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Abstract. In this paper, we explore the existence, uniqueness, and stability of mild solutions in impul-
sive differential equations featuring conformable fractional derivatives. Our principal findings leverage
fractional semigroup theory, complemented by some fixed-point theorems. Additionally, we provide a
practical example to demonstrate the relevance of our theoretical outcomes.

1. Introduction

Fractional calculus deals with integrals and derivatives of non-integer orders, extending classical cal-
culus. Its application spans various fields including mechanics, physics, chemistry, engineering, and
other scientific disciplines, making it a crucial area of study [1-4]. Various fractional derivative types like
Riemann-Liouville, Caputo, Hadamard, Caputo-Hadamard and conformable have been developed, each
contributing significantly to its advancement [5-11].

Impulsive FDEs are a special class of differential equations that involve fractional derivatives and
impulses. In these equations, the fractional derivative captures the memory effects and non-local behavior
of the system, while the impulses represent sudden changes or discontinuities in the system. For this
reason and others, this class has increasingly been used in various applications. In particular, impulsive
FDEs are widely used in various scientific fields for modeling dynamic phenomena with abrupt changes.
Their applications span mechanical systems, electrical engineering, chemical reactions, and fluid dynamics,
playing a crucial role in understanding dynamic systems facing sudden variations [12-16]. The Cauchy
problem associated with these equations garners significant interest from numerous researchers [17-22].
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For instance, Shaochun Ji and Shu Wen [23] have demonstrated the existence of mild solutions for the
Cauchy problem

w(t) = Au(t) + f(t,u(t), te]=[0,T], t#t, i=1,..,p
uth) —u(t;) =Luk), i=1,..p
u(0) = g(u) + uo,

where the operator A generates an infinitesimal of Cy semigroup T(t) ona Banachspace X, f : [0, T]xX — X,
O<t<ty< - <ty<ty =TI :X—>X,i=1,2,---,pare impulsive functions and g : PC([0, T], X) — X.
Wang et al. [24] have demonstrated the existence and uniqueness of mild solutions for the ensuing fractional
Cauchy problem within the context of the Caputo fractional derivative fractional initial value problem.
Rabhi et al [25] have studied the existence of a mild solution, investigating it using fractional semigroups
for the following conformable fractional initial value problem
D@u(t) — Au(t) = f(t,u(t)), t>to
u(fo) = Up.
In this paper, we investigate the solutions of an abstract differential equations using fractional semi-
groups involving conformable fractional derivatives for 0 < ¢ < 1 and instantaneous impulses in a Banach

space (X, |I.Il):

DAY(t) = AY(t) + ¢, ¥(t)), te€]=[0,T], t#t, k=1,..,p
V() - Yt) = er@(te), k=1,...,p 1)
Y(0) = v,

where the operator A generates an infinitesimal of fractional Co-g-semigroup J,(f) and ¢ € X. ¥(t))-¢(t;) =
¢x(i(tr)) means the impulsive condition, with ¢(t]), {(t,) are the right and left limits of ¢(.) at t = fx. The
functions ¢ : | x X = X, ¢ : X — X satisfy certain assumptions which will be specified later.

In many branches of mathematics, physics, engineering, and other sciences, semigroup properties are
essential for problem solving and analysis. The following are major important roles for the significance of
semigroup properties in mathematical analysis [26-29]:

e Semigroups are frequently encountered in the context of dynamical and linear systems. For the
stability analysis of these systems, knowledge of the semigroup properties—such as contractivity and
the generation property—is crucial.

e Understanding the behavior of solutions to the ordinary, fractional, and partial differential equations
over time requires an understanding of semigroup properties including continuity, positivity, and
dissipativity.

e Functional analysis provides powerful techniques including spectral theory and operator semigroup
theory, which can be applied with an understanding of semigroup properties.

e Engineers and scientists may evaluate and forecast the behavior of complex systems, create control
strategies, and maximize performance by modeling physical systems using semigroups properties.

This work is significant as semi-group operators provide a versatile framework for studying dynamic
systems, playing a crucial role in mathematical modeling and analysis [26, 30, 31].
2. Preliminaries

This section will explore conformable fractional derivatives and introduce the concept of a fractional
semigroup for more details [7, 31-33]. This semigroup serves as a generalized version of the classical
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semigroup, with its generator based on the conformable derivative. Important properties of the fractional
semigroup and its analysis will be presented. Additionally, it covers essential background details concerning
the Kuratowski measure of noncompactness along with Monch'’s fixed-point theorem.

Definition 2.1. [7] Let 1 : [0, 00) — R be a real valued function. Then the “conformable fractional derivative” of
Y of order p € (0,1], at t > 0 is defined by

Y(t +st170) - 400

S

DY() = lim @

When the limit exists, we say that ¢ is o—differentiable at t.

If ¢ is o—differentiable on the interval (0,b], b > 0 and limit of DYY(t) exists as t approaches 0, then we define
DYY(0) as the limit of DYY(t) as t approaches 0*.

The conformable fractional integral of V¥ of order g is defined by

)

sl-e

W) = (YD) = ds, 3)

where the integral is the usual Riemann improper integral. When a = 0, we write simply J3; = 3,

Definition 2.2. [31] Let ¢ € (0,1]. For a Banach space X, a family {3 ,(t)}=0 S L(X) is called a fractional
o—semigroup (or g—semigroup ) of operators if

(i) J,0) =1,
(ii) ,(t+5)¢ = 3,(t0)T ,(s¢) for all t,5 € [0, 00).

Clearly, if o = 1, then 1—semigroups are just the usual semigroups. A fractional o—semigroup {3 ,(t)}=0 € L(X) on
a Banach space X is called uniformly continuous if

lim |13,(6) ~ 1|l = 0.

An g—semigroup 3 ,(t) is called a Co-p-semigroup, if for each x € X, I ,(t)x — xas t — 0*.
The conformable p—derivative of 3,(t) at t = 0 is called the p—infinitesimal generator of the fractional p—semigroup
3,(t) , with domain equals:

(xe X, tli»%} DY, (t)x exists }.
We will write A for such a generator.

Theorem 2.3. [34] Let 3 ,(t) be a Cy — p—semigroup where o € (0, 1]. There exist constants w > 0 and M > 1 such
that

1T, < Me“  for 0<t<oco. @

Theorem 2.4. [34] Let 3 ,(t) be a Cy — p—semigroup where o € (0, 1] and let A be its p—infinitesimal generator. Then

t+et! =0
a) Forx e X, lin(} - Sl—_oﬁg(s)x ds = J,(t)x forevery t>0.
€ t S
‘1 ‘1
b) Forx € X, f ——3Jy(s)xds € D(A) and A(f — 3 (s)xds) = T,(t)x — x.
057 0 §'7¢

c) For x € D(A), 3 ,(t)x € D(A) and DI ,(t)x = AT ,(t)x = T ,(t)Ax.

t

t
d) Forx € D(A), 3,(t)x — J,(s)x = f %Sg(u)Ax du = f %Aﬂg(u)x du.
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Definition 2.5. [35] Let X be a Banach space and C) the family of bounded subsets of X. The Kuratowski measure of
noncompactness is the map 9 : QO — R defined by

n
IF)=infle >0:F C I_I Fy and diam(Fy) < €}
k=1

If F, F1, and F, are bounded subsets in X, then

1. () = 0.

J(F) = 0 & Fis relatively compact.
I(F + x) = 9(F) for any x € X.

S(F) = (F) = S(convF).

S(AF) = |AS(F), A € R.

F1 C Fy, = 3(F1) < 3(Fp).

S(F1 + F2) < 8(Fy1) + S(F2).

I(F1 U Fp) < max(S(Fy), S(F»)).

® NG LD

Here F and convF denote the closure and the convex hull of the bounded set F, respectively.

Lemma 2.6. [36] If A € C(I, X) is an equicontinuous and bounded set, then the function S(A(t)) is continuous for
tel, and S(fu(s)ds) < f&(u(s))dsfor any u € A.
I I

Theorem 2.7. (Ménch’s Fixed Point Theorem)[37]
Let F be a bounded, closed and convex subset of a Banach space X such that 0 € F, and Y : F — F be a continuous
satisfying Monch’s condition, i.e., A = cono(Y(A) U {0}) = S(A) = 0. Then Y has a fixed point.

3. Main results

Let PC is the space of functions ¢(.) defined from [0, T] into X such that 1(.) is continuous on each
interval ]t fre1] and 1/J(t]:’), Y(t,) exist.
Evidently, PC(J, X) is a Banach space with norm |[¢|| = sup{|l{y(t)ll, t € J}. According to Theorem 2.3, there
exists a constant M > 0 such that

13,0 <M, te].

3.1. Representation of mild solution

We introduce the formula for the mild solution of Problem (1) using fractional semigroups.

Lemma 3.1. Let the initial value problem:

DIP(t) = AP(t) + Pt () te]
¥(0) = o

Then

Y(t) = J,(t)po + j(; 5%50(1%9 - sg)%(p(s,gb(s)) ds.

is the mild solution of the initial value problem (5).
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Proof. Let A be a generator of Cy-g-semigroup J,. If ¢ is the solution of (5), then the X valued-function
N(s) = T (12 - s@)%gb(s) is p—deffirentiable for 0 < s < t and
DIN(s) = —AT (2 — )7 (s) + T(t? - s@)ibfﬁp(s)
= —AT (1 = ) TP(s) + Tt = 59 [AY(s) + (s, (s))]
= Tt = ) 96, Y(6)) ©)
Now applying 3I) to (6), we have

IYDINEE) = Tyt — ) 7(t) = T o = fo sll_oﬂg(tf’—s@)%(s, (s)) ds.
So
P(t) = S@(t)gbo +j(; s%ﬁg(t(’ —s¢ ¢>(s P(s)) ds. (7)
O

We assume that the solution of equation (1) is such that at the point of discontinuity #, we have y(t,) = P (t).
Hence, one has

t 1 |
v = St + [ S8 = ot e ds

For t € (1, t2], using the fractional semigroup in equation (1), we obtain
t
1 1 !
P(t) = T, (12 — ) ep(t]) + f Sl—_gsg(t@ —s9)eqp(s, ¥(s)) ds
f

t
= 9,0~ )19 + ] + [ S 5,0 6y

Replacing y(t]) by its expression in the above equation, we get

t
900 = 3,07~ 0413 (0o + [ 59,00 =005, 99N s + pa(p(e)]

' f 511_9 Tyt = 5975, Y(s)) ds

By using a computation, the above equation becomes

t
900 = 3,090 + 3 =)+ [ 59,00 =59 06, pio) .

In particular, for t = t; , one has

15 ;
005) = 3090 + 3,8 = D pu gt + [ 9 = ot s

As the same, for t € (t,, t3], we obtain
t
P = T, — ) () + f L5 (12— s0)b s, 9(s)) ds

t
= 9,6~ + e+ [ T =5 06, 9o .
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Hence, replacing y(t;) by its expression, we have
() = 3,2 — )7 [ ()t + To(t] — £) 201 (W(1))
+ fo ) S% (1 = s (s, () ds + pa((t2))]
+ f L 5,02 - sy, ye) d
Using a computation, we get
P(E) = B, (0o + To(t? = ) pr((t) + Bt = £2) pa(i(t2))
+ [ 55 "L 5,00 sty o pis

Repeating the same process, we obtain the following conformable fractional formula

Y = Toltio+ Y It ~ ) ul(t)) + f 5, - )05, 9(6) s

O<ty<t

Definition 3.2. A function 1 € PC is called a mild solution of conformable fractional Cauchy problem (1) if

T, (1 — 52)2 (s, Y(s)) d.

YO = FoOgo + ) Tt =) ot + |

O<ty<t

3.2. Existence of mild solutions

In this section, we apply a technique based on noncompactness measure assumption. In the following,
we prove existence results, for the problem (1) by using a Monch’s fixed point theorem. Let us introduce
the following hypotheses:

(H1) J,(t) is compact for t > 0 in the Banach space X.
(H2) The function ¢(., ¢(.)) : [0, T] = X is continuous, for all ¢ € PC.

(H3) The function ¢(¢,.) : X — X is continuous, and there exists u € C(J,R*) such that

i) kgt Il < (Il for each t € J, ¢ € PC.
ii) For each t € | and each bounded set V C X, we have 3(¢(t, V)) < u(t)S(V).

(H4) The mapping @i : X — X is continuous for k = 1, ...,p, and for each k = 1, ..., p there exists a positive
constant (; > 0 such that

1) k@) < Cellyll for each t € ], i € PC.
ii) For each bounded set V c X, we have 3(@i(V)) < GS(V).

Let B, = {¢ € PC(], X) : Y|l < p} for any p > 0. Then B, is clearly a bounded closed and convex subset in
PC(J, X). We define the operator Y by

TRIO =IO+ ), Tt =) ) + | T =) (s, (o) ds.

O<te<t

Obviously, i € B, is a mild solution of (1) if and only if the operator Y has a fixed point on B, i.e., there
exists ¢ € B, satisfies 1) = Y.
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Lemma 3.3. If (H2)~(H4) hold, then Y is continuous in B, and maps B, into B, for any p > 0 satisfies
Milipoll

T? <
1— M(—ljull + ), &)
¢ k=1

(8)

Proof. Claim: Y maps B, into B,,.
For t € ] and for any ¢ € B, by using (H3)(i) and (H4)(i), we get

t
TN < IS, Ol + Y, 15,02 = £ Mllpr el + f 19,0 = ) G,y ds

O<tr<t

<M||¢0||+M||¢||ZCI<+M f oIyl ds

< Milyol +M||¢||Z G+ Millllg f L s

< Mllypoll + Ml Z Ck+M—|IHIII|gbII

O<tk<t

<pll - M(—II/JII * Zcm MY Gt —||u||>p

O<te<t
= p‘

Claim: Y is continuous in Bp,.
Let i, be a sequence such that i, — ¢ in PC(J, X). Then for each t € |

@) = YOI < Y 19, = ) Mlpen(te)) — et

O<tr<t

f
" f 908 — g6, P ) — (s, sl ds.
0

Using assumption (H1)(), 2™ [l9(s, Pu(5)) — (s, &)l < 252 1(s) and (s, Pu(s)) = (s, (s)) as n — +oo.
The Lebesgue dominated convergence theorem proves that

fot S%_(,llgi)(s, Pn(s)) — d(s, P(s))llds — 0 as n — +o0o. According to continuity of the function ¢, we deduce that
liIP llor(Wn(te)) — er(P )l = 0. Hence, Y is continuous. [

Lemma 3.4. If (H1)~(H4) hold, then Y(B,) is bounded and equicontinuous.

Proof. By lemma 3.3, it is obvious that Y(B,,) C PC(J, X) is bounded.
For ¢ € B, and 7y, Tk, € ] such that t; < 7, < 14, < ty1, fork =1,...,p where t,.; = T. We have

IT4)E) = YW < 194540 = ot il
+IIZS‘@(% ) puy(t) - Zﬂg(fh—t% P

j=1

ny f (¢!, ~ 9}, 4(s) s

|

O(Tkl - s") O(s, P(s)) ds|.
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Using a computation, we get
W) (Ti,) = YTl < IS g(rl, = 72)5 = DB (Yool

k
1Y (ol =188 = DIy, — )it
j=1

Thy 1 )l , ) .
+ A ﬂ(sp(ﬂi - T,‘ﬂ)@ - 1)50(1;{1 — S[)”(P(S, (s)) ds
Tkz 1 .
’ ka s,l_—oﬁg(Tli =592 ¢(s, Y(s)) dsll.

Using assumptions (H1)(i) and (H2)(i), we obtain

0o _ .0
T~ Th,

0

T®
E) + Mllullp

P
IPC@(r,) = YTl < MIS(x?, = 72)5 = Tldlgoll + Y S + llalp

=1

1 .
The compactness of (J ,(t)) assures that ||J Q(T]fz - T,‘;)@ —I|| = 0 as 7, — Tx,. So when for 7}, — T, the right
side of the above inequality tends to zero. In a similar manner throughout the interval [0, ;]. Since the
finite union of equicontinuous sets is equicontinuous, thus Y(B,) is equicontinuous on [0, T]. [

Theorem 3.5. Assume that (H1)-(H4) are hold, then impulsive differential equations (1) has at least one mild
solution within the ball B,, where the radius p satisfies (8).

Proof. We know that B,, is closed and convex. From Lemmas 3.3 and 3.4, we know that W is a continuous
map from B, into B, and the set Y(B,) is bounded and equicontinuous. We shall prove that Y satisfies the
Monch’s condition 2.7. Now, let A be a subset of B, such that A C conv(Y(A) U {0}). Then A is bounded and
equicontinuous and therefore the function t — x(t) = 9(A(#)) is continuous on J. From (H3),(H4), and the
properties of the measure we have for each f € J:

() < SN U 101) = S(T(A)D U (0)
< A1)
‘1
<MY, a6 + M [ 80006, Ao ds

O<ty<t

t
<M ) GS(A) () + M fo S%_Qy(twm(s)) ds

O<ty<t

t
=M Y Gt +M [ s

O<t<t Sl_g
4 T?
< WM, G+ el )
k=1

This means that

4 T
Xl (X — M( z Cr + IIHII?)) <0.
k=1

By (8), it follows that [|x|| = 0, that is x(f) = 0 for each t € ], and then A(t) is relatively compact in PC(J, X). In
view of the Ascoli-Arzela theorem, A is relatively compact in Bp. Applying now Theorem 2.7, we conclude
that Y has a fixed point which is a solution of the problem (1). O
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3.3. Uniqueness of mild solutions
To obtain the uniqueness of the mild solution, we need the following assumption:

(A1) There exists a constant 1 > 0 such that
llp(t, ) — (¢, Y)II < nlly — Pll, for each t € Yy, € PC.
(A2) There exist constants ¢, > 0 such that
o) — @)l < cilly — I, foreach k=1, ..., p, Vb, ¥ € PC.

Theorem 3.6. If assumptions (A1) and (A2) are satisfied,, then the conformable fractional Cauchy problem (1) has
an unique mild solution, provided that

T+
Mn—+) ) <1.
¢ =
Proof. Define the operator Y : PC — $C by

YO = ToOo + Y, It = 1) pr( (1)) + fo 9, — D9l Y s

O<te<t

We will show that Y is a contraction, consider ¢, E € PC. Thus, for t € |, we have:

IC@E = YOI < Y 19, = )l (t) - pu@ )l

O<t<t

+f0 511__0“59(#} = s9)2lllp(s, (s) — (s, P(s))ll ds

t
MUY o) - 5600+ [ <19 - Tl

O<ti<t 0

T & _
<Min—+ )" cillly = 9l
¢ k=1

4
Te
Since M[n? + Z ck] < 1, then Y is a contraction operator on the Banach space (PC,||.|[). Therefore,
k=1
employing the Banach Fixed Point Theorem, we can affirm that the operator Y possesses an unique fixed
point in PC, which represents the mild solution of the conformable fractional Cauchy problem (1). O

Theorem 3.7. If we assume that the conditions of Theorem (3.6) are satisfied, with 1y and Eo belonging to the set X,

and if Y and  represent the solutions corresponding to o and @0 respectively, then we can approximate the following
estimate:

I il < TM o~ oyl
1- M= + Z Skl
0 k=1

Proof. For t € |, we have

0 d _
146~ G0 < Mligo = Foll + Min = + Y, <l - il
k=1
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Taking the supremum, we get

P
1 - Bl < M, Byl + M[n% + 3" cllly = Pl
k=1

Therefore, we can infer the desired approximation as follows:

I il < M ivo- Tl

T?
1=Mln— + Z ckl
¢ k=1

O

Example 3.8. We consider the impulsive conformable partial differential equation of the form

1 _ Pw(t, N) e“Hlw(t, M)l
Dot D)= = Ered )
w(t,0)=w(1)=0

CL)(O, A) = ll}O

(3, Dl
2+ lw(3, M

. 1 . 1
SIL%} a)(z +s,A) = slgg} a)(z -s,A)+

Let X = L*([0,1]), and define the operator A as follows A = 3‘9—/\22 with its domain

D(A) ={u € X, u',u" are absolutely continuous and u’" € X, u(0) = u(1) = 0}.

, (t,A)€[0,1]x[0,1], t# 5

9330

©)

From [26], A is the generator of the Co-a-semigroup 3,(t)u and ||T,(t)|| < 1. Next, we consider the change

Y(H)(A) = w(t, A) and the following notations:

~ e ()l
ot 9) = G+e)1+ |ll1(t)|)/
L el
PG = e

The equation (9) transforms into the following form:

DIY(E) = AY(t) + p(t, (), te]=[0,T], t#1
P3N =93 = ¢@(3)
P(0) = .

For each t € J,Y, 1 € PC, we have

et ) @)

(e, ¥) = ol Il = 5177 W0 TR0

L
<>y -7l

T 5+¢t

< Sy -7l

(10)
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and

@ G)
2+l 2+

Iy = .

1)) — @1 (@)l = |l

I\JIP—‘

T?
We have M =1,T =1,0= 3,1 = 1 and ¢ = 5. It is clear that M(n? +¢1) = 19—0 < 1, therefore, all the conditions
of Theorem 3.6 are satisfied. Hence the problem (10) has a unique mild solution.

Example 3.9. Consider the following fractional pantograph-differential equation with impulsive by:

sin(t)[y(#)] cos(t 1
(t +4)2(1 + [P()) T+ 3)2 ¥(; )/ tel01] t# 5

DIY(H) = —P(t) + +

+ - p(d) 11
Y)Y )= 16+|¢<%>\ v
P(0) = .
Let A = —5. A'is the generator of the Co———semigroup f%(t) =e Vand |IS%(t)|I <e.

Consider the followmg notations:

b sin(H)[y(t)l cos(t)
U o e A e
1. G
PG = 1 D

Then for any 1, € PC and t € [0,1], we obtain
606,90, 9 = 606,50, T < gl =T,

o1 (@) = 1)l < EII#J VIl

T?
It is clear that M(n? +¢61) = == < 1. Hence problem (11) has a unique solution on [0, 1].

5e
16
Conclusion

In this study, we have found a mild solution to fractional impulsive evolutionary differential equations,
primarily employing fractional semigroup analysis. The main outcome has been derived through the
utilization of measures of non-compactness, in addition to Banach’s and Moénch’s theorems. The concepts
introduced in this paper have the potential to be applied to various other models in fields such as physics,
biology, chemistry, economics, and beyond.
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