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Abstract. Our focus in this study revolves around investigating a Kirchhoff problem involving the p(x)-
biharmonic operator. The purpose is to study the existence and multiplicity of weak solutions for our
problem without assuming the Ambrosetti-Rabinowitz condition. By using the mountain pass theorem
with Cerami condition, we show the existence of non-trivial weak solutions for the considered problem.
Furthermore, our second purpose is to determine the precise positive interval of A for which the problem

admits at least two nontrivial solutions. Finally, the existence of infinitely many solutions is proved by
employing the fountain theorem.

1. Introduction

Recently, there has been a lot of attention devoted to the study of differential equations and variational
problems with variable exponent. Indeed, Some of these equations originate from diverse domains of
applied physics and mathematics such like Micro-Electro-Mechanical systems, surface diffusion on solids,
flow in Hele-Shaw cells. Additionally, this class of equations can describe the static from the change of beam
or the sport of rigid body, there are plenty of authors who have draw attention to that kind of non-linearity
furnishes a model to study traveling waves in suspension bridges, for more details, see [1, 8, 18, 30, 31].

In the present article, we mainly study the following Kirchhoff-type problem involving the p(x)-
biharmonic operator of the form:

AulP® + (ol 2 @W-2,,) = :
m (fQ () dx (Ap(x)u + d(x)|ulf u) = Af(x,u) inQ,

1)
u=Au=0 ondQ,

where Q ¢ RY is a bounded open domain with smooth boundary dQ, N > 3, A > 0 is a real number,
d € L*(Q) such that inggd(x) =d” >0,me C([0,+0),R,), f : QX R — Ris a Carathéodory function and
XE!

A;(x)u := A(AuP®~2Au) is the p(x)— biharmonic operator
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The differential operator
At = A(AUPD > Au)

is a natural generalization of the classical p—biharmonic operator A(JAul'~2Au) when p > 11is a real constant.
However, the p(x)-biharmonic operator has a more complicated nonlinearity than the p-biharmonic operator,
due to the fact that p(x)-biharmonic operator is not homogeneous. This fact involves certain difficulties, for
example, we cannot use the Lagrange Multiplier theorem to solve many problems involving this operator.

Problem (1) is a nonlocal problem due to the presence of the term m, which implies that the equation
in (1) is no longer pointwise identities. Note that the problem (1) is similar to the stationary problem

introduced by Kirchhof in [22]:
Pu (po E (" ou %u
Pﬁ‘(?*ifo 'a"”)ﬁ =0

More precisely, Kirchhoff proposed this model as an extension of D’Alembert’s classical wave equation,
taking into account the effects of variations in string length during vibration. Furthermore, S. Woinowsky-
Krieger in [33] considered the Kirchhoff-type evolution equation:

uy + A*u = M(IVulP)Au = g(x, u),

which is a model for the deviation of an extensible beam.
A problem involving the p(x)-biharmonic operator was firstly investigated by A. Ayoujil and A.R. El
Amrouss in [7], the authors studied the spectrum of the following problem:

A;(x)u = Auff®2y  inQ,
u=Au=0 on dQ,

and they proved the existence of infinitely many eigenvalue sequences and sup I = +co, where I' is the set of
all eigenvalues. Afterwards, various authors studied the existence and multiplicity of solutions for problems
of type (1) and a plenty of results have been obtained, see for instance L. Kong [23], A.R. El Amrouss and
A. Ourraoui [14], M. Alimohammady and F. Fattahi [4], O. Darhouche [11], G. A. Afrouzi, N. T. Chung and
M. Mirzapour [3], R. Ayazoglu, G. Alisoy and I. Ekincioglu [6], K. Kefi [20] and M. Khodabakhshi, S. M.
Vaezpour and A. Hadjian [21] and the references therein. In [23], L. Kong considered the problem(1) in the
particular case when m = 1 and f(x, 1) = a(x)|u®2u — c(x)|u|*®~2u, where a, ¢, y, a € C(Q) are nonnegative
functions. By using variational arguments and the theory of the generalized Lebesgue-Sobolev spaces,
the author proved that the problem considered has at least one nontrivial weak solution. Moreover, O.
Darhouche [11] studied the existence and multiplicity of weak solutions of problem (1) withd =0and A =1
under the following compactness condition:

(AR) There exist K > 0 and 0 > I such that

0 < OF(x,t) < tf(x,t), forall|t{ > K anda.e. x €],

t
where F(x, t) = f f(x,s)ds and ! is a precise constant.
0

As we know, the (AR)-condition plays a pivotal role in the application of the variational method, which
is used extensively to ensure the boundedness of the Palais-Smale sequences and the energy functional has
a mountain pass geometry, but in many cases, cannot be satisfied. For example, in the case p(x) = p, the
function f(x,t) = |~2tIn(1 + |t|) does not satisfy (AR)-condition but it satisfies certain weaker conditions.
So, a natural question arises, can we ensure the existence and multiplicity of nontrivial solutions without
assuming the (AR)-condition? Some researchers have answered this question for some problems involving
the p(x)—biharmonic. L. Li and C. Tang in [26] consider the following condition
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(AR)o There exists a constant 0 > 1, such that for any s € [0, 1] and f € R, the inequalities

%f(x,st)st — F(x,st) < pilf(x, Bt — F(x, )

t
hold for a.e. x € QQ, where F(x, t) = ff(x, 7)dr;
0

This condition was introduced by L. Jeanjean [19] in the case p(x) = 2. Recently, the researchers G. A.
Afrouzi, N. T. Chung and M. Mirzapour in [2] consider the following condition:

(AR); f € C(R,R) and there exist a constant sy > 0 and a decreasing function 6(s) € C (R\ (—so, so) , R) such
that

0<(p* +6()F(s) < f(s)s, Vlsl = so,
Is|

o(t
where 6(s) > 0, lim O(s)|s| = +o0, lim ﬁ
|s]—>+00 |s]—>+c0 t
S0

dt = +coand F(s) = | f(t)dt;
/

Then, the goal of this article is to show the existence and multiplicity of nontrivial solutions to (1) without

assuming the (AR)-condition on nonlinearity f, using the condition more general than (AR) and overcome
the difficulties generated by the Kirchhoff-type problem.

Before outlining our main results, we list some assumptions imposed on the functions m and f such that:

(Hp) pe C(Q)and 1< p~ = minp(x) < p* = maxp(x) < p;(x) forall x € Q, where
xeQ

xeQ)
Np(x .
P (x) 1= #;()x) if p(x) < §
2 +00 if p(x) > %

(mg) m € C([0,+0),R;) and there exists m* > 0 such that itgofm(t) >m.
(m1) There exists u € [1, ;% min p;(x)] such that for all t € Ry, tm(t) < pm(t),
xeQ

t
where m(t) = f m(t)dr.
0
(my) mis a decreasing function on [0, +0).

(f1) There exists a function s € C(Q) which satisfies

1<p” <p*<s :=mins@x) < s := maxs(x) < pj(x) on Q,
xeQ) xeQ)

and a positive constant C > 0 such that
If(x, )] < CA + |tF®7) forall (x,t) € QX R.
(2) f(x,t) = o(|tl" 1) as t — 0 uniformly for a.e. x € Q.

F(x,t
(f3) hﬁln inf |t(|3; ;ﬁ) = +oo uniformly a.e x € (3, where 1 comes from (1) above.

(fs) There are real numbers 6; > p* and 0, > 1 such that

o 0 = FGx,) < 0 [Ql% f8)s — F, s)} ,

aexeQandV (ts) e R* xR*, with t <s.
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(fs) f(x,—t) = —f(x,t) forall (x,t) € QX R.

Remark 1.1. Our assumption (fy) is more general than hypothesis introduced by L. Jeanjean [19] and L. Li and C.
Tang in [26] in the case p(x) = 2 and 61 = p* = 2. In fact, if f(-,t) = 0 for all t > 0, we have

% Fx, = F(x, 1) < 65 (p%)z Fx,5)s - F(x, s)] <6, [% Flx,s)s — F(x,s)]

aex e QandV (t,5) € R* X R*, with t < s.

Now, we present the main results of this paper.

Theorem 1.2. Suppose that (mg) — (mz), (Hp) and (f1) — (fs) hold. Then for all A > 0, problem (1) has at least one
nontrivial weak solution in X.

Theorem 1.3. Suppose that (mg) — (m2), (Hp), (f1) and (f3) — (fa) hold. Then, there exists Ao > 0 such that for any
A € (0, Ag), problem (1) admits at least two distinct weak solutions in X.

Theorem 1.4. Suppose that (mg) —(mz), (Hy), (f1) and (f3) — (f5) hold. Then, for all A > 0, problem (1) has infinitely
many weak solutions (u,) C X such that I(u,) — +o0 asn — +oo.
2. The functional setting and tools

In this section, we review some necessary definitions and basic properties of the spaces LF*(Q2) and
WkPE(Q)) (see [12, 15-17, 24]) and some useful properties of the p(x)-biharmonic operator, which we will
use later.

Letp € C.(Q) := {p € C(Q) : p~ := infp(x) > 1}, we define the variable exponent Lebesgue space by
xeQ)

rYQ) = {u : Q — R is measurable and f lu()P®dx < +oo},
Q

equipped with the Luxemburg norm
[ulpe) = inf {/\ >0: f
Q

1. The Lebesgue space (L'™(Q), |.|) is Banach, separable, uniformly convex, reflexive and its conjugate space is

LI9(Q), where q(x) is conjugate to p(x), i.e., ﬁ + ﬁ =1.

2. For any u € LP®(Q) and v € L19(Q), we have

fuv dx
Q

On LF®(Q), we define the modular p : [/®(Q) — R as follows

p = [ 1
Q

The relationship between p and |.|,y) is established by the next result.

p(x)
@ dx < 1} .

Proposition 2.1. (See [17])

1 1
< ; + q__ |u|p(x)|v|q(x) < 2|7/l|p(x)|vlq(x)-

Proposition 2.2. (See [17]) For u € LF®™(Q) and (u,) C LP™(Q), we have
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ulpy <1(=1,>1) = p(u) <1(=1;,>1).
Foru #0, [ulye) =A &= p(}) = 1.

P e
lulpwy > 1= |u|p(x) <p(u) < Iulp(x).

. P
lulpoy <1 = |u|p(x) <p(u) < Iulp(x).

. The following affirmations are equivalent to each other.
(a) }i_{l‘y”n - ”lp(x) =0.

SNSRI

(b) limp(u, —u) =0.
(c) u, — uin measure in Q and lim p(u,) = p(u).

6. lim [uplpy) = 00 & limp(u,) = .
n—oo n—oo

Next, for any k € IN*, as in the case of constant exponent, we can define the variable exponent Sobolev space

as
WEPO(Q) = {u € LP(Q) : D% € IP'Y(Q), || < &},

24y

N
where k is an integer, a = (a1, ..., an) is a multi-index, |a| = },a; and D*u = Fr N

i=1
The space WkP®(Q) endowed with the norm l[llkpoy = X ID%ulpy is a Banach, separable and reflexive
lor|<k

space.

Proposition 2.3. ([17,28]) Forp,y € C.(Q) such that y(x) < pp(x) forall x € Q, there is a continuous embedding
WO (Q) s LO(Q).

In addition, if y(x) < pi(x) for all x € Q, then, the embedding is compact. Hereafter, denote p* = max p(x),

x€Q)
p~ = min p(x) and for all x € Q,
xeQ)

p(x) = o PO <N,
"~ |+ ifp(x) 2N,

Np(x) .
p*(x) = N—Zp(x) lf p(X) < %’
k +oo  ifpx) = N

We denote by Wg’p (x)(Q) the closure of C7°(Q2) in WkP(Q)). Notice that problem (1) is modeled in the working
space X = W2™(Q) N W,"™(Q) equipped with the norm

p(x) )
||u||d:inf{t>0:f( +d(x)’%’p )dxsl}.
Q

1. (X, |I.lla) is a Banach space separable and reflexive space.
2. The norms ||.|l2,p), 1A-lp) and ||.|la are equivalent.

3. There is a continuous and compact embedding of X into LY™(Q) where y(x) < p;(x) for all x € Q.

Au

t

Remark 2.4. ([14])

Proposition 2.5. ([9]) Let py(u) = f (IAuI"’(") + d(x)lul”(")) dx. For u,u, € X, we have,
Q

L flulla < 1=l < patu) < llully .

2. ully > 1= [lull], < pau) < |lulf; .
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3. ualla = 0 &= pa(uy) — 0.
4. luglls = +00 &= py(uy) — +o0.
Now, we can define the weak solution of problem (1).

Definition 2.6. We call u € X a weak solution of problem (1) if

p(x) p(x)
m (f [Aup™ + d()lul dx) f (IAMI”(")*ZAqu + d(x)lul”(")*zuw) dx
Q p(x) Q

=A f flx,u)ywdx, forallwe X.
Q

In order to prove the main results, we introduce the energy functional I : X — R of problem (1) as follows
I(u) = J(u) — Ap(u), where

](u):m( fQ |AulP® ;(j)(x)lulp(ndx) and o) - fQ -~

t t
with F(x, t) = f f(x,s)ds and m(t) = f m(t)dt. It is easy to prove that I € C}(X,R) and its critical points
0

0
are solutions to problem (1).

Let the functional 8 : X — R be defined by

p(x) p(x)
By = [ 1+ A
Q p(x)

Proposition 2.7. ([14])

1. The functional B is sequentially weakly lower semi continuous, B € CY(X,R) and it's Fréchet derivative is
given by

(B (1),0) = f (1AuP 2 Aud + d(x)|ul©-2u0) dx,
Q

forallu,veX.

2. The mapping B’ : X — X" is a strictly monotone, bounded homeomorphism and it is of type (S+), that is, for
every sequence (u,) C X and for every u € X which satisfy

u, — u weakly in X and lim sup (B (u,),u, —u) <0,
n—+oo

then u, — u strongly in X.
3. pisaClin L*(Q) and ¢’ is weakly-strongly continuous, i.e. u, — u implies ¢’ () — @’ (u) .
Remark 2.8. Note that u € X is a weak solution of problem (1) if and only if we have
m (Bu)) (B’ (u),w) = A f;f(x, wywdx, forallw e X.

All through this paper, the letters C;, c;, i = 1,2, 3... denote positive constants which may change from line to line.
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3. Cerami condition
We now give the definition of the compactness condition of the Cerami which was introduced by G. Cerami in [10].
Definition 3.1. Let (X, ||.I)) be a real Banach space and I € C'(X, R). If any sequence (u,) C X fulfilling
(I(uy)) is bounded and  ||I'(uy)llx-(1 + ||uyl]) > 0 asn — +o0

has a strong convergent subsequence in X, then, we say that I satisfies the Cerami condition (we denote (C)— condition)
in X.

We are going to show that the functional I fulfills the (C)—condition. First, a technical result.
Lemma 3.2. The following statements hold.
(i) The conditions (mg) and (my) imply that
mt) <m(l) Vtel0,1], and  m@t) <mt* Vte(l,+o0).

Hence,
m(t) <m(1)(1+t), Vtel0,+o0).

(ii) Given the number x € [0, 1] then, the condition (my), implies that t — m(t) — x m(t)t is an increasing function,
where t > 0.

(iii) The condition (f3) implies that given Dy > 0 there is a positive constant Dy = D, (D) such that

F(x,t) = Dit*"" —D,,  forall (x,t) € QX R.

Proof. To prove (i) note that, if 0 < t < 1, since the function m(.) is strictly increasing on [0, +o0), then m(t) < m(1),
m(t

and if t > 1. Now, we consider the function K(t) = % By direct calculation, it is clear that t — K(t) is strictly

decreasing on [1, +00), then m(t) < m(1)t*.

To prove the second item we are going to consider s > t and that (my) holds, then

t S
m(s) — x m(s)s > f m(o)do + f m(t)do — x m(s)s
0 t

> m(t) + x m(t)(s — t) — k m(s)s
> m(t) — x m(t)t
Next, the assumption (f3) means that given Dy > 0 there exists a positive constant t; such that
F(x,t) > Di|t|*"" forall (x,|t) € Q X (1, +00).
Since F(x, t) is continuous at t € [—t1, 1], there is a constant D, > 0 such that
[F(x, )] < Dy forall (x,t) € Qx[-t1,H].
Therefore, the result follows. [

Proposition 3.3. Assuming the assumptions (mg) — (mz), (Hy), (f1) and (f3) — (fa) are fulfilled. Then, the functional
I fulfills the (C)—condition.
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Proof. Let (u,) C X be a Cerami sequence for I, that is,
(I(un)) is bounded and ||I'(uy)llx-(1 + [luyllsd) = 0 as n — +oo, 3
which implies that

sup [[(un)l <M and  (I'(uy), un) = on(1), (4)
nelN

where 0,(1) — 0as n — +oco and M is a positive constant. Let (u,) C X be a bounded sequence satisfying (3). Then
there exists uy € X such that up to a subsequence, still denoted by (u,), we have by Remark 2.4 that

Uy — Ug inX;
Uy — U in L'®(Q), for all y € C,(Q) with y(x) < pj(x) in Q, (5)
Uy(x) = up(x) ae xe€Q,

Hence, by (f1), (5), the Holder inequality and Proposition 2.2, we obtain

< Cflun—uoldx
Q
+c( f |un|5(x)dx)
Q

— 0, as n — +oo.

’ L J(x 1) (1 — ug)dx

s(x)-1
s(x)

1
s(x)
( f it —M0|S(x)dx) (6)
Q

On the other hand, using (mgp) and (my), we obtain
m (B(u,)) € (m*,m@0)) VnelN, (7)
where B is given in (2). Next, since u, — uy, from (3), we have
I’ (uy), uy —upg) > 0, as n — +oo.
Then, by (6),
m (B(un)) (B'(un), ttn — 1o} = I'(un), U — tho)

+A f f(x, up) (U, —up)dx — 0, as n — +oo
Q
Since B' is a mapping of type (S.) (see Proposition 2.7) and (7) holds, we can conclude that u, — ug strongly in X.

Next, to complete the demonstration, it remains to show that (u,) is bounded in X. To this end, assume the
contrary that the sequence (u,) is unbounded in X. Without loss of generality, we may suppose that ||u,ll; > 1 and
[tunllg — +o0 as n — +oo. By (4), (Hp), (mo), (m1) and Proposition 2.5, for n large enough, we get

M > I(uy,)

P pe)
_ %( |Auy P + d(x) us| dx) .yl f F(x, uy)dx
o p(x) Q

> m+ f (A1, PD + d(x) |, P)dx — A f F(x, u,)dx
HPT Ja o)

m*

u,) —A | F(x,u,)dx
o pulu) [ Ferm

>

m

AR f F(x, ).
Q

=
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Since ||upyllyg — +00 as n — +oo, we get

fQ F(x, uy)dx > %uunn’;' - %A — +oo. )

On the other hand, using (mg) we have that m(.) is strictly increasing on [0, +o0). Then, by and Proposition 2.5,

p(x) p(x)
I(u,) = 71 ( f A + Al dx) | f F(x, u,)dx
Q p(x) Q

< r’ﬁ( f (|Aw, ™ +d(x)|un|7’("))dx) -A f F(x, u,)dx
Q Q
<)) = A [ P
Q
Thus, we obtain
A [ Pl <) = Hw) < i) + M.
Q

Since m(.) is strictly increasing on [0, +00) and ||u,|l; — +o0 as n — +oo, we have

limsup| [ 20 gl <1, )
I PRE=—"
o 7))

n—+00

Let us define the sequence (B,) C X by B, = ”;‘—”d for any n € IN. Then, up to subsequences, for some 3 € X, we
have

Bn—p in X,

BB inLM(Q),

Bo— B inF(Q),
Bu(x) = B(x) ae inQ,

(10)

where s(.) comes from (f1). Define the set © = {x € Q3 : B(x) # 0}. If x € ©, from (10), we obtain
|t (O] = 1B (0)[[1tnlla — +00.
Then, by Lemma 3.2 and n large enough, we obtain

F(x,uy,) S FGx,u,)  F(x,uy)

Alually) ANl Al R

1B ()" — +oo.

Hence, if meas(®) # 0 (where meas(®) means the Lebesgue measure of ©), we have, using Fatou’s Lemma and (8),

dx < liminf[f f(x'—uHdel
= | Jo ()

[[ L dx}
o ()

But, this contradicts (9). Therefore, we can conclude meas(®) = 0 and B(x) = 0 almost every x € Q.

F(x, un(x))

+oo = [ lim 1nf[ — o
Al )

< limsup

n—+00
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As & v I(&uy) is continuous in [0, 1], for all n € IN, then, there is &, € [0, 1] such that
I(Enttn) := max I(E). (11)

Put (Lp)ken C R be sequence such that Ly > 1 for any k and Ly — +o0 as k — +oo. Then,
ILkBulls = Ly > 1, Vk,n e N.

Let k be fixed. As B, — 0 in L9(Q) and Bu(x) — 0a.e. x € Qasn — +oo. Using (f1) and Lebesgue’s dominated
convergence theorem, we get

fP(x, LiBn)dx — 0 asn — +oo. (12)
Because |[uy|ly — +00 as n — +oo, then we have ||uy|ly > Ly for n large enough, which means that ”u ”d € (0,1) forn
large enough. Thus, from (mg) — (m1), Proposition 2.5, (11) and (12) we obtain

Ly
I(&quy,) > I(—un)
(Cott) = 1\
= I(Lkﬁn
ALB P + d(x)|Li P
(f | kﬁnl X)| kﬁnl dx)—/\fF(x,Lkﬁ,,)dx
p(x) Q
> puif) = A [ RO Lip)ds
Wp p p
[ f F(x, Lify)dx
Q
m
= apt
for n large enough. Then,
liminf (&) > —L1, VkeN. (13)

n—-+oco Up k.’

Next, we claim that, for n large enough, &, € (0,1). In fact, by (13), we have &, > 0, for n large enough. On the
other hand, if there is (&) C (&) such that &; = 1 for all j. Then, using (4) and (13),

ki <I(uj) <M, forall jandk,

which it is a contradiction, because Ly — +00, as k — +co. Therefore, we can consider, for n large enough,
511 € (0/ 1) and (Il(énun)/ 511“71) =0.
On the other hand, it follows from Remark 2.8, (Hy) and (f) that

510 = 510 = oo ((Et), £t
2

(x) (x)
< 1 ( IAE )PP + d()|E P dx)
02 p(x)

( IAEn )PP + d(2)|E ity P dx)f (|A(£nun)|p(x) + d(X)|E ity
9291 p(x) Q p(x)

+/\L[#f(x,un)un—F(x,un)]dx



M. El Ahmadi et al. / Filomat 38:26 (2024), 9185-9201 9195

Hence, using Lemma 3.2,

p(x) p(x)
ll(énun)s l[;ﬁ(f | P + d(x) |1t dx)
0, 0, Q

p(x)
_gllm( [ Aty P ;(j)(x)'”"'”("’dx) fQ (IAMW ;(:;x»um("))dx]
+/\L[éf(x,un)un—F(x,un)]dx
< 1’17( [ Ay P ;(j)(x)mnl”"‘) dx)
_(911)2’”( fo | A, [P®) ;(j)(x)lunlp(X)dx) L (I A, P9 + d(x)lunlp(x)) dx

+/\L[éf(x,un)un—F(x,un)]dx

1

= I(uy) - W

I (un), up).

Then, letting n — +oco we have
lil’P I(&uuy,) < 6,M,
n—+00

which contradicts (13). The proof is complete ]

4. Proof of Theorem 1.2

The proof of Theorem 1.2 is based on the application of the mountain pass theorem given by Ambrosetti-Rabinowitz
in [5]. By Lemma 3.3, I satisfies the (C)—condition. According to definition of I, we have 1(0) = 0. Then, to apply the
mountain pass theorem, we are going to show that I has a mountain pass geometry.

First, we claim that there exist «, R > 0 such that

Iwy>a, VYueX with |ulls=R. (14)

In fact, by (mp) — (m1) and Proposition 2.5, for |lullz < 1, we obtain

%

I(u) > m+pd(u)—/\fF(x,u)dx
up Q
A 15)
> W,+”””Z —)\fl—"(x,u)dx.
Q

Since p* < p5(x) and s(x) < p5(x) for all x € Q in view of conditions (my) and (f,), respectively , we have from
Remark 2.4 that X < LP"(Q) and X — L®(Q). So, there exist cg,c; > 0 such that

lulp < cellulla  and  |ulsx) < crllulla, Yu € X.
From (f1) and (f>), given € > O there is a positive constant C, = C(e) such that

F(x,t) < eltf” + Ctf®,  VY(x,t) € QX R. (16)
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Therefore, for |lully < 1 small enough, the relations (15) and (16) yields

P f [ulP* dx — AC, f [ul*®dx

- )\sc ||u||p - ACcc; ||u||d

I(u) >

m* + . _ _
> (,up+ - )\ec’; )Ilullp - ACecs [lull® .

m’ .
Since s~ > p* and choosing € < p— we obtain
Acg up*

I
lim inf @) >0,
IO [l

which implies that (14) holds.
Next, we affirm that there exists 0 € X with |[ully > u such that

I(o) < 0. (17)
In fact, let ¢ € X\ {0} such that ||p|| = 1 and | > 1 be large enough, using Lemma 3.2, we obtain

(x) (x)
1) = ( f Ao +d(x L8 dx)—/\ fQ F(x, I)dx

. |A1¢|p(x>+d(x)|l¢|p(x) #
Sm(l)( 5 ") dx) —/\‘fQF(x,ZqZ))dx

" H + + 18
Sn?(l)(i% fQ (IAcpI”(")+d(x)|qb|”("))dx) — ADyI¥? fQ || dx 18)

+ ADymeas(Q)

< ((’Z(? Pra-w _ D, f I¢I“”+dx)+ADzmeuS(Q)
Q

where | comes from (my). As
m(1) f‘ N
———AD [pI** dx <0,
(p)¥ "o ?

for sufficiently large D1 , we find
I(Ip) = —oco0, as I — +oo.

Therefore, there exists ty > 1 and o = to¢p € X \ Br(0) such that I(c) < 0. The proof of Theorem 1.2 is complete.

5. Proof of Theorem 1.3

In order to prove Theorem 1.3, we shall use the following theorem and prove the technical lemma.

Theorem 5.1. [27, Theorem 2.6] Let X be a real Banach space, A,B : X — R be two continuously Gateaus
differentiable functionals such that A is bounded from below and A(0) = B(0) = 0. Let 7 > 0 be fixed, if for any

S S
sup  B(u) |’
uEA‘l((—ooJ]))

AeTy:=10,
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the functional I = A — AB satisfies the (C)-condition for all A > 0 and is unbounded from below. Then, for any A € Iy,
the functional I admits two distinct critical points.

Lemma 5.2. The following assumptions hols.
(a0) Let hypotheses (mg) and (my) be satisfied. Then, the functional | defined by

( f |Aup® +d(x)|u|”(")
X
p(x)

is bounded from below.

(m1) Let hypothesis (f1) be satisfied. Then, there exists Ay > 0 such that

1
sup  @(u) < —
ue](=e0,1)) Ao’

where p(u) = f F(x, u)dx.
Q

(a2) The functional I = | — A is unbounded from below, for all A > 0.

Proof. Using (my) and (m1), we obtain
AP + ()
p(x)
m*
> — f (AU + d(x)|ulP™)dx
upr Jo

) = 171(
Q

m)(-
> R pa(u).

According to Proposition 2.5(4), we deduce that ] is coercive. Consequently, | is bounded from below.
To check (a1) we are going to use (f1) and Proposition 2.5. Thus, we can find a positive constant cg such that

(p(u)zLF(x,u)dx

SCf(|u|+%|ul”)) x (19)

< cgllullg + cs max{llully, llull} }.
On the other hand, for all u € J~1((—o0, 1)), according to (mg) — (m1) and Proposition 2.5, we find

JAuP® + d(x) @
p(x)

P
S f (AUP® + d()ulP®)dx
Hp Q

up* = pp*J(u) = pup*in ( fQ

> m"py(uL)
2 1m0l [}
where g = p~ or q = p*. Hence,

L

W
[ullg < cg = max{(‘LZ; ) ,(VP ) }

m*
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In view of (19), we have
sup  @(u) < cgeg + s max{c?,cé} 20)
uef1((=0,1))
Let us denote
Ao = cgcy + cg max{cg,cg}.
Then, from (20), one yields

sup  @(u) < 1 <=
w0 A

this finished the proof item (a1).
Now, we are going to show the proof of the lemma. For this, let ¢ € X\ {0} and | > 1 be large enough. Then, using
the same arguments as in (18), we can infer that

I(Ip) = —c0, as | — +oo.
Consequently, I is unbounded from below. [

Now, we continue with the proof of Theorem 1.3. Let A = |, B = ¢ and n = 1. In view of the definition of | and
@, we have J(0) = ¢(0) = 0. According to Lemma 3.3, I satisfies the (C)- condition. To apply Theorem 5.1, it suffices
to use Lemma 5.2.

Since all assumptions of Theorem 5.1 are satisfied. Then, for all A € (0, Ag) C Iy, the problem (1) admits at least
two distinct weak solutions in X.

6. Proof of Theorem 1.4

Let X be a real, reflexive, and separable Banach space, then there exist (f)jen C X and ( f]’.*) jeN C X such that

X=span{f;:j=1,2,..}, X = Span{fj* 1j=1,2,..,

and (f:, fi) = 1ifi = j, (£, fi) = 0if i # |

k +00
We denote X; = span{f;}, Y = EBl Xjand Zy = Q% X;.
j= j=

Theorem 6.1. (See [32] ) Let I € CY(X,R) be an even functional and fulfills the (C)—condition. For every k € IN,
there exists yy > 1y > 0 such that

(A1) by :=inf{I(u) : u € Zg, ||ull = Nk} = +o0ask — +oo.
(A2) cx :=max{I(u):u e Yy, |lull = yx} <0.

Then, I has a sequence of critical values tending to +oco.

Lemma 6.2. (See[13]) Fors € C,(Q) such that s(x) < p5(x) forall x € Q. Then, klim O = 0, where 6 = sup{|uls) :

—+00
llull = 1,u € Zi}.

Lemma 6.3. (See [13]) For all s € C,(Q) and u € L®(Q), there exists y € Q such that

s(x) — 1,15
Llul dx—luls(x). (21)
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Now, we continue with the proof of Theorem 1.4. To this end, based on the fountain Theorem 6.1, we will show that the
problem (1) possesses infinitely many of solutions with unbounded energy. Evidently, according to (fs), I is an even
functional. By Lemma 3.3, we know that 1 satisfies the (C)-condition. Then, to prove Theorem 1.4, it only remains to
verify the following assertions:

(A1) by :=inf{I(u) : u € Zi, ||ullg = k) = +o0ask — +oo;

(A2) cx :=max{I(u):u e Yy, llulli =y} <0

To prove (A1), we are going to take u € Zy such that |lull; = nx > 1. It follows from (my), (m1), (f1), Proposition
2.5 and Lemma 6.3 that

P |AulP® + d(x)|ulP® ) ~
I(u) = m( 5 e dx AfQF(x, u)dx

- RS
A —)\Cfluldx—ACf dx
Q a s)

s(y)
s(x)”

*

- AC
lully — Acsliulla ~ pet

On the other hand, by Lemma 6.2,

1 if|u|5<x) <1
|u|5(y)
s(x) — + .
(Okllualla)® if [uls@y > 1.
Hence,
AC
I(u) > — Acs|lulls — —(5kll ully)” -
- | m? _ AC AC
> ||u||5 - = Acsluly ™ = =07 helly 7 = =l ]
Let us fix ||ullg = mi = 6,:1 . Then, we obtain
1) 2 67 | — Aegd) ™' - Eé” - Eék]

Sincel < p~ < s and &y — 0ask — +oo, we conclude that g — +ooask — +oco. Finally, I(1) — +coas k — +oo.
Therefore, (A1) holds.

To prove (A»), let us suppose by contradiction that (Ay) is not fulfilled for some given k, that is, then there exists a
sequence (1) in Yy such that

[ttnllg = +o0  and  I(u,) > 0. (22)

Put v, = ” ” then |lvylla = 1. Because Yy has finite dimension, there exists v € Yy \ {0} such that up to a
n

subsequence,
lloy —olls 0 and v,(x) > v(x) a.e. inQ.

Ifv(x) # 0, then |u,(x)| — +oo. Hence, from (f3), we have

. F, un(x)) - Flx, un(x))
lim ————~ = lim ———

.
(O = +o0
n—+00 ”un” n—+oo |14, (x ( )|HP On ’
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forall x € ©® = {x € Q) : v(x) # 0}. Then, by Fatou’s Lemma,

F n F rn
+o0o = | liminf (XLSC)) dx < limsup f M dx. (23)
o 1+ (I o lull”

n—+o0

Consequently, by Lemma 3.2, for |[u,|ls > 1, we get

I(un)zfﬁ( fQ A, P ;(j)(x)lunlp(X)dx)—/\ fQ F(x, tt)dx

—(1 o) P )_
Sm(p_ L(IAunl + d(x)|u, [PY)dx /\f(:)F(x,un)dx
u
Sn?(l)(n (p%)“( fg (|Aun|”(")+d(x)|un|”<"))dx) )—/\ f@ F(x, u,)dx

\
Il

W —ALF(X,Mn)dX.

<m@)|1+

Using (23), we can deduce that

I — —_up* 1 F(x,
lim sup L}Lzﬁ < limsup m(l)llunlld“p o= )\f (x—z;')dx = —oo.
nveo gl n+oo ) © luanll;

which contradiction to (22). Finally, the assertion (Ay) is also valid. This completes the proof.
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