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Abstract. We examine a Kirchhoff-type equation with nonlinear viscoelasticity, incorporating logarithmic

nonlinearity, delay, and Balakrishnan-Taylor damping terms. The blow-up of solutions is established under
appropriate assumptions.

1. Introduction

In this study, we examine the Kirchhoff equation described as follows:
t
R(t - p)Ac(p) +g(cr) = cleM P Inlel, x €&t >0,
0
¢(x,0) = co(x), ci(x,0)=ci(x), x€E&,

1)
Ct(xr t— C()) = qO(xrt - C‘))r X e E/ te (0/ a))/
c(x,t) =0, xe€dE,

%—AWMdﬂ+f

where
MO = (xo+ allVelB + o(Ve(d), Vei) e )
9(c) = i+ gyt — w).

Here, 9, represents a real number, E € RN represents a bounded domain with sufficiently smooth boundary
Jd=, N > 2, xo, x1,0, 91, ] are positive constants, R is a positive function and w > 0 represents the time delay.

The connection between stress and strain history in the beam, influenced by Boltzmann theory, is termed
viscoelastic damping. The memory term within this damping is governed by the function R.
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See ([8], [13], [14],[18],[19],[21],[23],[24],[31]).

In [3], Taylor and Balakrishnan introduced a novel damping model termed Balakrishnan-Taylor damping,
which pertains to the span problem and the plate equation. For further exploration, several papers have
delved into the investigation of this damping, including references such as ([3], [6], [10], [18], [23], [24], [30],
[32]).

The presence of delay frequently manifests in numerous applications and practical scenarios, transforming
many systems into distinct problems worthy of investigation. Recently, numerous authors have explored
the stability and asymptotic behavior of evolution systems incorporating time delays. Relevant studies
include references such as ([9], [13]-[19], [22], [24], [33-36]).

The significant relevance of logarithmic nonlinearity in physics lies in its occurrence across various theories
and concepts, encompassing cosmology, symmetry, nuclear physics, and quantum mechanics. Furthermore,
it finds utility in numerous applications, spanning nuclear, optical, and even subterranean physics. Several
researchers have also explored this particular type of problem across various contexts, investigating aspects
such as the global existence of solutions, stability, blow-up, and growth of solutions. For further details,
readers are directed to references such as ([4], [5], [7], [10], [18], [20], [25]-[27]).

Considering all the previously mentioned factors, the amalgamation of damping elements (Balakrishnan-
Taylor damping, delay terms, memory term, and logarithmic nonlinearity) within a specific problem,
augmented by the inclusion of the delay term (9,¢¢(x,t — w)), presents what we perceive to be a novel
research challenge deserving of exploration. We posit that this problem stands apart from those previously
discussed and warrants further investigation, which we aim to elucidate.

Our research is structured into distinct sections: The subsequent section delineates the lemmas, concepts,
and hypotheses essential for our analysis. Following that, in Section 3, we state and prove the blow-up
phenomenon observed in solutions.

2. Preliminaries

To delve into our problem, this section necessitates specific materials.
Initially, we introduce the subsequent hypothesis concerning R and Bo:
(HD R : R; — R, is non-increasing 2" function which holds

RO>0, xo- [ Righp =10 &)
0
(H2)
192] < 91. ®3)

Let

®eonn= [ [ Rt~ o) - alp)Pdpds.
Considering new variables, as in [33]

z(x, 1, t) = ci(x, t —wn), (x,x,1)eEX(0,1) xR,
which satisfy

wz(x, %, t) + 2, (x, %, 1) =0
{ Z(xt/ 0/ t) = gt(xl t) (4)
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Problem (1) can also be stated as

t
ci - MOAC(H) + f R(t - )A(@)g + 1¢1 + 922(x,1,8) = e In el

0
a)Zt(x, , t) + Zy (x/ X, t) = OI
G(xr O) = CO(X)/ Ct(x/ 0) = gl(x)r XE€E,
z(x, #,0) = go(x, —wxn), in Ex(0,1),
c(x,t) =0, x€dE.
Energy functional is given as follows.

Lemma 2.1. The energy functional E, stated as
1 1 '
EO) = llald+ 50~ [ Repme v+ Liveon
0
+3(RoVaO + LR - & [ 16 Inlepas
2 N ¥ N g

not 2
+= Iz (x, %, t) l5d .
2 Jo
satisfies

E'(t) < —90(||Ct||§ + ﬁzz(x, 1, t)dx) + %(‘R' o Ve)(t)

2

3ROV - (£{iveoi)) <o
for i a positive constant satisfying
w[92| <7 < (291 = [92]).
Proof. Taking inner product of (5)1 with ¢;, and then integrating over E, we get
(i (1), (D) 2=y — (M(H)Ac(t), ci(1)) g2(z)

t
+(f0 R(t - @) Ac(p)dp, ci(t) z2 =) + S1(St S 2(z)

+(922(x, 1, 1), ct(t) 2z) — (jclcN 2 1nlcl, ci(t) m2m) = 0.
Further simplification, yields

> (1),

using integration by parts, we get
—(M(DAC(2), ci(8) 22z)

= ~([xo+ alIVEIE + (), Vet e JAs, ) ey

(cu(t), ct(®) 72(=)

- (X0+X1||VC||§+G(VC(t)/VCt(f))9?2(E)) f V(). Ve (bidx

- (Xo+X1||VC||§+U(VC(f)/VCt(f))QZ(E))%{% f V()P

d(1l o

_ E{E(’m n %”Vg“%)”V(;(i)“%} + Z{%nv@(t)ng}z.
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(10)

(11)
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and we have
t
( fo R(t - p)Aclp)dg, (b)) oo

f
f R(t - P)Ac(P), ci(E) 22yl

f R(t - ng(x @)Ve(x, t)dx]d(p

and

2{weep),

N =

Ve(x, 0).Ve(x, b) = %E{IVg(x ) - Ve(x, t)(t)lz} _
then

f R(t - 9)(Ve(@), Vei(t) g2 (z)dp

f Rt — f |Vg(x @) — Ve(x, t)lz}]dxds
f Rt — £ %d_ |Vg (x, ¢ |2 dxd(p
s [ xe- ol &{ [ et - vewora]p

- f Rt - )] 2wt i} |

N |

We use (2), we obtain

¢
1f‘R(t (%) ;t ﬁIVg(x,t)—Vg(x,(p)lzdx}]d(p

Zdt f Rit- f: |Vg(x't)_VC(x/(P)|2dX]}d(p
) f R(t - <P) f IVe(x, t) — Vg(x,go)|2dx]d¢

- zE(‘R V)(t)——(‘R Vo),

- fo R- o[ 5 {ivenE)|axdp

t
A o
B f t R S veolB) Jax

_m f ?’\((p)d(p)IIVg(t)Ilz}+ SROIVEOIR,

and

9240

(12)

(13)

(14)

(15)

(16)
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By substituting (15) and (16) into (14), gives

t
([ ®e-pacup,co)

2%8)

= Hieevon -3 [ Rewe)veon)
—5(‘?\' o Ve)(t) + E‘R(f)HVC(f)llT (17)
and we have

—(jele 2 Inlel, ci(B) p2e) = i{—llc(t)llx fl(;lN lnlclfdx} (18)

Multiplying equation (5), by Lz, integrating over E x (0, 1) and using (4),, we get

#i 1
2 ——
dtsz (x, 2, t)dudx w\f:‘j()‘ 22, (x, %, t) dudx
I L
= _%fafo Ez (x, %, t) dndx

= i f‘(z2 (x,0,t) = Z%(x, 1, t))dx (19)
= f dx——fz(xlt)dx
through Young's inequality, we obtain
92(e(e, 1,0, M) i < 2 el + 2 e 1, IR 0)

By substituting (10)-(11) and (17)-(20) into (9), we get (6) and

FO < (9150~ el - (o - 2 a1, 008

2

1 .., 1 o
+3(R o VOO~ 2ROV - [ {ivewid)),

Utilizing condition (8), we achieve

(s 1l )
770—(\91 @ 2)>0 and m_w 2 > 0- @b

Then, by (8),(21), (3), we get(7), where 9y = min{ng, m} >
This completes the proof. [

Theorem 2.2. [27] Let (2)-(3) holds. Then, there exists a weak solution (c,z) of problem (5), for any co,c1 €
H}(E) N P*(B), and g0 € P*(E % (0,1)), such that

c € 2(10, 7[,Hy(E) n 2'(10, 7, 7*(5)),
¢t € 2(10, 71, Hy(E)) N 2*(10, 7, Z*(E % (0, 1))).
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Lemma 2.3. [27] There exists a positive constant c(E) > 0, provided that

%
( f iniba) < o f i Inlefide + [V13),

forany 2 < s < N, such that fs lc¥ In |c/dx > 0.

Corollary 2.4. [27] A positive constant c(E) > 0, exists in such a way that

,
B < c[( f |g|“1n|<;|fdx) +||Vc||;],

provided that fa lc|¥ In |c]/dx > 0.

Lemma 2.5. [27] A positive constant ¢(E) > 0, exists in such a way that
leli < <[l + IVelB),

forany c e PN(E)and 2 <s < N.

3. Blow up result

Within this section, we will prove the blow-up outcome of the solution to problem (5).
Initially, we state the functional

t
20)=-E0) = gl - 3(x0~ [ Reoup)Iveoii - Saveons
~3 R o0 - Lo+ § [ e inlepax

h 1
_h f I (x, %, £) 2.
2 0

Theorem 3.1. Let (2)-(3) hold, and E(0) < 0, Then, the solution of problem (5) blow up in finite time.

Proof. From (7), we obtain
E(t) <E(0) <0.
Thus
2@ =-E® > %(lclf +17x101B)
hence
2'(t)
2'(t)
By (22), we have

\%

Dolic: (i3 = 0
Doliz* (x, 1, 1) |3 > 0.

v

02020 = o f e In e dx.
We set

s =20+ [ cadrr O [ Gave Gveld

9242

(22)

(23)

(24)

(25)

(26)

(27)
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where g > 0 to be chosen later and

28 -1)
NZ

N-2

<F< R

<1.

Multiplying (5); by ¢ and derivative of (27), we achieve

S = A-HITLB+plcll+p f ¥ Injepdx

We have

J1

>

t
~pxollVell; = pxillVelly + o f Ve f R(t - p)Ve(p)dpdx
) 0

i
—pszfgz(x,l,t)dx.

J2

t t
p fo R(t - o) f Ve(Ve(g) - Ve(B)dxdp + ¢ fo R(p)dg|Vel?

o R(pMp)IVell - 28 0 V),

by (3), for 61 > 0

|92I

oz —pl9aldlicli; - || (x, 1,8l
> —p9i61llcll; - —IIZ(x, L.
2 451 2
From (29), we find

S0 > A-H2F2H+plal + 9 f e In[cpdx

1 t
~oxllvell - o(vo- 5 [ Riop)iveiz - SR v
0

N
—pS181llcl? — %nzm 1,5

Now, setting 6; such that, for large « to be assigned later

1 -F
—_— = t),
7, W

by (25) and substituting in (32), we get

I = [1-F)-px]27"2'(t) + KJIICtII%

1 t
_g(% o V) — pxallVelly - x@ Xo— = f %((P)d<p)IIVGII§

B (\919 (®)

N ]
17 IIcIIﬁ@fIcI In|cdx.
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(28)

(29)

(30)

(31)

(32)

(33)
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For 0 < a < 1 and from (22), we get

9 ﬁ |l InJcl/dx

N(1
oo [ IR inicbr + SC=D e + o8 - 020

N(l

D (xo - f R(@IIVIE + 911 - DI

www - 0= —

1_
+ERC -0 f lz (3, %, ) Bk

——((RoVo)

Putting in (33), we obtain

I > {(1—F)—50K}Q‘FQ’(t)+pa f IS n |cl/dx

e N e - go(slg(t) Jict3

49
+80{N(1 —a)

Xo— f ‘R(<p)d<p Xo— 5 f R(p)de }||VC||2

8(1 - a) x(1 )
; =

+ml{ - 1}||Vg||3 +p

+97(1 - a)llcl§ + pN(1 — a)2(t)
B 1
+M f Iz (x, , ) |2dx.
0

—Ek%ovq

According (26), Young's inequality and Corollary 2.4, we obtain

F
POl < ( f |g|*‘1n|g|fdx) el

F+3 F 4
f cMinfepax) f ENTERNIEN

N N
f (e Incla) f e inlepax)™ + vl

IA

IA

By (28), we get

FX?

2<FN+2<K and 2<N—2

<N

Therefore, lemma 2.3 yields

Pl < o f i InlePid + V).

9244

(34)

(35)

(36)
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Combining (35) and (36), we obtain

S > {(1—F)—pK}Q‘FQ’(t)+p( gsk) f: Il In|cPdx

ro{ S e + o - a>IIcH§ + N1 = 0)2(0)
. {x(1 —a)

C\91

(0~ f R@)p) - (10~ 3 f R(pp) -

T e 4@ -3l oV

N1-an (!
el Rl

Now, select 2 > 0 small enough such that

L jivelg

1 —
PR Gl DB
2
let
N(l 9
24
f R(p)dp < m Py
2
gives

A = {(N(lz_ 2 1) - (fot 9Q((P)d(p)(x(lz_ 2 - %)} >0,

taking « large such that

_ CSl
A3 = a YR >0,
CSl
Ay = Ap— 0.
4 2 4.@01( g

Selecting fixed values for «,a, and assign g small enough such that
As=(1-F)—px>0

and
4(0) > 0.

Thus, for some n > 0, estimate (35) yields

() =z n{e@(f)+IICtII§+|IVCII§+(‘R°VC)+IICII:+ﬁlcl“lnlclfdx

1
Vel + f ||z(x,x,t>||§d%}.
0

Next, using Young’s and Holder’s inequalities, we get

1
F

1
‘ ﬁ ccdx

&
< [ncn Il ]

9245

(37)

(38)

(39)

(40)
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where%+%=1.
we take 9 = 2(1 - F), to get
0 2
= <
1-F 21-F)-1"

N

Additionally, for s = ﬁ, estimate (40) yields

‘ ﬁ cerdx

Then, Lemma 2.5 yields

‘ ﬁ ccrdx

Hence,

1
-

< c[ncn; ¥ ||ct||§].

.
F

N 2 2
< c[ngnN IR + ||V<;||2].

1 _ S o T
I = (Ql F+@ﬁccth+ %HCH% + sOZIIVcllé)

1 2 4
< c(fz(t)+| f codx| ™ + (1l +I|Vcllz”)
< o[ 20 + Il + e} + IVEIB + IVl + IV<i1B)
<

C(«Q(t) +lleli§ + llell3 + IVel + IVell3 + (R o Vo)

1
+ f 2, ¢, )2 + f i Inlcpiz)
0 B

From (39) and (42), produces
I'(H) > TI (),

where I' > 0, this depends on ¢ and 7 only.
From integration of (43), we achieve
1

ST (0) —r(lf—F)t'

T >

Hence, .7 (t) blows up in time
. 1-F
T<T" = —erF/(l_F)(O).

Thus proof is completed. [
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