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Some coupled fixed point theorems for (i, ¢)-contraction with
applications to fractals

Athul Puthusseri?, D. Ramesh Kumar®*

?Department of Mathematics, School of Advanced Sciences, Vellore Institute of Technology, Vellore-632014, Tamil Nadu, India

Abstract. In this paper, we obtain coupled fixed point theorem for (¢, ¢p)-contractions under some gener-
alized conditions on the real valued functions i and ¢ defined on (0, o). Also, we present a generalized
version of coupled fixed point theorem for the same (i, ¢)-contractions. A new approach to fractal gen-
eration by using the relation between fractals and fixed points is given in the light of these fixed point
theorems. We establish a new type of iterated function system consisting of generalized (1), ¢)-contractions.

We also extend those results to coupled fractals. This article also provides examples to support and validate
the main theorems.

1. Introduction and Preliminaries

Banach contraction principle, proved in 1922 by Banach, is a famous fixed point theorem. Numerous
fields of mathematics, as well as other fields of science and technology, have found use for this theorem.
Many mathematicians generalized Banach contraction principle in different ways. They led to exciting

results in fixed point theory. Boyd and Wong [5] came up with an extension of Banach contraction principle
in 1969.

Theorem 1.1. [5] Given a metric space (X, d), let T be a self-mapping on X that fulfills the following condition:
d(T(x), T(y)) < ¢ (d(x,y)) foreachx,yeX,

where ¢ : R* — [0, o0) is upper semi-continuous from the right and satisfies the condition 0 < ¢(t) < t for t > 0. If

(X, d) is complete, then T possesses a fixed point xq in X, which is unique, and the iterative sequence {T"(x)} converges
to xo for any x € X.

Later in 1975, Matkowski [9] proved another variant of Boyd- Wong fixed point theorem. In this variant,
the continuity of the function ¢ is replaced with some more general condition.

Theorem 1.2. [9] Let (X, d) is a metric space. Given a map T : X — X that satisfies
4(T(x), T()) < § (d(x,y)) for eachx,y € X,

where ¢ : (0, 00) — (0, 00) is nondecrasing and satisfies the condition lim ¢"(t) = 0 for t > 0. Then T has one and

only one fixed point xg in X if (X, d) is complete. Further, the iterative sequence {T"(x)} converges to xo for any x € X.
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One of the recent generalizations of Banach contraction principle was given by Proinov [19] for generalized
(1, ¢)- contractions. We will discuss some of the ideas introduced by Proinov.

Definition 1.3. [19] Given a metric space (X,d), let T : X — X be a map. Then T is said to be (1, ¢)-contraction if
it satisfies the condition

Y (d(T(x), T(y) <P d(x,y)), forallx,ye Xuwithd(T(x),T(y))>0, (1)
provided the functions 1, @ : (0, 00) — R fulfil the condition ¢(t) < P(t) for t > 0.
The main result given by Proinov is,

Theorem 1.4. [19] On a metric space (X, d) which is complete, let T : X — X be a self-mapping that fulfills the
condition(1), provided the functions ¥, ¢ : (0, 00) — R satisfies the following requirements:

(i) 1 is nondecreasing;
(ii) P(t) < Y(t) for every t > 0;
(iti) limsup ¢(t) < Y(e+).

t—e+
Then T has a fixed point & € X which is unique and the iterative sequence {T"(x)} converges to & for any x € X.

In 2021, Popescu [18] proved another generalization by modifying and improving some results proved by
Proinov.

Theorem 1.5. [18] On a metric space (X,d) which is complete, let T : X — X be a self-mapping that fulfills the
condition(1), provided the functions y, ¢ : (0, o0) — R follows the below constraints:

(i) ¢(t) < Y(t) for every t > 0;

(ii) itnf Y (t) > —oo for every € > 0;
>€

(ii1) if there are two converging sequences {(t,)} and {¢(t,)} with the same limit and {Y(t,)} is strictly decreasing,
thent, —» 0asn — oo;

(iv) limsup ¢(t) < litm infy(t) for all e > 0;
—e+

t—e+

(v) the graph of S is closed or lim sup ¢(f) < min {lirtn infy(t), gb(e)} forany € > 0.

t—0+
Then T possesses a unique fixed point & € X and the iterative sequence {T"(x)} converges to & for every x € X.

Coupled and common fixed point results of generalized contractions are also of great importance. They are
very helpful in establishing solutions to a system of integral and differential equations. Some of the recent
developments in this direction can be found in [6, 13-15, 21, 22].

In this paper, we extend the above fixed point theorems by Proinov and Popescu to coupled fixed point
problems which usually discuss about the fixed points of maps of the kind T : X X X — X where X is
a complete metric space. Also, we prove a generalized version of the coupled fixed point theorem by
replacing the product of a complete metric space by a product of two different complete metric spaces, say
X X Y. As a major application of fixed point theory, we extend our work to the theory of fractals too. Here
we present a new method to construct fractals using generalized (1, ¢)-contractions, for which we use the
idea of new iterated function system consisting of generalized (i, ¢)-contractions. This is different from the
classical way of generating fractals given by Hutchinson and Barnsley [4], which uses Banach contraction
principle. Towards the end of the paper, inspired from the coupled fixed point results, we demonstrate the
existence of a unique coupled self-similar set for generalized (), ¢)-contraction mappings.
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2. Coupled fixed point theorem for (1, ¢p)-contraction

In this section, we give our main results which extend fixed point theorems by Proinov and Popescu to
coupled fixed point problems.

Definition 2.1. Let (X, d) be a metric space and y, ¢ : (0, 00) — R be two maps. Amap T : X X X — X is said to be
jointly (, ¢)-contraction if for z = (x, y), w = (u,v) € X x X, with max{d (T (x,y), T (u,v)),d(T (y,x),T (v, u))} >
0, then

P (d(Tz, Tw)) < ¢ (max{d(x, u), d(y, v)}) (2)

For a complete metric space (X, d) we define X* = X x X. Define d* : X* X X* — R such that d* ((x, y), (u,v)) =
max{d(x, u),d(y,v)}. It can easily be seen that, completeness of the metric space (X*,d") follows from the
completeness of (X, d).

For the map T : X* — X, we can define the iterative sequence as follows:

T*(x,y) =T(T(x,y), T(y,x))
T(xy) =T (T2 y), Ty, %)

T"(x,y) =T (T (x,y), T (y, %))

Theorem 2.2. Let (X, d) be a complete metric spaceand T : X* — X satisfies condition(2) provided i, ¢ : (0,00) —» R
follows the constraints:

(i) 1 is nondecreasing;
(i) ¢(t) < Y(t) for every t > O;
(iii) limsup ¢(t) < Y(e+) for every € > 0.

t—e+

Then there exists an element & = (x*,y*) € X*, which is unique, such that

xae - T(x*, yx—)
y* = T(y*, xx—)

and the iterative sequences x, = T"(x,y) and y, = T"(y, x) converge to x* and y* respectively, for any (x, y) € X".

Proof. Since (X,d) is a complete metric space, from the earlier discussion, we have (X*,d") is also com-
plete. Now we define a map T* : X* — X such that T*(x,y) = (T(x,y), T(y,x)) for (x,y) € X*. Let
z=(xy), w=(uv) e X withd (T'z, T'w) > 0. If d*(T*z, T*w) = max{d(T(x,y), T(u,v)),d (T(y,x), T(v,u))} =
d(T(x,y), T(u,v)), then from condition(2) we get,

Y (T'z, T'w)) = Y (d (T(x, y), T(u, v)))
< ¢ (max{d(x, u), d(y, v)})
= ¢ (d'(z,w)).

On the other hand, assume d*(T*z, T*w) = max{d(T(x, y), T(u,v)),d(T(y,x), T(v,u))} = d(T(y,x), T(v,u)).
Proceeding as above, we get ¢ (d" (T"z, T'w)) < ¢ (d*(z,w)). Thus it follows that, for any z, w € X*
with d*(T"z, T*w) > 0, we have ¢ (@* (T"z, T'w)) < ¢ (d*(z,w)), which means the self-mapping T* satisfies
condition(1) in the complete metric space (X*,d*). Then, from condition (i)- (iii) in the hypothesis and
Theorem 1.4, we can conclude that there exists a unique &* = (x*,y*) € X* such that T*&* = £*. That is,
(T(x*, ), T(y", x*)) = (x*, y*), which implies that x* = T(x*, y*), y* = T(y*,x*). Also for any z = (x,y) € X*, the
iterative sequence {T*"(z)} converges to &*. That is, the iterative sequences x, = T"(x,y) and y, = T"(y, x)
converge to x* and " respectively for any (x, y) € X*. This completes the proof. [
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In the same way, we can have an extension of Theorem 1.5 for coupled fixed points.

Theorem 2.3. Given a complete metric space (X,d), T : X* — X be a map satisfying the condition(2) where
P, ¢ : (0, 00) = R satisfying the conditions:

(i) o(t) < P(t) forany t > 0;
(ii) itl;leflll(t) > —oo forany € > 0;

(iii) if {(tn)} and {P(t,)} are sequences that converge to the same limit and {(t,)} is strictly decreasing, then t, — 0
asmn — oo;

(iv) limsup ¢(t) < litm in Y(t) for any € > 0;

t—e+

(v) graph of T is closed or lim sup ¢(t) < min {lirtn infy(t), lp(e)} forany e > 0.

t—0+

Then there exists a unique point & = (x*,y*) € X* such that

x)(- — T(x*, yﬁ(-)
y* — T(y*, xa(-)
and the iterative sequences x, = T"(x, y) and y, = T"(y, x) converge to x* and y* respectively, for any (x, y) € X".

Proof. Define a map T* : X* — X* such that T*(x, y) = (T(x, y), T(y,x)) for (x,y) € X*. Then from the proof
of Theorem 2.2, it is clear that T satisfies condition(1). Suppose that T has a closed graph. Then for any
sequences {x,}, {y,} in X such that x, — x, y, = v, T(xs, y») = a and T(y,,x,) — P as n — oo, it will be
true that T(x, y) = a and T(y, x) = p. From this, we can conclude that for any sequence {(x,, y,)} C X* with
(%n, yn) = (x,y) and T*(x, yu) = (a, ) we get, T*(x, y) = (a, ), which means T has a closed graph. Thus if
the graph of T is closed then graph of T* is also closed. Hence the result follows from the conditions (i)- (v)
in the hypothesis and Theorem 1.5. [

Example 2.4. Let M = {Zl tne”ZtuU {0}} and X = MU {0}. Defined: XxX - Rbyd(x,y) =Ix—yl It
can be easily verified that (X, d) is a complete metric space. Also, consider the complete metric space X X X with the
maximum metric given by

d ((x,y),u0)= max{ Ix —ul,|ly— v| }for any (x,y), (u,v) € X X X.

Defineamap T : X x X — X such that

s f (4 y) € MXM
T(x,y) =\ g if (x, y) € M x{0}) U ({0} x M)
0 if (x,y) = (0,0)
Also, define ¢, ¢ : (0, 00) — R as follows:
L oifte(0,3) toifte(0,3)
Pt =42 iftell1) and $(H) =1t ifte[},1)
3t ift>1 2t ift>1

Here the functions 1 and ¢ satisfy the conditions (i)- (v) of Theorem 2.3.
Case 1: For m,n,p,q = 0 with min{m, n} # min{p, q}, we have

1 1 1 1 1 1
o115 ) 7 3) = ¢ s ~
11 1
- 11 2min{m,n} - 2minfpg}
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and
(11 1 1 3 1 1 1 1
¢(d ((ﬁ’zn)’(?’ﬁ)))‘qb(max{27_?’2_”_5})
[imax{| - 3115 - &) mpg>o
max{z%—zlp , %—Zl—q” otherwise.

Case 2: For m,n,p > 0 with min{m, n} # p, we get

1 1 1 1 1 1 1 1
0(8(7(z5 5) 7 (59) = ¥ g ~ 7)) = | ~ 3
and
oyl o1y (1 1] 1
o[ (35 55) (35:0))) = 0 (max |35~ ) 55)
Tmax{|% - %], %} # max{E - | £} <1
=imax{|F - 3|, #] Fmax{F -3 |21
2 ifn=0

Case 3: If m,p > 0 and m # p, we get

1 1 1 1 1|1 1
o{a(r(z0) 1(z0) = vllzm - 5] = 1|z - 7
and
(1 1 B 1 1
o(((55-0)-(55-0))) = ¢ (max{|35 - 7 0}
33 vl <
w3 flE-F=2s
On the other hand
1 1 1 1 1|1 1
o(a(r(550) 7(0.55))) = ¥ (o - ) = Z'z_m “»
and
1 1 B 1 1
o{ ((50)- (0 55))) = 0 (max{ 55 5)
}lmax{zlq,zl,,} if max %,2% <%
=11 if max{z, %=1
2 if max %,2% =1.
Case 4: For m,n > 0, we have
1 1 1 1 1
v(4(1(5 35) 70.0)) = ¥ () = 5 (57
and
(11 1 1
o (55 57)©0)) = o max{ 55 57)
_ Allmax{%m,%} if max 217,2%, <%
% if max %,% = %

9309
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Case 5: For m > 0, we get

lp(d(T(l, %),T(O, 0))) = IP(W) - ‘P(%) B

w1 W

and

o{r (s ) 00) <ol 1)) o0 -2
Also,

o(o(r(zm o) m00) - v(57w) - 3()

o(¢ ((%,o),(o,O))) = q;(zim) ={

Case 6:

and

(2%) ifm>1
ifm=1.

N ==

Y @(r(1,0,70,0) = p (4(T(5,0,70,0)) = 3 =

1

and

From all the above discussed cases, we can observe that, for any (x, y), (u,v) € X*, we have

Y (T, y), T(u,0)) < (@ ((x, y), (u,0)))

Hence T satisfies condition(2) and all the hypotheses of Theorem 2.3. It is evident that (x, y) = (0,0) a coupled fixed
point of T. Moreover, one can observe that it is the only coupled fixed point of T.

3. Extended coupled fixed points of (i, ¢p)-contractions

In this section we will consider more general problem in coupled fixed points. Here, instead of having
a product of same complete metric space, we will deal with a product of two different complete metric
spaces.

Given two complete metric spaces (X, d) and (Y, p), we define Z = X X Y and a function u : Z — R such
that

w(z, w) = pu((x, y), (u,v)) = max{d(x, u), p(y,v)} for any z = (x, y), w = (u,v) € Z. 3)

We can easily observe that, since (X, d) and (Y, p) are complete metric spaces, the metric space (Z, ) is also
complete.

Definition 3.1. Given two complete metric spaces (X,d) and (Y,p), let T : X XY — Xand S : X XY — Y be
two maps. T and S are said to be extended jointly (Y, p)-contractions if for z = (x,y), w = (u,v) € X X Y with
max{d (T(x,y), T(u,v)), p (S(x,y), S(u,v))} > 0, we have

P(d(Tz, Tw)) < Pp(max{d(x, u), p(y,v)})

P(p(Sz, Sw) < p(maxtd(x, u), p(y, v)))

where P, @ : (0, ) — R satisfy ¢(t) < Y(t) for every t > 0.

(4)
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Lemma 3.2. Given two complete metric spaces (X,d) and (Y,p), let T : X XY — Xand S : X XY = Y
be extended jointly (, ¢)-contractions, where P, ¢ : (0,00) — R. Let Frg : X XY — X X Y be defined by
Frs(x, y) = (T(x,y), S(x,y)) for (x,y) € X X Y. Then Frg is a (1, p)-contraction.

Proof. Let Z = X X Y and p be the metric defined as in equation(3). Note that (Z, i) is a complete metric
space. Letz = (x, y), w = (1,v) € Z. Then

IP ([J (PTS(Z)/ FTS(w))) = IP ([’l ((T(X, y)/ S(X, ]/)) ’ (T(ur U), S(M, U))))
= ¢ (max{d (T(x, y), T(u,v)), p (S(x, y), S(u, v))})
Suppose that p (Frs(z), Frs(w)) = d (T(x,y), T(1,v)). Then by condition(4), equation(5) becomes:
IP (‘ll (FTS(Z)/ FTS(w))) = IP (d (T(xr y)r T(M, U)))

< ¢ (max{d(x, u), p(y, v)})
= ¢ (u(z,w)).

On the other hand, if u (Frs(z), Frs(w)) = p (S(x, y), S(u,v)), then by a similar argument as above we get,

u (Frs(z), Frs(w)) < ¢ (u(z, w)).

Hence the map Frs is a (i, ¢)-contraction. [

(5)

We define iterative sequences for the maps T and S as follows:

T2(x,y) =T(T(x,y),S(x 1))
S(x,y) =S(T(x,y),Sy)
Ty =T(Ty), 5w y)
S0y =S(T ), S y)

T'(xy) =T(T"xy), S y)
S'(xy) =S(T"(xy), S, y)

where (x,y) € X X Y.
Now we can extend Theorem 1.4 to extended jointly (), ¢)-contractions to get a more generalized coupled
fixed points.

Theorem 3.3. Given two complete metric spaces (X, d) and (Y, p),let T : XXY — Xand S : X XY — Y be extended
jointly (1, @)-contractions. If the functions 1V, ¢ satisfy the conditions:

(i) 1 is nondecreasing;
(ii) P(t) < Y(t) for every t > 0;
(iif) limsup ¢(t) < P(e+) for every € > 0,

t—e+
then there exists a unique element & = (x*,y*) € X X Y such that, x* = T(x*,y*) and y* = S(x*, y*). Moreover, the
sequences x, = T"(x, y) and y, = S"(x, y) converge to x* and y* respectively for any (x,y) € X X Y.

Proof. Define a map Frs: X XY — X X Y by Frs(x, y) = (T(x,y), S(x, y)) for (x,y) € X x Y. Then by Lemma
3.2, we have Frs is a (i, ¢)-contraction. Hence the conditions (i)-(iii) in the hypotheses and Theorem 1.4
establish the result. O

Theorem 3.4. Given two complete metric spaces (X, d) and (Y, p),let T : XXY — Xand S : X XY — Y be extended
jointly (Y, @)-contractions. Suppose that the functions 1\, ¢ satisfy the constraints:
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(i) ¢(t) < Y(t) for every t > 0;
(ii) itr>1f¢(t) > —oo forall e > 0;

(iii) if there are two sequences {ip(t,)} and {(@(t,)} having the same limit and (Y(t,)} is strictly decreasing, then
ty > 0asn — oo;

(iv) limsup ¢(t) < litm inf Y(t) for any € > 0;
—e+

t—e+
(v) either the graphs of T and S are closed or lim sup ¢(t) < min {lirtn infy(t), ¢(e)} forany € > 0.
t—0+ —€
Then there exists a unique point & = (x*,y*) € X X Y such that, x* = T(x*,y*) and y* = S(x*, y*). Moreover, the
sequences x, = T"(x, y) and y, = S"(x, y) converge to x* and y* respectively for any (x,y) € X X Y.

Proof. Define amap Frs : X XY — XX Y by Frs(x, y) = (T(x, y), S(x, y)) for (x, y) € Xx Y. Then by Lemma 3.2,
we have Frg is a (§, ¢)-contraction. Suppose that the graphs of T and S are closed. Then for any sequence
{(xn, yu)} in X X Y with (x,, ) = (x,y), T(X4, yu) = a and S(x,, y») — B, we have T(x, y) = a and S(x, y) = B.
Since T(xy, yn) — a and S(x,, y,) — B, we get Frs(xu, Yn) = (T(Xn, Yn), S(Xu, yu)) = (o, p). Also, T(x,y) = a
and S(x,y) = B implies Frs(x,y) = (a,p). Hence we are able to conclude that if {(x,, y,)} is a sequence in
XxY with (x,, yn) = (%, y) and Frs(xy, yu) = (T(Xn, Yu), S(xn, yu)) = (@, B) then Frs(x, y) = (a, B). This implies
that Frs has a closed graph if T and S have closed graphs. With this fact along with conditions (i)- (v) in the
hypotheses and Theorem 1.5 we can complete the proof. [J

Even more generally, suppose the maps T and S defined above satisfy the following contractive conditions:

Y(d(Tz, Tw)) < p1(maxid(x, u), p(y, v)})
ED(P(SZr Sw)) < qﬁz(max{d(x, Ll), P(% U)})

forz = (x,y), w = (u,v) € X XY with max{d (T(x, y), T(u,v)), p (S(x, y), S(u,v))} > 0, where the functions
Y, P1,¢P2 : (0,00) = R are such that ¢;(t) < (t) for i = 1,2 and for every t > 0. Let us define a function
¢ : (0,00) = R as ¢(t) = max{p1(f), p2(t)} for t > 0. Since ¢;(t) < P(t) for i = 1,2 and for every t > 0, we get
¢(t) < Y(t) for every t > 0. Then we can have the following Lemma.

Lemma 3.5. Given two complete metric spaces (X,d) and (Y,p), let Z = XX Y. LetT:Z - XandS :Z =Y
satisfy condition(6). Define a map Frs : Z — Z by Frs(x,y) = (T(x,y),S(x,y)) for (x,y) € Z. Then Frs is a
(1, ¢)-contraction.

Proof. Note that (Z, ) is a complete metric space. Let z = (x, y), w = (4,v) € Z. Then,

¥ (p (Frs(2), Frsw))) = ¢ (u ((T(x, y), S(x, v)), (T(u, v), S(u, 0))))
= ¢ (max{d (T(x, y), T(u,v)), p (S(x,y), S(u,v))})
Suppose p (Frs(z), Frs(w)) = d (T(x, y), T(u, v)), then by condition(6), equation(7) becomes:
Y (u (Frs(2), Frsw))) = ¢ (d (T(x, y), T(u, v)))
< ¢ (max{d(x, u), p(y,v)})
= ¢1 (u(z, w))
< ¢ (u(zw)).
On the other hand, if u (Frs(z), Frs(w)) = p (S(x, y), S(u, v)), then again by condition(6), equation(7) becomes:

Y (u (Frs(2), Frs(w))) = ¢ (1 (S(x, y), S(u, v)))
< ¢ (max{d(x, u), p(y, v)})
= ¢z (u(z,w))
< ¢ (ulzw)).
Thus in both cases we have u (Frs(z), Frs(w)) < ¢ (u(z, w)). Hence the map Frs is a (1, ¢)-contraction. [

(6)
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Our aim is to produce a fixed point theorem for maps T and S satisfying the contractive condition(6). Prior
to that, we must demonstrate the following Lemma.

Lemma 3.6. Let ¢1, ¢, : (0,00) — R be two functions such that for ty > 0, limsup ¢;(t) exists fori = 1,2. If we
t—ty

define () = max{p1(t), P2(t)}, then lim sup ¢(t) < max {lim sup ¢1(t), lim sup (pz(t)}

t—ty t—to t—=to

Proof. By the definition and properties of limit supremum of functions, since ¢y > 0 and lim sup ¢;(t) exists,
t—to

the set
A; = {l e R: 3t} t, > 0,8, = to, ty # to for all n > 0, such that ¢;(t,) — l}

is non empty, and also lim sup ¢;(t) = max A; fori =1, 2.
t—ty
Since lim sup ¢;(t) exists, we have lim sup ¢(t) also exists. Now we define
t—ty t—ty

A={leR:Atul,ty > 0,t, — to, by # to for all n > 0, such that (t,) — I} .

Then we have A is nonempty and lim sup ¢(f) = max A.

t—ty

Let [ € A. Then by definition, there exists a sequence {t,} in (0, o) with t, — to,t, # t, for all n such that
¢(t,) — 1. Thus for € > 0 one can find an N € IN such that |(;Z)(tn) - l| < € whenevern > N. That is,
‘max {qbl(t,,), ¢2(tn)} - Z| <€ whenever n > N. For k € N, define Ni(¢;) = {n eIN: |qbi(t,,) - Z| < %} fori=1,2.
For each k, either Ni(¢1) or Ni(¢p2) is nonempty. Also, Ni.1(¢i) € Ni(¢;) for each k and i = 1,2. Thus for at
least one i = 1,2, we get Ni(¢;) # 0 for all k. Without loss of generality, assume that Ni(¢1) # 0 for all k.
Then by picking ny € Ni(¢1), we get a subsequence {t,,} of {t,} such that '(;51 (tn,) — l| < % for all k > m. This
implies that ¢1(t,,) — . Hence I € A;. By this, we can conclude that, if | € A then ! € A; U A, which yields
that lim sup ¢(t) = max A < max{max Ay, max A} = max{lim sup ¢4 (t), limsup ¢»(t)} O

t—ty t—ty t—ty
This leads us to the following conclusion in light of these Lemmas.

Theorem 3.7. Given two complete metric spaces (X,d) and (Y,p), let T : X XY — Xand S : X XY — Y be two
maps satisfying condition(6). If the functions 1, ¢1 and ¢, follow the constraints:

(i) 1 is nondecreasing;
(ii) ¢i(t) < P(t) foreveryt > 0andi=1,2;
(iif) lim sup ¢;(t) < P(e+) for every e > 0.

t—e+

Then there exists a unique point £ = (x*, y*) € X X Y such that,

xae — T(xx-, yx—)
y* - S(xx-’ yae)

and the sequences x, = T"(x, y) and y, = S"(x, y) converge to x* and y* respectively for any (x,y) € X X Y.

Proof. We define a map Frs: XXY — XX Y by Frs(x,y) = (T(x, y), S(x,y)) for (x, y) € X x Y. Then by Lemma
3.2, we have Frs is a (i, )-contraction where ¢(t) = max{p1(t), p2(t)} for t > 0. Since ¢;(t) < ¢(t) forallt > 0
and i = 1,2, we get ¢(t) < (t) for every t > 0. Now, from condition (i) in the hypothesis and Lemma 3.6,

we get limsup ¢(t) < (e+) for every € > 0. Hence the functions ¢ and ¢ satisfy conditions (i)-(iii) in the
t—e+

hypothesis of Theorem 1.4. Then the result follows from the Theorem 1.4 and Lemma 3.5. O
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4. Tterated Function Systems with (1, ¢p)-contractions

According to Barnsley [4], fractals can be mathematically identified as the fixed points of some set maps.
For the rest of this article, HH(X) represents the collection of all nonempty compact subsets of the complete
metric space (X, d).

For any A, B € H(X), we define distance between the sets A and B as

D(A,B) = max{d(x,B) : x € A}
= I?Eax 1‘;161]? d(x, y).

Now we define the Hausdorff distance in H(X) as h(A, B) = max{D(A, B), D(B, A)}. The fact that ; defines
a metric on H(X) can be verified easily. Additionally, we possess the following Lemma:

Lemma 4.1. [4] (H(X), hy) is a complete metric space if (X, d) is a complete metric space. Moreover, for any Cauchy
sequence {A,} in H(X) the limit is given by,

A=1mA, = {x € X : da Cauchy sequence {x,} in X such that x, € A, and lim x, = x} .

n—.oo n—-o0o

The space (H(X), hy) is usually called as the space of fractals.

n n
Lemma 4.2. [23,24]If{A;:i=1,2,...n},{B; : i =1,2,...n}betwofinite collections in H(X), then hy (U A, U Bi) <

=1 =1
max{hy(A;,B):i=1,2,...n}.

The technique, of Barnsley [4], of generating an IFS can not be employed on every generalized contractions.
Some of the problems occurring while proving the results on IFS consisting of Kannan, Chaterjea and Reich
type contractions has been discussed by Van Dung et al.[27]. But at the same time, many generalized
contractions has been extended to the fractal space. More results on generation of IFSs consisting of variety
of contraction maps can be found in [8§, 10, 15, 16, 25, 26]. Motivated from all these literature, we will
generate the IFS consisting of generalized (1, ¢)-contractions in this section. Also, we prove the existence
of attractors of these IFSs.
We first establish the extension of a continuous generalized (i, ¢)-contraction to the fractal space.

Lemma 4.3. Let (X, d) be a complete metric space and w : X — X be a continuous map satisfying the condition(1)
with the nondecreasing control functions , . Then @ : H(X) — H(X) defined by W(A) = w(A) = U {w(x)} for
x€A

A € H(X) also satisfies condition(1) in (H(X), hy).

Proof. Let A,B € H(X) such that hy(@W(A), @(B)) > 0. Suppose that hy (W(A), W(B)) = D (W(A), ®(B)) =

sup ingd (w(x),w(y)) > 0. Since w and d are continuous and A is compact, there exist a € A for which
ye

xeA

D (@(A), W(B)) = inlg d (w(a), w(y)) > 0, which implies that d (w(a), w(y)) > 0 for every y € B. Thus for any
e
Yy €B,

(0 @), 86)) = 4 infa (0,0 )

< ¢ (d (w(a), w(y)))
< ¢ (day).
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Let b € B be such that d(a, b) = inlg d(a, y). Since ¢ is nondecreasing,
y€

P (ha (@(A), ©(B))) = ¢ (D (@(A), (B)))
< ¢ (d(a, b))

= ¢ (iyglg 4@, y))

<¢ (sup infd(x, y))

xeA YeB
< ¢ (ha(A, B)).

On the other hand, if we assume

ha(W(A), W(B)) = D(W(B), ©(A)) = sup in{{ d (w(y), w(x)) > 0, we can proceed as above and get
y€B X€E.

VP (ha(W(A), ©(B))) < ¢ (ha(A, B)). This completes the proof. [J

Remark 4.4. The map @ in Lemma 4.3 is called the fractal operator generated by w. Continuity of the map w is
required to make sure that & maps H(X) to itself. A fixed point A* € H(X) of the map W, if it exists, is called an
attractor or a self-similar set of w.

Theorem 4.5. Let (X, d) be a complete metric space and w : X — X be a continuous map. If the map w satisfies
condition(1), where P, ¢ : (0, 00) — R follows the constraints:

(i) 1, ¢ are nondecreasing;
(ii) P(t) < Y(t) forall t > 0;
(iii) lim sup ¢(t) < P(e+),

t—e+
then there exists a unique attractor, say A* € H(X), for w. Moreover, for any A € H(X) the sequence {A,} in H(X),
given by A, = w'(A), converges to A*.

Proof. Let @ be the fractal operator generated by w. By Lemma 4.3 it is clear that @ satisfies condition(1).
Then, conditions (i)- (iii) in the hypothesis and Theorem 1.4 guarantee a fixed point for @, say A* € H(X),
which is unique. Moreover, for any A € H(X), the sequence {A,}, where A, = W"(A), converges to A*.

This proves the theorem. [

Next lemma will prove a result on the property of graph of the function @.

Lemma 4.6. Given a continuous map w : X — X on a complete metric space (X,d). If W is the fractal operator
generated by w, then @ has a closed graph.

Proof. Consider an arbitrary sequence (A4,) in H(X) such that A, — A and @W(A,) — B. The proof is complete
if we prove B = W(A). By Lemma 4.1, we have

A=1mA, = {x € X : da Cauchy sequence {x,} in X such that x, € A,, lim x,, = x} and

n—oo n—oo

B = lim @(A,) = {x € X : da Cauchy sequence {x,} such that x, € W(A4,), lim x, = x} .
n—00

n—oo

Let x € A, then a Cauchy sequence {x,} in X, with x,, € A, exists, such that x, — x. Since w is continuous, we
get w(x,) — w(x). In other words, there is a sequence {w(x,)} where w(x,) € W(A,) such that w(x,) = w(x).
Then by definition of B, w(x) € B, which implies that w(A) C B.

On the other hand, let x € B, then one can find a Cauchy sequence {x,} in X where x,, € W(A,) such that
X, — x. Then for each n, there exists y, € A, such that x, = w(y,) and hence we can write w(y,) — x. Since



A. Puthusseri, D. R. Kumar / Filomat 38:26 (2024), 9305-9320 9316

(A;) is a Cauchy sequence in H(X), for € > 0 there existsan N € IN such thatis(A,, A) < § for every n,m >
N. Then we have both D(A;,A,;) < § and D(Ay, A,) < 5 for all n,m > N. By definition, D(A,, An) < §
implies d(y,, An) < § for every n,m > N. Choose n,m > N. Since d is continuous and A, is compact, there
exist a € A, such that, d(y,, a) = D(yn, An) < g for every n > N. By a similar argument, for D(A,,, A,) < g
we geta b € A, such that d(y,, b) < § for every m > N. From the condition D(A,, A) < §, we getd(a,b) < §.
Therefore, d(y,, Ym) < d(yn,a) +d(a,b) + d(b, ym) < € for every n,m > N, which implies that {y,} is a Cauchy
sequence in X. Then we get a y € X such that y, — y as n — co. Thus we obtain y € A. Also, by the
continuity of w we get, w(y,) — w(y). This implies that x = w(y). Thus x € @W(A), which proves that
B C W(A). This finishes the proof. O

We can establish the following result as an application of Theorem 1.5.

Theorem 4.7. Let w : X — X be a continuous map on a complete metric space (X, d) that satisfies the condition(1),
provided the nondecreasing maps ¥, ¢ : (0, 00) — R fulfil the following constraints:

(i) ¢(t) < () forall t > 0;
(ii) 1tr>1€f Y(t) > —oo for every € > 0;

(ii1) if there exist two convergent sequences {i(t,)} and {G(t,)} with the same limit and {Y(t,)} is nonincreasing,
thent, —» 0asn — oo;

(iv) limsup ¢(t) < litm in Y(t) for any e > 0.

t—e+

Then there exists a unique attractor, say A* € H(X), for w. Moreover, for any A € H(X) the sequence {A,} in H(X),
given by A, = w'(A), converges to A*.

Proof. Let @ be the fractal operator generated by w. By Lemma 4.3, it is clear that @ satisfies condition(1).
Then, conditions (i)- (iv) in the hypothesis along with Lemma 4.6 and Theorem 1.5 guarantee a fixed point
for @, say A* € H(X), which is unique. Moreover, for any A € H(X), the sequence {A,}, where A, = W"(A),
converges to A*. This proves the theorem. [J

Now, instead of a single function w on X, we consider an iterated function system (IFS) {X; w1, wy, - -+, wn}
where w; : X —» X fori =1,2,--- ,N are continuous and satisfies condition(1). The function W : H(X) —

N
H(X), defined by W(A) = | 0i(A), is called the fractal operator generated by the IFS {X; wy, w», - ,wn}. A
i=1

N
point A € H(X) such that W(A) = | wi(A) = A, a fixed point of W, is called an attractor of the IFS.
i=1
Let us consider a more general situation.

Lemma 4.8. Let {X;wy,ws, -, wn} be an IFS on a complete metric space (X, d), where w; : X — X are continuous
maps satisfy the condition:

Y(d(wi(x), wi(y)) < Pi(d(x, y)), (®)
where Y, ¢p; : (0,00) — R are nondecreasing for i = 1,2,--- ,N. If W is the fractal operator generated by the IFS,
then it satisfies the condition(1), where ¢(t) = max ¢i(t) for t € (0, 00).

<i<

Proof. Let A, B € H(X). Then, we have ¢ (h; (Wi(A), Wi(B))) < ¢; (h4(A,B)) fori =1,2,--- ,N. By Lemma 4.2,
we have

i=1
< max hy (@;(A), ®;(B))
1<i<N

N N
0 < g (W(A), W(B)) = hy [U i(A), | wxm]
i=1

= hy (;(A), 0;(B)),
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for some j € {1,2,--- N}. Since both 1) and ¢; are nondecreasing, we get

¥ (ha (W(A), WB))) < ¥ (ha (0;(A), 0;(B)))
< ¢j(ha(A, B))
< ¢ (ha(A, B)).
This completes the proof. [J
We get the following theorem as a direct consequence of this lemma and Theorem 1.4.

Theorem 4.9. Let {X; w1, wy, -+, wn} bean IFS on a complete metric space (X, d), where w; : X — X are continuous
maps satisfy the condition(8). If the maps ¢, ¢;, fori =1,2,--- ,N, are nondecreasing and satisfy the constraints:

(i) ¢i(t) < (t) for every t > 0O;
(ii) lim sup ¢;i(t) < P(e+) for every € > 0,

t—e+

then there exists a unique attractor, A* € H(X), for the IFS. Moreover, for any A € H(X), the iterated sequence
Ay = W"(A) converges to A*.

Proof. Define a map ¢ : (0, 0) — IR such that ¢(t) = max ¢i(t) for t € (0, 00). Then from condition (i) in the
<i<

hypothesis, it is clear that,
o(t) = max ¢i(t) < Y(t), foreveryt>0.
<i<

Now, from condition (i) in the hypothesis and a similar argument in Lemma 3.6 we get, lim sup ¢(f) < ¢(e+)
t—e+
for every € > 0. Thus the functions ¢ and ¢ satisfies conditions (i)- (iii) of Theorem 1.4. Then the proof

follows immediately from Theorem 1.4 along with Lemma 4.8. O
Now we consider an example:

Example 4.10. Consider R with Euclidean metric, which is a complete metric space. We define two maps w, w, :
R — Ras:

2 if v > 1 2 if v >
w«x)z{f 220 wz<x>={3“3 jx20

Fx ifx<0 Fx+32 ifx<0

Define three functions P, ¢1, P2 : (0,00) = Raas:

2t ifo<t<t |3t ifo<t<t |t ifo<t<i
lP(t)_{3t ift>1 ’d)l(t)_{zt frs1 M (Pz(t)‘{gt ift>1

It can be easily observed that the maps wy and w, are continuous and ¥, 1 and ¢, are nondecreasing and satisfy the
conditions (i) and (ii) of Theorem 4.9.

Consider the maps w1,y and ¢1. Let x,y € R

Case 1: Forx,y > 0orx,y <0, we get

2. 2|\ %)x—y) if
§x_§y‘)_{2|x—y| if

Y (d (wi(x), wi(y)) = ¢ (

= xR
= <

Case 2: If x > 0 and y < 0 we have

Y (@ @@, @) = o

22\ %)x+y) if x+y|<1
3x+3y‘)_{2|x+y| if e+ y| > 1.
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Now, for any x, y € R we have
§|x—y| 1f|x—y|<1
b1 (d(x,y) =12 . -
2|x—y| 1f|x—y|>1.

Thus from the above cases it is clear that, for any x,y € R, ¢ (d (w1(x), w2(y))) < ¢1(d(x,y)). Similarly, if we
consider the maps wy, P and ¢, we can have the following cases.
Case 1: For x,y > 0 or x,y < 0, we have

1.1\ %)x—y) if lx—y|<1
gx_gy‘)_{|x—y| if x—y|>1.

Y (@ @2, ) = o

Case 2: If x > 0 and y < 0, we get

¥ (@ @a(), () = ¥ |35+ 30

1 ‘):{§)x+y) if x+y| <1

1
%73 f+y] i [x+y>1
Now, for any x, y € R we have
-yl -yl
¢2(d<’“'y>>‘{g|x—y| i e-of>1

Here also, we can observe that, for any x,y € R,  (d (wa(x), w2(y))) < 2 (d (x,y)) . Thus the IFS {R; wy, wy} along
with the maps V¥, ¢1 and ¢, satisfies the condition(8) and the hypothesis of Theorem 4.9. Hence by Theorem 4.9,
the map W : H(R) — H(R) defined by W(A) = w1(A) U wy(A) satisfies condition(1) with the functions  and
¢ = max{¢1, P2}. Also we can observe that A = [0, 1] is the unique attractor of this IFS. We have w1([0, 1]) = [0, %]
and w,([0,1]) = [%, 1]. Hence, W([0,1]) = w1([0, 1]) U wy([0, 1]) = [0, 1].

5. Applications to Coupled Fractals

This section is reserved for the discussion about the existence and uniqueness of coupled self- similar
sets for jointly (i, ¢)-contractions.

Theorem 5.1. Letw : XXX — X bea continuous map on a complete metric space (X, d) that satisfies the condition(2)
where 1, ¢ : (0, 00) — IR follow the conditions:

(i) ), ¢ are nondecreasing;
(i) P(t) < P(t) for every t > 0;
(iii) limsup ¢(t) < Y(e+) for every € > 0.

t—e+

Then there exists a unique element (A*, B*) € H(X) x H(X) such that

A* = w(A*, BY)
B* = w(B*, A*)
Moreover, for any element (A, B) € H(X) x H(X), the sequences

A, = w'(A, B)
B, = w"(B, A)

converge to A* and B* respectively.
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Proof. Let X* = XxX. We define the operator w* : X* — X* such that w*(x, y) = (w(x, y), w(y, x)). By Theorem
2.2, itis clear that w" satisfies the condition(1) in the complete metric space (X*, d*). Let W* : H(X") — H(X")
be the fractal operator generated by w*. Then Theorem 4.3 tells that the operator W* satisfies condition(1)
in the complete metric space (H(X"), hz). Hence the result follows from Theorem 4.5. [

Our next result deals with existence of coupled self- similar set for an IFS.

Theorem 5.2. Let w; : X* — X be continuous and jointly (y, ¢;)-contractions for i = 1,2,--- ,N and 1, ¢; satisfy
the following conditions:

(i) 1V, ¢; are nondecreasing fori=1,2,--- ,N;
(ii) ¢i(t) < P(t) for every t > O;
(iif) lim sup ¢;(f) < P(e+) for every e > 0.

t—e+

Then there exists a unique pair (A, B*) € H(X) X H(X) such that
N
A = Uwya, B
1;1
B = U wi(B", A").
i=1
Moreover, for any (A, B) € H(X) X H(X), the sequences

N
A = UJ wi(An, By)

i=1

N
By = Ulwz’(Bn/An)
i=

converge to A* and B* respectively.

Proof. Definew; : X* — X*by wi(x, y) = (wi(x, y), wi(y,x)) fori =1,2,--- ,N. Then from the proof of Theorem
2.2 we can say each map w? satisfies condition(1) with functions ¢, ¢; fori = 1,2,--- ,N. Now we define, the

N
fractal operator generated by the IFS {X*;w}, w5, - ,wy}, W' : H(X*) — H(X") by W(A,B) = U z@’i‘(A,B).
i=1

From Lemma 4.8, it is clear that W* satisfies condition(1) with ¢ = max ¢;. Then the proof can be completed
<i<

by using Theorem 4.9. [
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