defined by

Ft+ey o) - £

I3 =1
D10 =l ————

o If fis differentiable at t, then the \-derivative is
DY =90 f0).
o The corresponding y-conformable fractional integral of a function f starting from a > 0 is
X
Crinw= [ vosod,

dt

wheredyt = ————.
R0

2.2. Generalized -conformable fractional integral

Iterating n times the 1)-conformable fractional integral (3), gives

X 2 -1
fll/(h)dlptlf Y (ty) dyts ... Y (tn) f(tn) dyts

_ 1 X Il}a(x)—yba(t) n-1 ,
_F(n)fa( a ) P() f(1) dyt.

8757

3)

According to this result, the generalized y-conformable fractional integral operators of order p > 0 are

defined as follow.

Definition 2.2. Let 0 <a < b < oo, f : [a,b] C [0, +00) — R be a continuous function. The generalized left and

right \-conformable fractional integral operators of the function f, with order > 0, are defined as

1 X a — a t —
I f(x) = ) f 20 [M]ﬁ Fydyt,

and

1 b Aty — _
Gl s = [ o0 o e

For special choices of ¢, « and B, we get already known results.

1. Taking @ = 1, the operators reduce to the y-Hilfer integral operators of order > 0.

2. For i(t) = t, we get the Katugompola operators of order § > 0 and parameter a > 0.

3. For Y(t) =t, a = 1, the operators are simplified to Riemann-Liouville integral operators.
4. Taking 1(t) =t ,a = 1 and 8 = 1, the operators reduce to classical Riemann integrals.

4)
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5. Setting ¢(t) = In(t) and a > 1, We get the a-Hadamard operators of order > 0 given in (6) and (7).
6. Setting Y(t) = In(f), a = 1 and a > 1, We get Hadamard operators with order g > 0.

Definition 2.3. Let 1 <a < b < oo, f : [a,b] C [0,+0) — R be a continuous function. The left and right
a-Hadamard integral operators with order > 0, are defined as

aesB 1 “rIn(x) —In*() -1 f(H) b
and
aa B In*(t) — 1n(x)ﬁ1@ dt
7 1) F(ﬁ)f | 5 In'~*(t)’ 7

Next, some examples are given.

Example 2.4. For 6 > 0, we have

g o ([YE) - @p) _  TO+1) i) - Pia)pes
C?Iﬂ*([ a ]) - r(;3+5+1)[ a | ®
Pr(b) - '#“(x) TO+1) 9b) — ¢ox) e
csfb([ ])_ r(‘3+5+1)[ a ] ©)
Proof. Using the definition (8), we get
i) - yb“(a) _ 1 (Tt - vt i) - vta)
Sl 1)—@f [ vo 5
()~ P(a) ) -yt
Posing u = ) = v @) then 1 = e - @ and
lP“(X) P (a) P (x) - llf“(a) o+ ﬁ 1
A [) = s 0P o a
_ T+ [lP“(x) - IP“(a)rﬂg
S T@E+6+1) a '
The proof of (9) is similar. [
Example 2.5. Consider the Mittag-Leffler function defined for p > 0 by
. z
E@) =) =,
b kZ:OA T(Bk+1)
then
P () — P(a) PHx) — 9@
e R e IR )
(b) — P*(x) 48 “(b) — (%)
Gt ([P0 - (O ) -0 a
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Proof. Using (8), we have

([ED (x) — 9" (ﬂ) )

P (x) - 1/1 (a)
CT u+ Z F(ﬁk +1) g?’ a* [ ]
. 1 P (x) - w“(a) kp+p
Z T(kp+p+ 1)[ ]

1 Y(x) — P(a) 15 (k+1)
I’(ﬁ(k+1)+l)[ ]

_ me vop),

The proof of (11) is similar. [

OM8E

Now, we state some theorems related to the generalized )-conformable integral operators.

Theorem 2.6. Let be a function f € Cl(a,b) , then
lim &0 0= f@,  lim 1] £ = £ (12)

Proof. Integrating by parts, we get

P - o)
Gl = [ o P

1 Yi(x) — P*(a) Yr(x) —
:r(ﬁ+1)([ xoz “] @ f[x—]f(t)dt)

consequently ﬁlirg &Df S =fx). O

Now, we show that these operators are well defined on a specified space of functions. Define

b
Xy ([a,b]) = {f A fllx,= f LfO 19 () dyt < 00}/ (13)

dt
pre()
Theorem 2.7. (Boundedness property) Let f € Xy ([a,b]) , then for p >0

where dy t =

Yo feXy(labl), and ! I f € Xy (la,b]).

Y I’, and *_I' are bounded on Xy, explicitly

Moreover the fractional integral operators . I . el

ab a
[ A, = LR 1,

(14)

and

(@ (b) - p(a))’
H ZTIIZ fHXw < ab F(ﬁ + 1) ||f||X¢, : (15)



N. Azzouz et al. / Filomat 38:25 (2024), 8755-8772 8760

Proof. Let f € Xy ([a,b]) , by Fubini’s Theorem, we get

lP ﬁ
C7—' Ia*

f 1 ) 1 () dyx

P00~ gy p
=]

Y (x)dy tdyx

b b a — () 6
- [ |f(t)|( f -y 1¢,(x)d¢x)¢,(t)dw

1 b lyba(b)_liba(t) B ,
T+ 1)10: |f(t)|[T] Y@yt

- @0 -y @)
T afTBE+1)

Similarly, we establish (15). O

Remark 2.8. Denote by C([a, b]) the space of continuous functions on [a, b].
1. Let f € C([a, b]), then
b
max( f0)) [ 0t
= max( £ [0

so that C([a, b]) € Xy ([a, b)) .
2. Let f € C([a, b]) then

IN

b
[ oo

T (7, ¢ () —gt(t) 1
LSO < 1 [ v o[ ] dge
1#”‘ x) = P(t)p-1
< rmat o) [ o[ FEE0 g
1 W”(b) — P (a)p
< r(ﬁ+1)[ [ max(i £ )
Hence ' oF I, f € C([a, b)) and the opemtor CT + is bounded on (C([a, b]), max).

Theorem 2.9. If f € C([a, b]), then
hm L o a+f(x =0, hm P f(x = 0.
Proof. Let f € C([a, b]), then

|g¢lff()| S—ma (|f(t)|) w(t M]ﬁ1
[(B) as

Y

consequently 11m I i f(x) =0 0O
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Theorem 2.10. (Semi group property) Let f € Xy ([a, b]) and B1, B2 > O, then

LG ) = L P ),

and

c¢151 (CTlfzf (x)) cflfi+ﬁzf (x).

Proof. Using Fubini’s Theorem, we get

G (Gr0) = s [ w0 OO ) o

1 X t , ,
‘nmwg££¢@“)

["Da( )—yb“(t)]ﬁl [Hl’“ t) — 9*(s) ]’gz f(s)dysdyt

L ) = PR () = () e
_r(ﬁl)r(ﬁz)fﬂfs‘“t)'ul’(s)[ ——" ] fedytdys.

Pe(t) = P(s)
P) — P(s)’

By changing the variable 7 = we obtain

B ¥ (B2 ¥
ol (Gt )

X 1 o i b
- F(ﬁl)lf(/32_) f ( fo hl(1 = g)fiL dr)lp/(s)[(%”(")a—lf”(s))]ﬁ By

_ B(ﬁl;ﬁl) X , (lPa(X)—ll)a(S)) B1+p2—1
T TED () fu O[] fO)dys

1 © (@) = P (s)) prepe
‘11ﬁ1+ﬁ2>b£ VOS] fOds

1+82
= PP f ().

The result (17) can be proved similarly. [

2.3. Generalized 1-conformable fractional derivative

8761

(16)

(17)

Definition 2.11. (y-conformable fractional derivative) The generalized left and right -conformable fractional

derivative operators of order B > 0, of a function f are defined by
o If=n€IN"then

, ¢1 a(x) d ; ¢1 a(x) d
g%m(wmﬂﬂ)”m¢mﬂ)(wwﬁﬂ)

e [fn-1<pB<n,nelN then

GDLp = (G ) ()

L (P A\, ) — () s
_F(n—ﬁ)( U (x) E) fa #’(t)[T] fH)dyt,

(18)
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and

v p _(_v=w g\ s
ey f) = (_ e ﬁ) (61" f) @)

1 (9@ d N ) = ) st
~Tui-p) (_ es) ﬁ) fxwt)[—a |7 fodye

(19)

3. Hermite-Hadamard inequality

Now, we give a version of Hermite-Hadamard inequality involving the generalized i-conformable
fractional integral.

Theorem 3.1. Let f € Xy ([a, b]) be a convex function and > 0, then the following inequalities hold

T 1 b
f(” ; b) < g (;r w)) [4 1 Fa) + ¢ 1P F@)| < w (20)
where
F(s)=f(s)+ fa+b—-s), (21)
24 — o ﬁ
and Qa, ¢) = (M) .

Proof. For any s € [a, ], we have

2f@§£)=2f«+g_s+§)Sfm+b—@+f@L
then

zf@iﬁ)g 6+ ), 22)
where

f@E)=fla+b-s).

Multiolyi IR A O) . .
ultiplying (22) by — Y (s) Y7 (s) and integrating over s € [a, b], we result

o a B
f«+b)(¢aﬁ—¢(®)g CE+Dy 8 by (23)

2 a 2 o

Multiplying (22) by ¥ (5)Y271(s) and integrating over s € [a,b], we get

P (s) — @)\
04

2 a 2 CF b~

Al _ L, B
f(“b) (¢ 2 (a)) < T0rD vy i pg) (24)
By adding the inequalities (23) and (24), we deduce

T +1
f(a ; b) S 4;)5(;’ J) 41 F@) + ¥ I F@)]. (25)
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To prove the second part of inequality (20), putting s = (1 —f)a + t b and by using the convexity of f, we get

fE)+f) < fla)+f(b). (26)

Doing the same calculus as above with (26) gives us

T'(g+1) f(a) + f (b)

v, (27)
By combining the inequality (25) and the inequality (27), we obtain the desired result. [J

We suggest some new results for special choices of a and .

Remark 3.2. Under the hypothesis of Theorem (3.1), taking o = 1 we deduce the following Hermite-Hadamard
inequality related to the Y-Hilfer fractional operators VI f+ f(x)and VT’ f, f(x)

aeb\__TEED e
1% )S4(¢<b>—¢<a>>ﬁ[“bp(“”“af@]S—,

2
which proved by [leli and Samet in [1].

The following results are obtained under the hypothesis of Theorem (3.1) and dependent on the function
Y given.

Corollary 3.3. Under the assumptions of Theorem (3.1);

1. Putting 1(s) = s, we result Hermite-Hadamard inequality related to Katugompola operators *1' f . f(x) and
I )
o

f(a + b) - afT(B+1)

a 7B a7
2 |7 4 —av)B [ I, F@a)+ IWF(b)] <

fla) + f(b)
R

Particularly, by a = 1, we obtain Hermite-Hadamard inequality via the fractional Riemann-Liouville operators
proved by Sarikaya et al. in [5].
2. Setting Y(t) = Int, we get Hermite-Hadamard inequality related to a-Hadamard operators

B
f(a ; b) : 4 (glwr;ﬁ_j;j o [“‘}{fj-“(a) + “WfJ—“(b)] < f@)+ o)

2
If @ = 1, we obtain Hermite-Hadamard inequality involving Hadamard operators.

3.1. Trapezoid Type Inequalities

In this section, we describe certain trapezoid type inequalities using i-conformable fractional integral
operators, as well as their distinctive results. To do this, we first provide an equality in the following
Lemma.

Lemma 3.4. Assume that , B, are defined as in Theorem 3.1 and let f : [a,b] — R is a differentiable mapping on
(a,b), then the following identity holds

fO [0 _T6+D |

LI F@) + o 1L F(D)]

2 4Q@, a) L7 )
- 150 fl (20(1# a)-A (S))[f’(sa+(1 —8)b) — f'((1 - s)a + sb)| ds @)
10, ) Jo /@) = Aya ,
where
144 _ o _ ﬁ o _ B R ﬁ
Agals) = (1/’ b -y (Za +(1 S)b)) N (1,D (1 s)a;— sb) — 1 (a) | -
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Proof. Let

b a _ B a _ @ B
n= [ K—‘b Oy (”)) —(—‘P 0y (””F'(t)dt. (30)

a

Integrating by parts (30) and using (21), we get

= [(l’ba(b) . ‘W))ﬁ - ("”a(b) 0 )ﬁ ko] 5 f b (—l’ba(b) . )ﬁ1 W OFBd,
therefore a
h= (M) F(b)-T(@+1) ! 10 F(b). (31)
Similarly, let
L fgb [(W’(b) - ¢“(a)) (£o-ro) ] Pt @)
Integrating by parts (32) , we deduce
o= (M) F@ +T@+1) & 1P Fa) 33)

Since F(a) = F(b) = f(a) + f(b), from (31) and (33), we obtain

Ji- 2 =2Q@,a) (f@) + f0) ~TE+ D) | LI F@) + & 1. Fp))],
thus

f@+fb) TE+1)

T 100 )[mF<>+c¢ I F@)| = (i = J2).- (34)

4 Q(IP a)
On the other hand, given that F'(t) = f'(t) — f’(a + b — t), from (30), we get

b Al _ )0 B Al _ ),a B
hzfg {(M) _(M) }(f’(t)—f’(a+b—t))dt.

By changing the variable f = sa + (1 — s)b for s € [0, 1], we obtain

1 a Y el B a _ _ p
h:“"”)fo [(ab <b)aw(a>) _(¢ (b) = ¢*(sa+ (1 s)b))]

o

X[f" (sa+ (1 —s)b) — f' (1 —s)a+sb)]ds
Similarly, from (32), we get

b & —h® B ALy _ B
]Ffa [(w (b)aw (a)) _(w <t>a¢ (“)”(f'a)—f'(am_t))dt

1 ah _ o, B o _ o B
=(b_a>f0[(¢ (b)awa)) _(w (1 =s)a+sb) w(a>)]

24

X[f' (1 —s)a+sb)— f'(sa+(1-s)b)]ds
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As a result,

1
]1—h=(b—®b£(ZQ@w@—A¢A®)UWW+%1—@m—f%ﬂ—sw+swhh (35)

The desired equality (28) is attained by replacing (35) in (34). O

Theorem 3.5. Assume that a, B, are defined as in Lemma 3.4. If |f’| is a convex mapping on [a,b], then the
trapezoid type inequality is obtained as

‘ﬂm+ﬂm T(p+1)

10, a )[cst I, F(a) + C¢If+F(b)]|

(36)
b-a
B 4Q(¢ a)

Proof. Using the absolute value of identity (28) and the convexity of the function |f’|, we have

fla) + f(b) F(ﬁ+1)[
2 IO loly

b—a 1
S4Qwﬂnﬂ
b—a 1
54@@&L£

b-
4Q(¢ a)

This end the proof. O

Uﬂm+V@WprWa>Aw@W

H)+C#ﬁﬂm”

s)a + sb) |ds

(1 =9)|f®)|+ A -9)|f @] +s|f ®)]]ds

Uﬂm+vwwprWa>Aw@%

For a = 1, we get the following Corollary.

Corollary 3.6. With the hypothesis of Theorem (3.5), we possess

f@+f0) T@E+1)
2 10())

[ Y10 Fa) + YI0.Fb)] ‘

—4Qwﬂ”

where

Ay(s) = () = P (sa + (1= 9)) + (@ (1 = s)a +sb) - p(@))’, (37)
and

QW) = (Pb) - v@)’. (38)
It is proved in Theorem 2.5 of [1].

Depending on the choice of the function 1) we obtain the following Corollary.
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Corollary 3.7. 1. Taking y(s) =s, we get

f@+f) TE+1)

[“Iﬁ,F(a) + “Iﬁj(b)] ‘

2 4Q1(0()
(39)
B 1
< talr@ el [ pow-auek
where
a_ _ a\p _ a_ a\P
Al,a(s):(b (sa + (1 —s)b) ) +(((1 s)a+sh)* —a ) , (40)
o o
and
a _ a\P
Ql(a)z(b 4 ) : 41)
If @ = 1 in (39), we result Corollary 2.6 of [1].
2. Choose 1(s) = In s, we obtain
by T 1
AU 4(52:(0()) [“HE F@) + “7—(5+F(b)]‘
(42)
b 1
< 1o @+ O] [ 20 - Aol
where
a 1 _ B a _ 1. B
Az,a(S)Z(ln (b) - In Sa+(1 s)b)) +(ln (@ s)a;—sb) In“(a) / 3)
and
a a B
() = (M) ) (44)

If o = 1in (42), we result Corollary 2.7 of [1].

p
Theorem 3.8. Let p > 1 and r% + % = 1. Assume that o, , ) are defined as in Lemma 3.4. If f'| , is a convex

mapping on [a, b], then the following trapezoid type inequality is obtained

f(a)+f(b)_ I(p+1) [Lp )

2 4Q(¢, a) CF b~ CF a*

Fa) + ', 10.F(b)] '

1

b-a 1 v\
< W(ZL |2Q(1P,0() _All’,ﬂ((s)| dS) (

1

b-a 1 v\
< m(zjo‘ |2Q(l1[),0() _Alp,a(s)| dS) (

p)} (45)

r@| +|re

r@)|+|f o))
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Proof. By Lemma (3.4), using the absolute value
‘f(a) +f) _TE+1)

40, a )[CT I, F(a) + ailff(b)]'

— $)b) \ds

b-a !
= T ), Pow A

b—a ! ,
T, fo 2O, @) - Aga@)||f (1 = )2 + sb) [ds,
Holder’s inequality yields

f(a) + f(b) F(ﬁ+1)[
2 I0@a Loy

b Fa)+ o I F@D)| '

1

_40(90 )(f 2O, a) - AyaG) ds) x( i

boa ([ OV
+m (L |2 Q(ll)r Oé) - A¢,L¥(S)| ds) X ( )
f/ P

fl@)+f(b) T@+1)
‘ 40@,a )[Csfbp()J’csfa*F(b)]'

Since is a convex function, we get

o)
of).

b-a 1 4 F% 1_17 / ¢
Sm(fo 2O, @) - Aya(s)| ds) 2 r(f(a)| +

40@ )(f|2g(¢a — Apals)f ds) (1

"(sa+ (1 —s)b) |pds)p

1

—8)a + sb) 'pds)p .

8767

This accomplishes the first inequality in (45). Notice that A” + B? < (A + B)? for p > 1, it results the second

inequality in (45). [

3.2. Midpoint Type Inequalities

In this section, a midpoint type inequality involving i-conformable fractional integral operators is estab-

lished using the identity stated in the following Lemma.
Lemma 3.9. Under the hypothesis of Lemma 3.4, the following identity holds

Te+h +b
100, | oo PO+ o FO - 1 (u )
b-a ! ; ,
= 100, J, Ay,a(9) [f (sa +(1- s)b) -f ((1 —s)a + sb)] ds

- ; : j; [£/(sa+ @ =9)b) = £((1 = s)a+sb)] ds.

(46)
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Proof. Let

b a(p) — Y B a(p a
&z_l:“w>a¢aﬁpﬁwt(¢<>¢4a)£ P

Integrating by parts (47), we get

a _ B b a _ p-1
Ki =- (M) F(t)'b _ﬁ f (M) ll)/afl(t) F(t)dt
(yb"‘(b) P ﬂ))

which gives

Vi) = @\ (a+b
K =( ~ ) F(“ . )—r(5+1) Y1 E).

Similarly, consider

K = I(M)p(t)dt_(w) f /(.

2

Integrating by parts yields

a _ B b a _ p-1
K2 — (lp (t) alP (15[)) F(t)|:—ﬁ L (lab (t) a¢ (a)) lp'a_l(t)F(t)dt
() - @)’
o

b
E(t)

ath”’
2
which gives

(w%m—w%mfF«+b
a

K, = 2) T(B+1) I Fa).

Adding (48) and (50), then using (21) we result

7 F(b)

Ki+Ky = 4Q(p, ) f(40) -T(E+ 1) [ 4.1 F@) + b I Fp)|.

CF b~

Moreover, by changing the variable t = sa + (1 — s)b in (47) and using (21), we get

K —a) f (W(b) lP‘*(Sﬂ+(1—5)b))

[f (sa+ @1 —5s)b)— f' ((1 —s)a+sb)]ds

b (W(b) #}“(ﬂ))

f[f (sa+(1—s)b)— f'((1 —s)a+sb)]ds.

Changing the variable t = (1 — s)a + sb in (49) and using (21), we obtain

a

1/ 001 _ _ B
K :(b—a)ﬁ(w (1= s)a+sb) ‘P(”)) [f (1= s)a+sb) — f (sa + (1 — s)b)] ds

—(b—a) (M) f [f (1 —s)a+sb)— f'(sa+ (1—-s)b)]ds

8768

(47)

(48)

(49)

(50)

(51)
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Thus

1
Ki+K, =-({b-a) f Apa(©) [f (sa+ (1 =s)b) = f' (1 = s)a+sb)]ds
0 1 (52)

+2(b-a)QY, a) [ [f (sa+(1—s)b)— f' (1 —s)a+sb)]ds,

replacing (52) in (51) we get the desired equality (46). [

Theorem 3.10. Assume that «, B, are defined as in Lemma 3.4. If |f’| is a convex mapping on [a,b], then the
midpoint type inequality is obtained as

F(ﬁ +1) a+b
40, a) | &1 F@) + &1 F0)] - f( )‘

(53)
1
< b;“ (1 + Q(l;,a)fo ‘A¢,a(s)|ds) I @1+ 17 ®)].

Proof. Using the absolute value of identity (46) and the convexity of |f’| function, we obtain

F(B+1) [ a+b
4Q(¢,a)

B B
b F@)+ U I F®D) ] f(

sa +(1- s)b)|

f’((l —s)a+ sb)” ds

((sa+ (1 —s)p)| + |F(@-s)a+ sb)” ds

+b—af1[
2 1
2

1
= b;a (1 * Q(I;,a) fo ‘Aw/a(5)|ds) [If @1+ 1 ®)]-

This end the proof. [J

For a = 1, we get the below new result.

Corollary 3.11. With the hypothesis of Theorem (3.10), we possess

TB+1) 1,4 g a+b
100) [ Y10 F@a) + Y I0.Fb)] —f(7)|

<22t (1 * 00 f g )ds) (I @1+ 1 @]
where Ay(s) and Q() are defined by (37) and (38)§.
The following new results are obtained according to the function ¢ used.
Corollary 3.12. 1. Taking y(s) =s, we get

re+1) agh p a B a+b
’4@1(0()[ i Iﬂ*F(b)]‘f(T)‘

(54)
b

1
;“(H%@ [ asfas) i @r+ o
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where A1 ,4(s) and () are defined by (40) and (41)8§.

If @ = 1in (54), we get

F(ﬁ+1) a+b b-a) 2 , ,
Y [Jﬁp()+ﬁ;?(b)] f( )‘s 1 (1+ﬂ+1)[|f(a)l+lf(b)l].

2. Choose 1(s) = In s, we obtain

re+1)
4 (a)

[a¢ﬁF()+a¢ﬁFw] f(a+bﬂ

(55)
1
< b;“(n%@ fo lAz,a(S)'dS)[lf'(ﬂ)l+|f’(b)l]-

where As 4 (s) and () are defined by (43) and (44)8§.

If a = 1in (55), we get

’r(ﬁn)

B B a+b
20,0 |H? F(a) + HL.F(b)] - f( )'

1
= b%(“ 021(1) fo 'A“(S)|ds) [IF @1 +1F ®I]

Theorem 3.13. Let p > land  + 5 =
mapping on [a, b], then the following trapezoid type inequality is obtained

F(ﬁ+1) a+b
LQ@,a)[mFomﬂF(wl f( )

P,
"I, is a convex

([ra@f +

< 4Q<¢ a)( f [Avaf ds) p);

N P\ N DN AT (56)
3 +
[ i +[ i

b—a 1 1 2 pi/ , ,
< (2 e fo |Apa(s)] ds) ( +f (b)|).
Proof. Applying Lemma (3.4) and the absolute value, we get

TB+1) [ a+b
40, a) 2

b—a
4

LI F@) + o 10 F()] - f(

[f’(sa +(1- S)b)| + f’((l —s)a+ sb)” ds

b 1
= 4Q(1,bfla) fo s,

+b—af1[
2 1
2

((sa+ (1 —s)p)| + |F(@-s)a+ sb)” ds,
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Holder’s inequality gives us

rg+1) +b
’4Q(x,b,a)[csbe(“)+csraﬂb} f(a )‘

b-a 1 ” 4 o ) , 1

< 100, a) (L |A¢,o¢(s)| dS) [(L lf (sa+(1 s)b)| ds) +( i
1 pi, 1
(4 |

1

"((1 —s)a + sb) |pds)ﬂ}

5 1 5
 (sa+ (1 - s)b) |”ds] +( — s)a +sb) |” ds] ]

. P . .
Given that |f’| is a convex function, we obtain

rg+1) +b
‘m(w,a)[mﬂ”*C“*F(b’] f(a )‘

b—a ! v v 1-2 (] o
S—4Q(¢,a)(fo |Ap05)| ds) 2 ( )

<=

of)

4Q<¢ )( f [Aga) ds) (1

+b—a
4 4 4

This accomplishes the first inequality in (45). For the second inequality, notice that for p, p’ > 1

AP + B’ <(A+B)Y, 1+37 <4and A7 +B7 <27 (A +B)7,
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then

1

v

4Q<¢ )( f |4y a(s)] ds) (

+ f’(b)'p);

b-a
+ n 1 "

b-a % )
S40<w>(f'f‘*““s)"’ls)(f<ﬂ>|f(b)\ Tl
_ b—a 1 2 1 v pl,
= T 4r +(W~[O‘ ‘A¢/a(5)| ds) (

b-a _1-1
< 21p(4 ar IP )f|AW(S)| ds) (

- 3
e 5 ) ool ) |

which yields to the second inequality in (45). O

1_,

(7 @] +|r®l)

==

7o)
)

4. Conclusion

In this paper, we introduced a novel set of fractional derivatives and integrals, namely the generalized
Y-conformable derivative and integral operators. We demonstrated that these operators extend various
well-known fractional integral operators and explored their key properties, highlighting their semi-group
property. Moreover, the application of these operators led to the derivation of a new Hermite-Hadamard-
type inequality for convex functions. We also present some midpoint and trapezoid type inequalities
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