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Generalized Sumudu transform and tempered £-Caputo fractional
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Abstract. This paper applied the generalized Sumudu transform to the tempered &-Hilfer fractional
integral and the tempered &-Caputo fractional derivative. Our findings are utilized to address non homo-
geneous linear fractional differential equations in an initial value problem involving the tempered &-Caputo
fractional derivative of an order ¢ for n — 1 < ¢ <n € IN. An example is provided for 0 < ¢ < 1.

1. Inroduction

In the early 90s, Watugala [8] introduced a new integral transform called the Sumudu transform, charac-
terized by its simple formulation and various useful properties. He applied it to solve ordinary differential
equations and engineering control problems [7]. Subsequently, Weerakoon [21] extended it to partial differ-
ential equations. The Sumudu transform has not really been accepted or used by the mathematical world.
Thanks to the inversion theorems of this new integral transform, Weerakoon [22] defends this transform
against definitions that perceive no difference between Sumudu and Laplace. In 2006, Belgacem et al [2]
showed that it was the theoretical dual of the Laplace transform and should therefore compete with it in
problem solving. The Sumudu transform is now classified as one of the most widely used integral trans-
forms for solving differential equations due to its conservation of the unit of measurement. For example
in [18] this transform was applied to fractional differential equations, while in [1], it was combined with
the homotopy pertibation method to solve fractional gas dynamics equation. Additionally, in [11] nonlin-
ear fractional partial differential equations systems was solved through a hybrid homotopy perturbation
sumudu transform method, and it was also utilized to construct solutions of local-fractional PDEs [12].

In a recent study [6], researchers utilized a modified version of the Sumudu transform to handle dif-
ferential equations containing Riemann-Liouville and Caputo type fractional derivatives arising from the
&-Hilfer fractional integral. Furthermore, in [16] the generalized Laplace transform [3] was applied to
derive solutions for fractional differential equations with a new tempered fractional derivative of {-Caputo
as defined in [15]. This derivative serves as a link between the tempered Caputo derivative [5] and the
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fractional £-Caputo derivative [9, 19], and offering greater flexibility in real-world applications, including
diffusion processes [10, 13, 17, 23, 24]. (See also the included references). Inspired by the above papers, we
employ the generalized Sumudu trnsform in this work to obtain the solutions discussed in [16].

The paper is structured as follows. We present preliminary results in the next section. Section 3 is
devoted to the derivation under the generalized Sumudu transform of representations of the tempered
&-Hilfer fractional integral and the tempered £-Caputo fractional derivative. The final section focuses on
Cauchy problems for differential equations.

2. Preliminaries

Let’s recall some fundamental definitions and notations of generalized Sumudu transform and fractinal
calculus that are used in this work. _
Throughout the paper, we concede functions in the set A defined by:

A= {q)(t)/aB, T, s, such that| b(t) |< Be"l, if e (=1)ix [o,+oo)}.

Definition 2.1. The function ¢ is said to be &(t)-exponential order if positive constants N, ¢, and T exist such that :
lp(t)] < Ne“®, for t > T.

Definition 2.2. [6] Let ¢ € C[a, +00) be of &(t)-exponential order, and & € C'[d, +oo0) such that forall t > 4 &'(t) > 0.
The generalized Sumudu transform of ¢ is given by:

oo =1 [ e oneon, (1)

a

forallv > ¢.

Remark 2.3. Let ¢ € C[d, +c0) be of &(t)-exponential order for some increasing & € C[d, +o0), and N,é > 0,T > a
be such that |p(t)] < Ne®® for all t > T. Then the continuity of ¢ gives the existence of Ny > 0 such that
max,e(; 71 19()] < Ni. So taking N = max {N, Nle’f‘f(‘i)}, the increasing property of & implies ()| < Ne®® for all
t > d. Therefore, whenever & is increasing, we can take T = 4.

Furthermore, when & is increasing, we can always assume that ¢ > 0. Indeed, if £(t) > 0 for all t > 4, this is
obvious. If (@) < 0, we have

(1)) < Ne® < Nefee€t-2@) = (Ne*f‘f(")) eEreE®
forall t > &, where € > 0 is arbitrary fixed.

The relation between the classical and generalized Sumudu transform is represented in the following
theorem.

Theorem 2.4. [6] Considering ¢, < : [4, +00) — R as two functions where & is continuous and &' (t) > 0 on [d, +00),
and assuming the existence of Sc{p(t)}. Then

Selop( (o) = ${¢ (&7t + £@))} ), 2
where 5{¢} is the classical Sumudu transform of ¢.

Lemma 2.5. Let ¢, h be two continuous functions on [d, +oo), and of E(t)-exponential order. Then the generalized
Sumudu transform has the following properties:
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L S¢ (¢ 1) (B} (0) = VS (P(1)S: (h(t))(v), where

t
CERIOE f G(Oh (E7(EWD) + £@) - E(0) € ()i,

is the generalized convolution [4].

2. Ifc>0,u>0,then
o1

(;w +1)°

for 1> —u, where T'(z) = fom t~le~!dt is the well-known Gamma function.

Se {[&(t) - E@] e HEO-ED) (o) = r(),

Proof. For statement 1,

((t) £@) (9(5) £@)

SOE itk f s

a

+00 "
=2, f e R GOhEE (DE ()dtds
Now, by choosing 7 such that &(7) = &(f) + &(s) — £(d), we get

Scloseliio) = 5 | h f S (g (r) — £(6) + @)

X h(s)é (1)&'(s)dtds
- L[ e [ f ¢ (£7(E@ - £6) + £@))

2
Xh(s)&' (s)ds] &' (T)dT
1
Selp1Sethi(0) = —8e {@+: 1} @).
For the verification of statement 2, we put q = &(t) — £(4) to deduce
S {[£(0) - @I O D) (o)

- % f: [E() - é(ﬁ)]g_le‘(%+#)[§(t)—§(ﬁ)]é,(t)dt

1 +00 ) |
= 5 ; qC— e_(n+/‘l)qdq

1 +00 o _qd~ vg—l r
- U(% +[J)‘;.[0 q € q_ (HU"I‘l)C (C)/

where % + 11 > 0 was needed when we changed § = (2 + p)g. O

We will also require the following result from [6, Corollary 1].

Lemma 2.6. Let & € C""'[d, +00) such that for all t > d, &'(t) > 0. And let ¢ € Cg‘l[ﬁ, +00) be such that

(k]
ol = (é,(t)dt) o(0),

is of &(t)-exponential order for eachk =1,2,...,n—1, and qb[s”] a continuous function on the interval [, +00). Then
the generalized Sumudu transform of ¢[E”] exists and

S
._;

Se {01} (@) = "Se{p (D)) - X "o(b).

0

P
1l
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Throughout the remainder of the paper, we shall represent u[éol(t) = u(f).

Definition 2.7. [16] Consider ¢ > 0, > 0, u(t) is a real continuous function on [d, b and & € C[a, b] such that
E(t) > 0. Then the tempered E-Hilfer fractional integral of order ¢ is defined as follows:

Gl _L t _ c—1,—p(Et)—-E() g7
EHu) = g [ 60 - o) e 00 o, ®)

forteld, b).

Definition 2.8. [16] Let & € C"[, b] be such that & (t) > 0. Forn—1< ¢ <n,n € N, u > 0, the tempered E-Caputo
fractional derivative of order ¢ is defined by

—u&(t) t
[~ e "

Cyertl _
D u(t) = T

forteld, b), where

" 1 d]' e
uL,‘]g(t) - [ 0] E] (er<ut)).

Using E-convolution, we can express (3) by:

G/l 1 ~16-1_— )=&(@

) = g (160 - E@1 O D g ) o), (5)
Moreover,

6) = (e0u(),” (). ©

Remark 2.9. For u = 0 we get:
0,& _ 75 Cye 0, _ Cnelt
L7cu(t) = Iou(t),  “Dy7cu(t) = “Du(t).

where I;"g is the &-Hilfer fractional integral [4], and CDg": is the &-Caputo fractional derivative [19].

3. Generalized Sumudu transform and tempered &-fractional calculus

This section presents several proprties of the generalised Sumudu transform that are applicable to the
tempered &-fractional calculus.

Lemma3.1. Letc>0,u>0,& € Cl[a, +o0) an increasing function, and u € C[d, +oo). Then

Se {17 u(t)) () = ( ) S (u(t)(©), @

po+1
for uv > =1 such that the right-hand side exists.

Proof. In order to simplify the notation, we set U (s) = Sg{u(t)}(s). Lemma 2.5, and identity (5) allow us to
get

¢ {124 u(h) o) = %5 (160 - E@1e O~ 4 1) (1) (o)
= 55 {160 - E@1 e 0D U ) = ( e 1) Uelo)
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Lemma 3.2. Let £ € C"[4, +o<>) be an increasing function and n —1 < ¢ < nfor some n € N,u > 0. Let

u € C"[d, +o0) be such that u ¢ is of &(t)-exponential order for each k =1,2,.

SFﬁ“wmw(Wﬁ clu®)©) - @zgﬁﬁiww)

Proof. Considering the relations

Dy u(t) = e MDY (e Ou(h), L u(t) = e HOLE (),

using the formula from [15]

G — =G, 1 d ! — Jn—¢, n
CDFu(t) =1I" 5[( o (t)E) u(t)]—lﬁ (=),

using relation (6) and [19], we derive

. [n]
CD;/”"Eu(t) = e—us(t)CDgé (ef‘é“)u(t)) = eTHEO" 3 ([euéo)u(.)]: (t))
= e ORI (Ul (1) = 1 (e OulrLn).
Next, by Lemma 3.1, we obtain

Sl (e Oul )} @

_ v\ —u&(t), [nl
_([,w+1) S {e g tuy,é(t)}(v)'

8¢ {“D* u(b)} (v) =

After that, we use Theorem 2.4 and the translation property [14]:

wo(=)

S{et'ot)} () = =

So, we have

s (D0} 0= () Sl (e o

n=c  —u&@)
- (1 +vyv) 1e+ yvs{ 5115( G é(a)))} (1 + uo

" e —ué(@) [
T A+ poyet Se {ul3 ) 1+yv

11— o—HE(@) .
= (1v+ [Jev)n—g+1 SE {(e‘u"()u( )) (t)} (1 + “U)

|

-1, and uL”]S € C[d, +o0). Then
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we complete the proof by employing Lemma 2.6

CatE _ v"ce i@ 4 - &
$: {“Dy " u(h) (v) = T |\ S {e“Ou(r)) T
n-1 —n+k

v : [kl .

B kz_:f (1 + ;w) (eyé( )u('))é (a)}

_ U i@ [aut+E@), (-1

= T7 o= HeDg {entrE@y (71t + £(@)))] - +uv
n-1 —c

_ e—#ﬁ(ﬁ) v nyl @)

(1 + yv)k c+1 yé

v \° ~ »
:(1+W) S{”(é o) }U)_e#é )Z(1+M0)k o B(l()

1 c n—1 1
=( b Z’) Se(u(t))(v) — e HéWZ +” or [’ﬁ]é(a).
=0

O

4. Appliction to differential equations

The solution formula for differential equations with tempered £-Caputo fractional derivative is obtained
in this section by using the generalized Sumudu transform. We specifically take into account the following
initial value problem (IVP):

CDA u(t) = Dt u(t), t24d n-1<c<neN,u>=0, 9)

H@=u, k=01,...,n-1 w0
where uf are constants, & € C"[4, +0) is such that for all t > 4, &(¢) > 0, and @ € C([d, +0) X R, R). Denote
that uLOlé(t) = eMEWy(f).

Definition 4.1. A function u € C"[d, +00) is a solution to the IVP (9)-(10), if “D;* “u(t) exists and be in C(d, +0),
and u(t) satisfies (9)-(10).

It is necessary to confirm that each of Lemma 3.2’s assumptions is true before utilizing the generalized
Sumudu transform.

Lemma 4.2, [16]Letn—1<c¢c<n,ne€N,u>0,& € C'[d, +00) such that for all t > &, &'(t) > 0. If the right-hand
side @ € C([d, +o0) X R, R) of (9) is of E-exponential order, then ugc]g, k=0,1,...,n—1areall of E-exponential order,
where u(t) is a solution to the IVP (9)-(10).

To prove that a solution is suitably bounded, we will look at this follows linear equation:
DA u(t) = Au(®) + (), tzdn-1<c<neN, (11)
where A € Rand ¢ € C[d, +0) .

Lemma 4.3. [16] Let & € C"[d, +0c0) be such that forallt > d, &'(t) > 0,and p > 0,n—-1<c¢c <n,neN. If
¢ € C[d, +o0) is of &-exponential order, then the solution u(t) to the IVP (11)-(10) is of &-exponential order.
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Theorem 4.4. Let & € C"[d, +00) such that for all t > 4, &'(t) > 0,and n —1 < ¢ < n forsomen € N, u > 0. If
¢ € C[d, +o0) is of &(t)-exponential order, then a solution u(t) to the IVP (11)-(10) takes the following form:

n—-1
u(t) = €0 Y () = E@) Ecn (1) - E@)A) uf
k=0

t
+ f (E(D) = &) e MDD (D)E,  ((E(1) - E(0))°A) f(n)d,

where E_p(z) = Z; 0 r(,p ) I8 the Mittag-Leffler function.

Proof. The generalized Sumudu transform may be applied to Equation (11) in accordance with Lemmas 4.2
and 4.3. Given U(v) = Sc{u(t)}(v) and ®(v) = Sc{p(t)}(v), we derive, by Lemma 3.2,

c k-1
(1 ; yv) U(o) - e @ Z M@ = AU +00)

v ek

whenever v is large enough. Thus,

u«»—((““’) o

=(1- ~ué(@) o Y
_(1 1+yv [ a Z(].,_Iﬂ))kﬂ #é(a)+q)(v)(1+pv)l'

Through expanding into series (1 A ( );)— we obtain

1+uv
n—1 +oo ZJk
U() = e @ ( ( ) ) 2@
kz_(; = 1+ v (1 + po)k+t Héi
v Y
Bl ool )
Therefore,
n-1
U(t) = e @ Z Al + Ag, t>4,
k=0
where

+00 gp+k
Ay = ZAPS;{”—}(t), k=0,1,...,n—1,

= (1 + ”v)gp+k+1

(p+1)c
Ay = Z APS1 {((1 . /ﬂ))) CD(U)} (®).

The symbol 5, ! denotes the inverse of S; in this case. The same characteristic of the classical Sumudu
transform also implies that the inverse in the set of continuous functions is unique due to Theorem 2.4 and
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attributes of &. It is evident from Lemma 2.5 assertion 2 that for every k =0,1,...,n -1,

(E(F) — E(@))<tePeHED-E@)
A Z A F(k +1+ gr))

ke —ueo—ga o APED) = E@)
= (&(t) — &(@a))keHEB—2@) e A S i
; I'(k+1+cp)

= (&(f) — £@))Fe HEO@DE_ L ((E(t) - £E@))°A).

Subsequently, we utilize both statements of Lemma 2.5, to deduce

¥ pre [E() = &E@)]PHVe Tt gmueO-¢@)
Ao =) ATS; {vsg{ NCERS }sg {¢(.)}} )

p=0

_ [E() - 5(&1 )]E+DT gm(EO)-E@)
) Z‘ . T[(p+1)] * <P] (t)

AP [E() = E@]
T'[(p+1)¢] ](t)

= (f * [60) - E@] T eE0 g - ([E0) - E@F A) (1)

= | fr [EQ) = &@)]° " eV zw»Z

t
= f (&) = &) e MDD (DE (1) — E(D)°A) f(n)d.

which completes the proof. [

Remark 4.5. For a given function ¢ € C[d, +00), the statement of Theorem is still true. For further information, see
[16, Theorem 4 ].

Example 4.6. We deduce from Theorem 4.4 and Remark 4.5 that for 0 < ¢ < 1, the Cauchy problem

DI ult) - quit) = ¢(), t24, GER 20,
u(@) = ug,

for & € Cta, +o0) such that 0 < &'(t), and ¢ € C[a, +00), has the solution
u(t) =uge MCOEDE_, (q(&(t) - £@)°)
t
+ f (E(t) = E(0) e HEOEDE(D)E,  (q(&(t) - E(1))°) Pp(n)dT

Note that in this case uﬂ (@) = et*@y(F) = et<@y,,
For u = 0, we have:

t
u(t) = uzEc (q(&() — £@)°) + f (&(t) = &) (DE (9(EWD) - E(D)7) P07,

which is the same formila from [6].
For u=0,&(t) = %, i = 0 we have:

0\ Ll — o\ 0 — 7P\ d
SV e e

which coincides with the solution in [3].
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5. Conclution

The Sumudu transform is characterized by its ability to preserve units, making it suitable for problem-
solving without resorting to the frequency domain. This property is particularly advantageous for appli-
cations in physical problems. In this work, we applied the generalized Sumudu transform to the tempered
&-Hilfer fractional integral and the tempered £-Caputo fractional derivative. Then, these results was used
to address a non homogeneous linear fractional differential equation in an initial value problem involving
the tempered &-Caputo fractional derivative of a non-integer general order c.
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