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Abstract. We characterise the groupoid C∗-algebras associated to the transformation groupoids of injective
actions of discrete countable Ore semi-groups on compact topological spaces in terms of the reduced
crossed product from the dual actions, and characterise the continuous orbit equivalence for injective
actions by means of the transformation groupoids, as well as their reduced groupoid C∗-algebras. Finally,
we characterize the injective action of semi-group on its compactifications.

1. Introduction

There are a large number of significant and interesting research dealing with the interplay between the
orbit equivalence of topological dynamical systems and the classification of C∗-algebras. Groupoid theory
and the crossed product construction play a very important role for these results. At the very beginning,
Giordano, Putnam and Skau studied the relationship between orbit equivalence and C∗-crossed products
for minimal homeomorphisms of Cantor sets in [5]. Their studies have been generalized to many different
directions, including Tomiyama’s results on topologically free homeomorphisms on compact Hausdorff
spaces ([17]), Matsumoto et al.’s classification results of irreducible topological Markov shifts in terms of
Cuntz-Krieger algebras ([10, 11]), and Li’s characterization of group actions and partial dynamical systems
by transformation groupoids and their reduced crossed product C∗-algebras ([8, 9]), and so on ([2, 6, 12]).

In [15], Renault and Sundar studied actions of locally compact Ore semi-groups on compact topological
spaces. They gave the construction of the semi-direct product X ⋊ P, where X is the order compactification
of locally compact semi-group P, and turned out that it is a locally compact groupoid and has a continuous
Haar system. They also proved that this groupoid is a reduction of a semi-direct product by a group and the
Wiener-Hopf C∗-algebra of P is isomorphic to the reduced C∗-algebra of the semi-direct product groupoid
X⋊P. In [4], Ge studied the compactification of natural numbers and characterized the associated compact
Hausdorff spaces. Inspired by their beautiful results, in this paper, we will consider injective actions of
discrete countable Ore semi-groups on compact topological spaces, and study the relationship between the
orbit structure of these actions and algebraic structure of the associated groupoids and their C∗-algebras.
We prove that two topologically free injective actions are continuously orbit equivalent if and only if their
transformation groupoids are isomorphic as étale groupoids, if and only if there is a C∗-isomorphism
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preserving the canonical Cartan subalgebras between the corresponding groupoid reduced C∗-algebras.
We show that an injective action can be dilated as a group action on a quotient space by homeomorphisms,
and our groupoid turns out to be a reduction of the dilation. The multiplication operation on the group
can naturally give rise to an action of the group on itself, thus we consider the induced action of the
semi-group on its compactifications. We also show that the injective action of a semi-group on its one-point
compactification is determined uniquely up to conjugacy by two conditions.

The paper is organized as follows. In Section 2, we characterize the reduced groupoid C∗-algebras
associated to the transformation groupoids of injective actions of discrete countable Ore semi-groups on
compact topological spaces in terms of the reduced crossed product from the dual actions. In Section 3, we
introduce the notion of continuous orbit equivalence for injective actions, and characterize them in terms
of the associated transformation groupoids, as well as their reduced groupoid C∗-algebras with canonical
Cartan subalgebras. In Section 4, we study the action of semi-group on its compactifications.

Throughout this paper, we will use the following notions. For a topological groupoid G, let G(0) be the
unit space. The range and source maps r, s from G onto G(0) are defined by r(1) = 11−1 and s(1) = 1−11,
respectively. If r and s are local homeomorphisms, then G is called to be étale. We say that G is topologically
principal if

{
u ∈ G(0) : Gu

u = {u}
}

is dense in G(0), where Gu
u =
{
γ ∈ G : r(γ) = s(γ) = u

}
is the isotropy group at

a unit u ∈ G(0). We refer to [13, 16] for more details on topological groupoids and their C∗-algebras.

2. The transformation groupoid of injective action

Let X be a second-countable compact Hausdorff space, G a countable discrete group and P a right Ore
sub-semigroup of G, i.e., e ∈ P and G = PP−1, where e is the identity element in G. By a right action θ of P
on X we mean that θa is a continuous and injective map from X into itself and satisfies that θaθb = θba for
every a, b ∈ P, and θe = idX, the identity map on X. We use the symbol P↷θ X to denote such an injective
action.

Each injective action P↷θ X induces a dual action, P↷α C(X), of P on the abelian C∗-algebra C(X) by
surjective ∗-homomorphisms, where each αm is defined by αm( f ) = fθm for f ∈ C(X) and αab = αaαb for all a
and b in P.

Remark 2.1. Given an injective action P↷θ X, for x ∈ X, let

Qx := {1 ∈ G : ∃a, b ∈ P, y ∈ X such that 1 = ab−1 and θa(x) = θb(y)}.

For x, y ∈ X and 1 ∈ G, one can check that, if 1 = ab−1 = mn−1 for a, b,m,n ∈ P, then θa(x) = θb(y) if and only if
θm(x) = θn(y). It follows that 1 ∈ Qx if and only if there exists a unique element, denoted by u(x, 1), in X such that
if 1 = ab−1 for a, b ∈ P, then θa(x) = θb(u(x, 1)).

Let
X ⋊ P = {(x, 1) ∈ X × G : 1 ∈ Qx}.

Then, under the following operations

(x, 1)(y, h) = (x, 1h) only if y = u(x, 1),

(x, 1)−1 = (u(x, 1), 1−1),

X⋊P is a groupoid with the unit space (X⋊P)(0) = X× {e}, the range map, r(x, 1) = (x, e) and the source map
s(x, 1) = (u(x, 1), e) for (x, 1) ∈ X ⋊ P.

Lemma 2.2. The map u : (x, 1) ∈ X ⋊ P → u(x, 1) ∈ X is continuous, where u(x, 1) is defined as in Remark 2.1.
Moreover, u(x,m) = θm(x) for x ∈ X and m ∈ P, and u(u(x, 1), h) = u(x, 1h) when (x, 1), (u(x, 1), h) ∈ X ⋊ P.

Thus, under the relative product topology on X × G, X ⋊ P is a second-countable locally compact Hausdorff
groupoid. Furthermore, X ⋊ P is étale if and only if θa(X) is open in X for each a ∈ P.
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Proof. Suppose that (xn, 1n) → (x, 1) ∈ X ⋊ P. Then 1n = 1 for large n, so we can assume that 1n = 1 for all
n. Let yn = u(xn, 1) and suppose that yn → y. Choose a, b ∈ P such that 1 = ab−1 and θa(xn) = θb(yn). Then
θa(x) = θb(y), it follows that y = u(x, 1), proving that u is continuous.

Given (x, 1) and (u(x, 1), h) in X ⋊ P, choose a, b, c, d,m and n in P such that 1 = ab−1, h = cd−1 and b−1c =
mn−1. Then bm = cn and 1h = am(dn)−1. It follows from θa(x) = θb(u(x, 1)) and θc(u(x, 1)) = θd(u(u(x, 1), h))
that θam(x) = θdn(u(u(x, 1), h)). Since moreover θam(x) = θdn(u(x, 1h)), we have u(u(x, 1), h) = u(x, 1h).

By the continuity of u, one checks that X⋊P is a second-countable locally compact Hausdorff groupoid.
If X ⋊ P is étale, then the source map s : X ⋊ P → (X ⋊ P)(0), (x, 1) 7→ (u(x, 1), e) is open. It follows that, for
each a ∈ P, s(X × {a}) = θa(X) × {e} is open in X ⋊ P. Thus θa(X) is open in X for each a ∈ P.

For the converse, assume thatθa(X) is open in X for each a ∈ P. Thenθa : X→ θa(X) is a homeomorphism.
For any (x0, 10) ∈ X ⋊ P, there exist m,n ∈ P, y0 ∈ X such that 10 = mn−1 and θm(x0) = θn(y0). Since θm(X)
and θn(X) are open in X, there exist open subsets W1 ⊆ θm(X) and W2 ⊆ θn(X) such that θm(x0) ∈ W1,
θn(y0) ∈W2. Set W =W1 ∩W2, U = θ−1

m (W), and V = θ−1
n (W). Thus θm(x0) = θn(y0) ∈W, U,V are open in X

and θm(U) = θn(V) = W. In this case, for each x ∈ U, there exists y ∈ V such that θm(x) = θn(y), it follows
that (x, 10) ∈ X⋊P for each x ∈ U, which implies U× {10} is an open neighbourhood of (x0, 10) in X⋊P. Thus
the range map r|U×{10} : U × {10} → U × {e} is a homeomorphism. Hence X ⋊ P is étale.

Remark 2.3. Throughout this paper, we always assume that θa(X) is open in X for each a ∈ P,and we call X ⋊ P the
transformation groupoid attached to P↷θ X. In this case, the unit space (X ⋊ P)(0) identifies with X by identifying
(x, e) with e. Thus r(x, 1) = x and s(x, 1) = u(x, 1). From the proof of the last lemma, for each (x, 1) ∈ X ⋊ P, there
exists an open neighbourhood U of x in X such that (x, 1) ∈ U × {1} ⊆ X ⋊ P.

Let c : X ⋊ P → G be defined by c(x, 1) = 1 for (x, 1) ∈ X ⋊ P. Then c is a continuous homomorphism and its
kernel ker(c) = X × {e} is an amenable étale subgroupoid of X ⋊ P. It follows from [16, Proposition 10.1.11] that if G
is amenable then X ⋊ P is also amenable.

In [15], the transformation groupoid is isomorphic to a reduction of the Mackey range semi-direct
product defined by the canonical cocycle c when P is a locally compact Ore semi-group. For the countable
discrete case, in the following we can give a direct construction of this result.

Let X̃ be the quotient space of X × G by the following equivalence relation:

(x, 1) ∼ (y, h)⇔ ∃a, b ∈ P such that 1h−1 = ab−1 and θa(x) = θb(y).

One can check that, under the quotient topology of the product topology on X×G, X̃ is a locally compact and
Hausdorff space, and the canonical quotient map π : X×G→ X̃ is surjective, continuous and open. Denote
by [x, 1] the equivalence class of (x, 1) in the equivalence relation. Then [x, 1] = {(u(x, k), k−11)) : k ∈ Qx} for
(x, 1) ∈ X × P, and [x, e] = [u, e] if and only if x = u.

Remark 2.4. Define the right action G↷θ̃ X̃ of G on X̃ by homeomorphisms as follows: for [x, 1] ∈ X̃, h ∈ G,

θ̃h([x, 1]) = [x, 1h].

The associated transformation groupoid, X̃⋊θ̃ G := X̃×G, with the product topology and the following multiplication
and inverse:

([x, 1], h)([x, 1h], h′) = ([x, 1], hh′), ([x, 1], h)−1 = ([x, 1h], h−1),

is an étale groupoid. The unit space (X̃ ⋊θ̃ G)(0) identifies with X̃ by identifying ([x, 1], e) with [x, 1]. Then
r([x, 1], h) = [x, 1] and s([x, 1], h) = [x, 1h].

Let X′ = {[x, e] : x ∈ X}. Then X′ is clopen in X̃ and X̃ ⋊θ̃ G-full in the sense that the intersection of X′ and
each orbit of G ↷θ̃ X̃ is not empty. In fact, for any [x, 1] ∈ X̃, ([x, 1], 1−1) ∈ r−1([x, 1]) ∩ s−1(X′). Note that the
reduction X̃ ⋊θ̃ G|X′ = r−1(X′) ∩ s−1(X′) is an étale subgroupoid of X̃ ⋊θ̃ G. Recall that two étale groupoids G and
H are Kakutani equivalent if there are full clopen subsets X ⊆ G(0) and Y ⊆ H (0) such that G|X � H|Y ([3]). The
following proposition is based on the ideas of [15] by Renault and Sundar.
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Proposition 2.5. X ⋊ P is isomorphic to the reduction X̃ ⋊θ̃ G|X′ . Consequently, X ⋊ P is Kakutani equivalent to
X̃ ⋊θ̃ G.

Proof. Note that r([x, e], 1) = [x, e] ∈ X′ and s([x, e], 1) = [x, 1] = [u(x, 1), e] ∈ X′ for each (x, 1) ∈ X ⋊P. We can
therefore define a map

Φ : X ⋊ P→ X̃ ⋊θ̃ G|X′ , (x, 1) 7→ ([x, e], 1),

and Φ is clearly an injective groupoid homomorphism. For a given (y, 1) ∈ X̃ ⋊θ̃ G|X′ , since r(y, 1) = y ∈ X′,
there exists x ∈ X such that y = [x, e]. In this case, s([x, e], 1) = [x, 1] ∈ X′, which implies (x, 1) ∈ X ⋊ P,
proving that Φ is surjective.

Let φ be the restriction of Φ to the unit space (X ⋊ P)(0) = X, one can check that φ : x ∈ X→ [x, e] ∈ X′ is
a homeomorphism. It is then easy to see that Φ is a homeomorphism from X ⋊ P onto X̃ ⋊θ̃ G|X′ .

Remark 2.6. Given an injective right action P↷θ X, we further assume that each map θm is a homeomorphism on
X. For each 1 ∈ G, it follows from the assumption that there exist m,n ∈ P such that 1 = mn−1. Define

θ̂1(x) = θ−1
n (θm(x)) for x ∈ X.

One can check that θ̂ is a right action of G on X by homeomorphisms. In this case, the equivalence relation on X ×G
defined before Remark 2.4 can be rewritten as follows: for (x, 1), (y, h) ∈ X × G,

(x, 1) ∼ (y, h)⇔ y = θ̂1h−1 (x).

Thus [x, 1] = [θ̂1(x), e] for [x, 1] ∈ X̃, and X̃ = X′.

The transformation groupoid X⋊θ̂G associated to the above group action (X,G, θ̂) is given by the set X×G
with the product topology, multiplication (x, 1)(y, h) = (x, 1h) if y = θ̂1(x), and inverse (x, 1)−1 = (θ̂1(x), 1−1).

Remark 2.4 and Remark 2.6 combine to give the following result.

Corollary 2.7. If P ↷θ X is a right action by homeomorphisms, then X ⋊ P is isomorphic to X̃ ⋊θ̃ G, and both of
them are isomorphic to X ⋊θ̂ G.

From Proposition 2.5 and Corollary 2.7, the reduced groupoid C∗-algebra C∗r(X ⋊ P) of X ⋊ P is Morita
equivalent to the reduced crossed product C∗-algebra C(X̃) ⋊θ̃ G associated to G ↷θ̃ X̃, and these two
C∗-algebras are isomorphic when θ is a homeomorphism action. In the rest of this section, we characterize
the relationship among C∗r(X ⋊ P), the C∗-algebra from the dual action P↷α C(X) and partial action of G on
C(X) given by P↷θ X.

We define l2(G,C(X)) to be the set of all mapping ξ from G into C(X) such that
∑
1∈G |ξ(1)|2 converges in

C(X). Then it is a (right) Hilbert C(X)-module under the following operations:

(ξ f )(1) = ξ(1) f , < ξ, η >=
∑
1∈G

ξ(1)∗η(1)

for f ∈ C(X), ξ, η ∈ l2(G,C(X)), 1 ∈ G. Similarly, we have the Hilbert C(X)-module E := l2(P,C(X)) and let
L(E) be the C∗-algebra of all adjointable operators on E.

Define representations π : f ∈ C(X)→ π( f ) ∈ L(E) and v : m ∈ P→ vm ∈ L(E) by

π( f )(ξ)(m) := αm( f )ξ(m), vm(ξ)(n) := ξ̃(nm−1) for ξ ∈ L(E), m,n ∈ P,

where ξ̃ ∈ l2(G,C(X)) is given by ξ̃(1) =
{
ξ(1), for 1 ∈ P
0, for otherwise for 1 ∈ G. Then v∗mξ(n) = ξ(nm) for

m,n ∈ P, ξ ∈ L(E). One can check that ve = I, vm is an isometry, vmvn = vnm and π( f )vm = vmπ(αm( f )) for
f ∈ C(X),m,n ∈ P. The C∗-algebra generated by {π( f ), vm : f ∈ C(X),m ∈ P} in L(E) is the reduced crossed
product associated with P↷α C(X), denoted by C(X) ⋊r P.
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To simplify symbol, write G = X ⋊ P. Let l2(G) be a Hilbert right C(X)-module by the completion of
Cc(G) under the following operations:

(ξ f )(x, 1) = ξ(x, 1) f (x) for ξ ∈ Cc(G), f ∈ C(X), (x, 1) ∈ G.

< ξ, η > (x) =
∑

1∈G,(x,1)∈G

ξ(x, 1)η(x, 1) for ξ, η ∈ Cc(G), x ∈ X.

∥ξ∥ = sup
x∈X

(
∑

1∈G,(x,1)∈G

|ξ(x, 1)|2)
1
2 for ξ ∈ Cc(G).

Let L(l2(G)) be the C∗-algebra of all adjointable operators on l2(G). Define the representation π̃ of Cc(G)
into L(l2(G)) by π̃ : f ∈ Cc(G)→ π̃( f ) ∈ L(l2(G)):

(π̃( f )ξ)(x, 1) =
∑

(x,h)∈G

f (u(x, 1), 1−1h)ξ(x, h) for (x, 1) ∈ G.

Then the reduced groupoid C∗-algebra, C∗r(G), of G is the C∗-algebra generated by π̃(Cc(G)) in L(l2(G)) ([1]).

Lemma 2.8. Let P ↷θ X be an injective action. For 1 ∈ G, let X1 = {x ∈ X : (x, 1) ∈ X ⋊ P} and U1 = X1 × {1}.
Then the characteristic function, denoted by u1, on U1 is in Cc(X ⋊ P). Moreover, the following statements hold:

(i) ue is the identity element in Cc(X ⋊ P), u∗a is an isometry and uaub = uab for a, b ∈ P;
(ii) for 1 ∈ G, if 1 = ab−1 for a, b ∈ P, then u1 = uau∗b and u∗1 = u1−1 ;

(iii) for f ∈ C(X) and 1 ∈ G, we have u1 f = V1( f )u1, where for x ∈ X,

V1( f )(x) =
{

f (u(x, 1)), if x ∈ X1
0, for otherwise.

(iv) u1u1−1 = χX1 ∈ C(X) and u1 f u1−1 = V1( f )u1u1−1 .

Hence Cc(X ⋊ P) = span{ f u1 : f ∈ C(X), 1 ∈ G}.

Proof. Note that for 1 ∈ G, U1 is an open and compact subset of X ⋊ P, thus u1 ∈ Cc(X ⋊ P). By calculation,
we can check the properties stated in the lemma. For ξ ∈ Cc(X ⋊ P), there exist 11, 12, · · · , 1n ∈ G such that
the support supp(ξ) of ξ is contained in ∪n

i=1U1i . By a partition of unity, we have ξ =
∑n

i=1 ξi for ξi ∈ Cc(X⋊P)
and supp(ξi) ⊆ U1i . Let

fi(x) =
{
ξi(x, 1i), if x ∈ X1i

0, for otherwise

for x ∈ X. Then fi ∈ C(X) and ξi = fiu1i for each i. Thus Cc(X ⋊ P) = span{ f u1 : f ∈ C(X), 1 ∈ G}.

Theorem 2.9. Let M be the closure of the set {ξ ∈ Cc(X ⋊ P) : ξ(x, 1) = 0 if 1 < P} in l2(X ⋊ P) and Q be the
projection from l2(X⋊P) ontoM. ThenM is isomorphic to l2(P,C(X)), and C(X)⋊r P is isomorphic to the C∗-algebra
generated by QC∗r(X ⋊ P)Q in L(l2(X ⋊ P)).

Proof. We use the notation in Lemma 2.8 and before. Obviously, M is a (right) C(X)-submodule of l2(G).
Define

Λ :M→ l2(P,C(X)), Λ(ζ)(m)(x) = ζ(x,m),

for ζ ∈ M, m ∈ P and x ∈ X. Then Λ is a bijective bounded C(X)-linear mapping with inverse

Λ−1(ε)(x, 1) =

ε(1)(x), if 1 ∈ P,
0, for otherwise,

for ε ∈ l2(P,C(X)), (x, 1) ∈ G.

Moreover, for ζ1, ζ2 ∈ M, one can check that < ζ1, ζ2 > (x) =< Λζ1,Λζ2 > (x) for each x ∈ X, then M is
isomorphic to l2(P,C(X)).
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Define
W(η)(m)(x) = η(x,m), for η ∈ Cc(G),m ∈ P, x ∈ X,

and

U(ξ)(x, 1) =

ξ(1)(x), if 1 ∈ P,
0, for otherwise,

for ξ ∈ Cc(P,C(X)), (x, 1) ∈ G.

Then W and U can be extended to operators in L(l2(G), l2(P,C(X))) and L(l2(P,C(X)), l2(G)), and if we
use the same symbols to denote their extensions then U∗ = W and U∗U = id, the identity element in
L(l2(P,C(X))). An easy calculation confirms that Uπ( f ) = π̃( f )U for f ∈ C(X), and Uvm = π̃(u∗m)U for m ∈ P.

Write Q = UU∗. Define the map Φ : L(l2(P,C(X)))→ L(l2(G)) by

Φ(T) = UTU∗.

ThenΦ is an injective ∗-homomorphism, andΦ(π( f )) = Qπ̃( f )Q,Φ(vm) = Qπ̃(u∗m)Q for f ∈ C(X), m ∈ P. One
can check that Qπ̃(um)π̃(u∗n)Q = Qπ̃(um)Qπ̃(u∗n)Q, Qπ̃( f )π̃(u1)Q = Qπ̃( f )Qπ̃(u1)Q for each f ∈ C(X), m,n ∈ P
and 1 ∈ G. Thus it follows from Lemma 2.8 thatΦ(C(X)⋊P) is just the C∗-algebra generated by QC∗r(X⋊P)Q
in L(l2(G)).

We adopt notations in Lemma 2.8 and define a mapping α̂1 : C(X1−1 )→ C(X1) as follows:

α̂1( f )(x) = f (u(x, 1)), for f ∈ C(X1−1 ), x ∈ X1.

The preceding descriptions imply that α̂1 is an isomorphism. Then {α̂1}1∈G defines a partial action of G by
partial isomorphism of C(X), and (C(X),G, α̂) is a partial C∗-dynamical system in the sense of [7].

Consider now the Hilbert (right) C(X)-submodule F = {ξ ∈ l2(G,C(X)) : ξ(1) ∈ C(X1)}. Denoted by L(F)
be the C∗-algebra of all adjointable operators on F. Define the representation τ : f ∈ C(X) → τ( f ) ∈ L(F)
and v : 1 ∈ G→ v1 ∈ L(F) by

τ( f )ξ(1) = α̂1( f )ξ(1)|X1 , vhξ(1) = ξ(1h)|X1∩X1h , for ξ ∈ L(F), 1, h ∈ G.

Then v1 is a partial isometry on F with initial space [τ(C(X1−1 ))F] and final space [τ(C(X1))F] such that

(i) v1τ( f )v1−1 = τ(α̂1( f )) for f ∈ C(X1−1 );
(ii) τ( f )[v1vh − v1h] = 0 for f ∈ C(X1) ∩ C(X1h);

(iii) v∗1 = v1−1 .

Hence (τ, v,F) is a covariant representation of (C(X),G, α̂).
The reduced partial crossed product, denoted by C(X)⋊α̂r G, associated with (C(X),G, α̂) is defined as the

C∗-algebra generated by {τ( f ), v1 : f ∈ C(X), 1 ∈ G} in L(F).

Theorem 2.10. C∗r(X ⋊ P) is isomorphic to C(X) ⋊α̂r G.

Proof. Define

Φ(η)(1)(x) =

η(x, 1) if x ∈ X1,
0, for otherwise,

for η ∈ Cc(G), 1 ∈ G, and x ∈ X.

Then Φ can be extended to operator in L(l2(G),F), and we use the same symbol to denote its extension.
Moreover, Φ is an adjointable unitary operator in L(l2(G),F) with Φ∗(ξ)(x, 1) = ξ(1)(x) for ξ ∈ F, (x, 1) ∈ G.

DefineΨ : T ∈ L(l2(G))→ Ψ(T) ∈ L(F) by

Ψ(T) = ΦTΦ∗.

ThenΨ is an ∗-isomorphism, and by calculation,Ψ(π̃( f )) = τ( f ),Ψ(π̃(u1)) = v1, thus C∗r(X⋊P) is isomorphic
to C(X) ⋊α̂r G.
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3. Continuous orbit equivalence

Let P↷θ X be an injective action and G a countable group containing P as in Section 2. Define

x ∼θ y⇔ ∃1 ∈ Qx such that y = u(x, 1).

Then ∼θ is an equivalent relation on X. We denote by [x]θ the equivalence class of x, i.e., [x]θ := {u(x, 1) :
1 ∈ Qx}.

Given two injective actions P↷θ X and S↷ρ Y, we let G and H be two related discrete groups satisfying
that P ⊆ G, S ⊆ H and the assumption in Section 2.

Definition 3.1. Let P↷θ X and S↷ρ Y be two injective actions.

(i) We say they are conjugate if there exist a homeomorphism φ : X → Y and a semi-group isomorphism
α : P→ S such that φθm = ρα(m)φ for each m ∈ P.

(ii) We say they are orbit equivalent if there exists a homeomorphism φ : X→ Y such that φ([x]θ) = [φ(x)]ρ for
x ∈ X.

If P ↷θ X and S ↷ρ Y are orbit equivalent via a homeomorphism φ, then for each x ∈ X, 1 ∈ Qx,
there exists h ∈ Qφ(x) (depending on x and 1 ) such that φ(u(x, 1)) = u(φ(x), h). Symmetrically, for each
y ∈ Y, h ∈ Qy, there exists 1 ∈ Qφ−1(y) (depending on y and h) such that φ−1(u(y, h)) = u(φ−1(y), 1). Note that
∪x∈X{x} ×Qx = X ⋊ P, we have the following continuous version of orbit equivalence.

Definition 3.2. We say two injective actions P ↷θ X and S ↷ρ Y are continuously orbit equivalent if there
exist a homeomorphism φ : X→ Y, continuous mappings a : X ⋊ P→ H and b : Y ⋊ S→ G such that

φ(u(x, 1)) = u(φ(x), a(x, 1)) for (x, 1) ∈ X ⋊ P, (1)

φ−1(u(y, h)) = u(φ−1(y), b(y, h)) for (y, h) ∈ Y ⋊ S. (2)

Proposition 3.3. If two injective actions P ↷θ X and S ↷ρ Y are conjugate, then they are continuously orbit
equivalent.

Proof. Assume that P↷θ X and S↷ρ Y are conjugate by maps φ and α. For 1 ∈ G, there exist a, b ∈ P such
that 1 = ab−1. One can check that β : 1 ∈ G→ α(a)α(b)−1

∈ H is a well-defined group isomorphism. Define
a(x, 1) = β(1), b(y, h) = β−1(h) for (x, 1) ∈ X ⋊ P, (y, h) ∈ Y ⋊ S.

For each (x, 1) ∈ X⋊P, there exist m,n ∈ P such that 1 = mn−1 and θm(x) = θn(u(x, 1)). Then ρα(m)(φ(x)) =
φ(θm(x)) = φ(θn(u(x, 1))) = ρα(n)(φ(u(x, 1))), which implies φ(u(x, 1)) = u(φ(x), a(x, 1)). In a similar way, we
can show that φ−1(u(y, h)) = u(φ−1(y), b(y, h)) for (y, h) ∈ Y ⋊ S. Thus P↷θ X and S↷ρ Y are continuously
orbit equivalent.

Following [8], we define the topological freeness as follows:

Definition 3.4. An injective action P↷θ X is called topologically free if {x ∈ X : x , u(x, 1) for all 1 ∈ Qx with 1 , e}
is dense in X.

One can check that an injective action P ↷θ X is topologically free if and only if the groupoid X ⋊ P is
topologically principal.

Lemma 3.5. In Definition 3.2, if injective actions P↷θ X and S↷ρ Y are topologically free, then

(i) mappings a and b are continuous cocycles;
(ii) b(φ(x), a(x, 1)) = 1, a(φ−1(y), b(y, h)) = h for (x, 1) ∈ X ⋊ P and (y, h) ∈ Y ⋊ S.
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Proof. (i) For (x0, 11), (u(x0, 11), 12) in X ⋊ P, (x0, 1112) ∈ X ⋊ P. Choose si, ti ∈ S, hi ∈ H, i = 1, 2, 3, such that
h1 = a(x0, 11) = s1t−1

1 , h2 = a(u(x0, 11), 12) = s2t−1
2 and h3 = a(x0, 1112) = s3t−1

3 . From the continuity of a and u,
there exists an open neighbourhood U of x0 such that (u(x, 11), 12) ∈ X ⋊ P when (x, 11) ∈ X ⋊ P, a(x, 11) =
a(x0, 11) and a(u(x, 11), 12) = a(u(x0, 11), 12) for x ∈ U. Then φ(u(x, 11)) = u(φ(x), h1), φ(u(u(x, 11), 12)) =
u(φ(u(x, 11)), h2) and φ(u(x, 1112)) = u(φ(x), h3), these follow that ρs1 (φ(x)) = ρt1 (φ(u(x, 11))), ρs2 (φ(u(x, 11))) =
ρt2 (φ(u(u(x, 11), 12))) and ρs3 (φ(x)) = ρt3 (φ(u(x, 1112))) for each x ∈ U. Let t−1

1 s2 = mn−1, m,n ∈ S. Then
h1h2 = (s1m)(t2n)−1 and ρs1m(φ(x)) = ρt2n(φ(u(u(x, 11)), 12)). Since ρs1m(φ(x)) = ρt2n(u(φ(x)), h1h2), we see
that u(φ(x), h1h2) = u(φ(x), h3) for each x ∈ U. Topological freeness of S ↷ρ Y implies h3 = h1h2, i.e.,
a(x0, 1112) = a(x0, 11)a(u(x0, 11), 12). In the same way as above, we can show that b is a cocycle.

(ii) From equations (1) and (2), one sees that u(x, 1) = u(x, b(φ(x), a(x, 1))) for (x, 1) ∈ X ⋊ P. By the
continuity of a and b, this equation holds for some open neighbourhood U of x. Topological freeness
of P ↷θ X implies b(φ(x), a(x, 1)) = 1. In the same way, we can show that a(φ−1(y), b(y, h)) = h for
(y, h) ∈ Y ⋊ S.

Theorem 3.6. Let P ↷θ X and S ↷ρ Y be two topologically free injective actions. Then the followings are
equivalent:

(i) P↷θ X and S↷ρ Y are continuously orbit equivalent;
(ii) X ⋊ P and Y ⋊ S are isomorphic as étale groupoids;

(iii) There is a C∗-isomorphism Φ : C∗r(X ⋊ P)→ C∗r(Y ⋊ S) such that Φ(C(X)) = C(Y);

(iv) There is a C∗-isomorphism Ψ : C(X) ⋊α̂r G → C(Y) ⋊β̂r H such that Ψ(C(X)) = C(Y), where β̂ is the partial
action of H on C(Y).

Moreover, (ii)⇒ (i) holds without the assumption of topological freeness.

Proof. (i)⇒ (ii) Let φ, a and b be three maps implementing the continuous orbit equivalence of P↷θ X and
S↷ρ Y. By Lemma 3.5, maps X⋊P→ Y⋊S, (x, 1) 7→ (φ(x), a(x, 1)) and Y⋊S→ X⋊P, (y, h) 7→ (φ−1(y), b(y, h))
are continuous groupoid homomorphisms, and they are inverse to each other. Hence X ⋊ P and Y ⋊ S are
isomorphic as étale groupoids.

(ii) ⇒ (i) Assume that Λ : X ⋊ P → Y ⋊ S is an isomorphism. Let φ be the restriction of Λ to the unit
space X, and let a = cΛ, b = cΛ−1. Then φ : X → Y is a homeomorphism, and a : X ⋊ P→ H, b : Y ⋊ S→ G
are continuous cocycles. Moreover, Λ(x, 1) = (φ(x), a(x, 1)), Λ−1(y, h) = (φ−1(y), b(y, h)). Then

φ(u(x, 1)) = Λ(s(x, 1)) = s(Λ(x, 1)) = u(φ(x), a(x, 1)),

φ−1(u(y, h)) = Λ−1(s(y, h)) = s(Λ−1(y, h)) = u(φ−1(y), b(y, h)).

Thus P↷θ X and S↷ρ Y are continuously orbit equivalent. This does not use topological freeness.
The equivalence of (ii), (iii) and (iv) follows from [14] and Theorem 2.10.

The following example comes from [15].

Example 3.7. Denote by Q+ = {x ∈ Q : x ≥ 0}, Q∗+ = {x ∈ Q : x > 0}, Q≥1 = {x ∈ Q : x ≥ 1}, andN∗ = N \ {0}.
Let

G =
{[

a b
0 1

]
: a ∈ Q∗+, b ∈ Q

}
be the semi-direct of the additive group Q by the multiplication action of Q∗+. Let

P1 =

{[
a b
0 1

]
: a ∈ Q≥1, b ∈ Q+

}
,

P2 =

{[
a b
0 1

]
: a ∈N∗, b ∈ Q+

}
.
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Then P1,P2 are unital semi-groups of G and G = PiP−1
i , i = 1, 2.

Let X = [−∞, 0] × [0, 1], where [−∞, 0] is the one-point compactification of (−∞, 0]. For
[

a b
0 1

]
∈ G and

(x, y) ∈ X, define

(x, y) ∗θ

[
a b
0 1

]
= (

x − b
a
,

y
a

).

Then θ is not an action of G on X, but P1 ↷θ X and P2 ↷θ X are right injective actions. Note that both for P1 ↷θ X

and P2 ↷θ X, Q(x,y) =

{[
a b
0 1

]
∈ G : a ≥ y, b ≥ x

}
for (x, y) ∈ X, and for all 1 ∈ Q(x,y) with 1 is not the identity

matrix, (x, y) , u((x, y), 1). Then P1 ↷θ X and P2 ↷θ X are all topologically free.

Let
[

a b
0 1

]
be in P1 or P2 arbitrary, observe that X ∗θ

[
a b
0 1

]
=

1
a

([−∞,−b] × [0, 1]) is open in X. Then it

follows that transformation groupoids X ⋊ P1 and X ⋊ P2 are all étale.

Proposition 3.8. P1 ↷θ X and P2 ↷θ X are continuously orbit equivalent, but they are not conjugate. Moreover,
X ⋊ P1 and X ⋊ P2 are isomorphic as étale groupoids.

Proof. Since G = P1P−1
1 = P2P−1

2 , one can check that (x, 1) ∈ X ⋊ P1 if and only if (x, 1) ∈ X ⋊ P2. It is then
easy to see that X ⋊ P1 and X ⋊ P2 are étale groupoid isomorphic and thus P1 ↷θ X and P2 ↷θ X are
continuously orbit equivalent.

An easy check shows that if injective actions P↷θ X and S↷ρ Y are conjugate by homeomorphism φ
and semi-group isomorphism α, assume that there exists x0 ∈ X such that Qx0 = P. Then Qφ(x0) = S. In this
case, for (0, 1) ∈ X, note that Q(0,1) = P1 , P2, then P1 ↷θ X and P2 ↷θ X are not conjugate.

In the rest of this section, we discuss the classification of the injective actions and the associated group
actions in Section 2 up to conjugacy, no further results have been obtained for their continuous orbit
equivalence.

Proposition 3.9. If injective actions P↷θ X and S↷ρ Y are conjugate, then G↷θ̃ X̃ and H↷ρ̃ Ỹ are conjugate.

Proof. Let φ : X → Y be a homeomorphism and α : P → S be a semi-group isomorphism such that
φ(θm(x)) = ρα(m)(φ(x)) for x ∈ X and m ∈ P. For 1 ∈ G, there exist a, b ∈ P such that 1 = ab−1. Define
β : 1 ∈ G→ α(a)α(b)−1

∈ H. One can check that β is a well-defined group isomorphism and (x, 1) ∼ (y, h) in
X̃ if and only if (φ(x), β(1)) ∼ (φ(y), β(h)) in Ỹ. We can therefore define a map

φ̃ : X̃→ Ỹ, [x, 1] 7→ [φ(x), β(1)]

and φ̃ is bijective with inverse φ̃−1, defined by φ̃−1([y, h]) = [φ−1(y), β−1(h)].
To see that φ̃ is continuous, it suffices to show that φ̃ ◦ π is continuous, where π : X × G → X̃ is the

quotient map. Suppose (xn, 1n) → (x, 1) in X × G. Then 1n = 1 for large n, so we can assume that 1n = 1.
Hence (φ(xn), β(1)) → (φ(x), β(1)) in Y × H. Since map (y, h) ∈ Y × H → [y, h] ∈ Ỹ is continuous, we have
[φ(xn), β(1)]→ [φ(x), β(1)]. Thus φ̃ is continuous. In a similar way, we can show that φ̃−1 is continuous and
thus φ̃ is a homeomorphism. Finally, for [x, 1] ∈ X̃ and h ∈ G,

φ̃(θ̃h[x, 1]) = φ̃([x, 1h]) = [φ(x), β(1h)] = ρ̃β(h)([φ(x), β(1)]) = ρ̃β(h)(φ̃[x, 1]).

Hence G↷θ̃ X̃ and H↷ρ̃ Ỹ are conjugate.

Proposition 3.10. Let P↷θ X be a right action by homeomorphisms as in Remark 2.6, then G↷θ̂ X and G↷θ̃ X̃
are conjugate.
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Proof. Define ϕ : (x, 1) ∈ X × G → θ̂1(x) ∈ X and φ : x ∈ X → [x, e] ∈ X̃. Then ϕ is continuous and φ

is bijective. Moreover, φ(ϕ(x, 1)) = φ(θ̂1(x)) = [θ̂1(x), e] = [x, 1] = π(x, 1) for (x, 1) ∈ X × G. Let U be an
open subset in X̃. Since π−1(U) = ϕ−1(φ−1(U)) is open in X × G, the continuity of ϕ implies that φ−1(U) is
open in X, it follows that φ is continuous. By compactness of X, we conclude that φ is a homeomorphism.
Furthermore, for x ∈ X, 1 ∈ G, we have

φ(θ̂1(x)) = [θ̂1(x), e] = [x, 1] = θ̃1([x, e]) = θ̃1(φ(x)).

Therefore G↷θ̂ X and G↷θ̃ X̃ are conjugate.

4. Injective actions on compactifications of semi-groups

In Section 2, we see that each injective right action of a semi-group can be dilated to be a group
action. Recall that a compactification of a locally compact Hausdorff space Z is a compact Hausdorff
space containing a dense continuous image of Z. In this section, we consider the right injective action of a
semi-group on its compactifications.

Let G be a countable group, P be a right Ore sub-semigroup of G and G = PP−1. Denote by l∞(G) the
set of all bounded complex valued functions on G. It is a unital abelian C∗-algebra. Let ρ1 be the operator
on l∞(G) such that ρ1(ξ)(h) = ξ(h1) for ξ ∈ l∞(G) and 1, h ∈ G. Then G ↷ρ l∞(G) is a group action by
∗-isomorphisms.

For any unial C∗-subalgebra A of l∞(G), let ΣA be the maximal ideal space of A, or, equivalently the
pure (or, multiplicative) state space ofA. Then ΣA is compact Hausdorff andA is isomorphic to C(ΣA) by
Gelfand-Naimark theory. Moreover, we have a map 1 ∈ G → 1̂ ∈ ΣA, where 1̂(ξ) = ξ(1) for ξ ∈ A, whose
range is dense in ΣA, i.e., ΣA is a compactification of G (with discrete topology). Assume thatA is invariant
under ρ, i.e. ρ1(A) = A for each 1 ∈ G. Then the automorphism action of G onA induces an action θ of G
on ΣA by homeomorphisms, defined by:

θ1(ĥ) = ĥ1 for 1 ∈ G and ĥ ∈ ΣA.

Let X be the closure of {â : a ∈ P} inΣA. Then X is a compactification of P (with discrete topology). Moreover,
θa(X) ⊆ X and the map θa : X→ X is injective for each a ∈ P, and θaθb = θba for all a, b ∈ P, i.e., P↷θ X is a
right injective action of P.

We know that if the above C∗-algebra A is countably generated then ΣA is second-countable and
metrizable. For S ⊂ G, let f = χS ∈ l∞(G) be the characteristic function on S andA f be the unital C∗-algebra
generated by {I, ρ1( f ) : 1 ∈ G} in l∞(G), where I is the unit of l∞(G). ThenA f is invariant under ρ. Let ΣA f ,
X, and P↷θ X be as in the above paragraph. Let Y be the closure of {1̂ : 1 ∈ S} in ΣA f . For γ ∈ ΣA f , we let

Aγ = {h ∈ G : γ(ρh−1 ( f )) = 1} = {h ∈ G : γ(χSh) = 1}.

In particular, A1̂ = S−11 for 1 ∈ G. We consider the shift action β of G on {0, 1}G by

β1(ξ)(h) = ξ(h1−1), for 1, h ∈ G, ξ ∈ {0, 1}G.

One can check the map π : γ ∈ ΣA f → χAγ ∈ {0, 1}
G is continuous, injective and G-equivariant, i.e.,

β1π = πθ1 for each 1 ∈ G. Put
Σ̃ = π(ΣA f ), X̃ = π(X), Ỹ = π(Y).

Remark that Ỹ is the closure of {χS−1h : h ∈ S} in {0, 1}G.

Theorem 4.1. Assume that P ⊆ S ⊆ G and SP ⊆ S. Then P ↷θ Y is an injective right action of P on Y whose
transformation groupoid Y ⋊ P is étale. In particular, when S = P, P↷θ X is conjugate to the right action of P on
the order compactification of P.
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Proof. Since θa(̂h) = ĥa ∈ Y for a ∈ P and h ∈ S, it follows from the assumption that θa(Y) ⊆ Y. Thus P↷θ Y
is an injective right action, and P ↷θ Y and P ↷β Ỹ are conjugate. Next we show that θa(Y) is open in Y
for each a ∈ P.

We claim that βa(Ỹ) = {ξ ∈ Ỹ : ξ(a) = 1} for a ∈ P.
In fact, fix a ∈ P, for ξ ∈ βa(Ỹ) ⊆ Ỹ, choose η ∈ Ỹ with ξ = βa(η). Since e ∈ S−1h for each h ∈ S, we have

χS−1h(e) = 1 for each h ∈ S, thus η(e) = 1. Hence ξ(a) = βa(η)(a) = η(e) = 1.
On the other hand, for ξ ∈ Ỹ with ξ(a) = 1, we choose {an} ⊂ S with χS−1an → ξ in {0, 1}G. So

χS−1an (a) → ξ(a) = 1. It follows that there exists N such that a ∈ S−1an for every n ≥ N. Choose bn ∈ S such
that a = b−1

n an for n ≥ N. Also since Ỹ is compact, we can assume that {χS−1bn } converges to ς in Ỹ. It follows
from the continuity of the action β that βa(χS−1bn )→ βa(ς), which implies that χS−1bna → βa(ς). Thus ξ = βa(ς).
We finish the claim.

From the claim, we have βa(Ỹ) = Ỹ ∩ {ξ ∈ {0, 1}G : ξ(a) = 1}, thus βa(Ỹ) is open in Ỹ. Consequently,
θa(Y) is open in Y for each a ∈ P, and transformation groupoid Y ⋊ P is étale. From the above proof and the
argument to the order compactification of P in [15], when S = P, P↷θ X is conjugate to the right action of
P on the order compactification of P.

Let P∞ = P∪ {∞} be the one-point compactification of P. We consider the right action P↷σ P∞, defined
by

σa(b) = ba, σa(∞) = ∞, for a, b ∈ P.

Remark that σa(P∞) = Pa ∪ {∞} is open in P∞ when P \ Pa is finite for each a ∈ P, in this case the
transformation gropoid associated to the injective action is étale. For a complex-valued function ξ on G, we
say that lim1→∞ ξ(1) exists if there exists a complex number λ such that, for any ε > 0, there exists a finite
subset E of G such that |ξ(1) − λ| < ε for all 1 < E. In this case, we write lim1→∞ ξ(1) = λ.

Proposition 4.2. Assume that S = {e} and f = δe ∈ l∞(G) is the characteristic function on {e}. Then A f =
{ξ ∈ l∞(G) : lim1→∞ ξ(1) exists}, and ΣA f and X are homeomorphic to the one-point compactifications of G and P,
respectively. Moreover, the injective action P ↷θ X is conjugate to P ↷σ P∞. Thus the transformation groupoid
X ⋊ P is étale if and only if P \ Pa is finite for each a ∈ P.

Proof. Remark that ρ1( f ) = δ1−1 for each 1 ∈ G. Thus A f is the closure of CG under the supremum norm,
so A f = {ξ ∈ l∞(G) : lim1→∞ ξ(1) exists}. One can check the map 1 ∈ G → 1̂ ∈ ΣA f is injective. Define
γ0(ξ) = lim1→∞ ξ(1) for ξ ∈ A f . We have that γ0 ∈ ΣA f , ΣA f = {1̂ : 1 ∈ G} ∪ {γ0}. Thus ΣA f and X are
homeomorphic to the one-point compactifications of G and P, respectively. By the action of θ, we have
P↷θ X is conjugate to P↷σ P∞.

From [15, Proposition 5.1], the injective action of a semi-group on its ordered compactification is deter-
mined uniquely up to conjugacy by three conditions. For infinite countable right Ore sub-semigroups P
and S, respectively, of two groups G and H, one can check that, two actions P ↷σ P∞ and S ↷ρ S∞ are
orbit equivalent, and they are conjugate if and only if P and S are semi-group isomorphic. Moreover, if two
actions are continuously orbit equivalent then G and H are isomorphic.

Theorem 4.3. Assume that P \Pa is finite for each a ∈ P. Let P↷ρ X be an injective right action of P on a compact
Hausdorff space X. If

(i) there exists a unique x∞ in X such that Qx∞ = G, and
(ii) there exists x0 in X such that the map a ∈ P→ ρa(x0) ∈ X is injective and has dense range in X,

then P↷σ P∞ and P↷ρ X are conjugate.

Proof. Define Λ : P∞ → X by Λ(a) = ρa(x0) for a ∈ P, and Λ(∞) = x∞. Then Λ is continuous on P. It
suffices therefore to show that Λ is continuous at ∞. For an arbitrary open neighbourhood U of x∞ in X,
we only need to show the set F = {a ∈ P : ρa(x0) < U} is finite. For otherwise, if F is infinite, we can choose a
sequence {an} in F, where xn , xm for n , m, such that {an} converges to∞ in P. By [15, Remark 4.5], the map
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z ∈ P∞ → Qz ∈ C(G) is continuous where C(G) is the space of all subsets of G with the Vietoris topology.
Thus Qan = a−1

n P → Q∞ = G. Note that X is compact, so we can assume that ρan (x0) → x in X, it follows
from the continuity of the map x ∈ X → Qx ∈ C(G) that Qρan (x0) → Qx. Since ρan (x0) < U, we have x , x∞.
Also since Qρan (x0) = a−1

n Qx0 = a−1
n P→ G, we see that Qx = G, in contradiction with condition (ii). Thus F is

finite. Hence Λ is continuous and thus is a homeomorphism.
Moreover, for each a,m ∈ P,

ρaΛ(m) = ρaρm(x0) = ρma(x0) = Λ(ma) = Λ(σa(m)).

We claim that ρa(x∞) = x∞ for each a ∈ P. In fact, write ρa(x∞) = u. Then Qu = Qρa(x∞) = a−1Qx∞ = G, it
follows that u = x∞. Hence ρaΛ(∞) = ρa(x∞) = x∞ = Λ(σa(∞)) for each a ∈ P, so we conclude that P↷σ P∞
and P↷ρ X are conjugate.

Example 4.4. LetZ andN denote the (additive) group of integer numbers and its sub-semigroup of natural numbers
respectively. Let Q∗>0 andN∗>0 denote the (multiplication) group of positive rational numbers and its sub-semigroup
of positive integer numbers respectively. Let N∗∞ and N∞ denote the one-point compactification of N∗>0 and N
respectively.

Consider the right injective actionsN↷θ N∗∞ andN∗>0 ↷ρ N∗∞, defined by

θm(n) = n +m, θm(∞) = ∞, for m ∈N,n ∈N∗>0.

ρm(n) = nm, ρm(∞) = ∞ for m,n ∈N∗>0.

Then both of them are topologically free, and forN↷θ N∗∞,

Qk = {−k + 1,−k + 2,−k + 3, · · · }, [k]θ =N∗>0 for k ∈N∗>0,

Q∞ = Z, [∞]θ = {∞}.

And forN∗>0 ↷ρ N∗∞ ,
Qk = {1/k, 2/k, 3/k, · · · }, [k]ρ =N∗>0 for k ∈N∗>0,

Q∞ = Q∗>0, [∞]ρ = {∞}.

Similarly, we can define right injective actions N ↷θ N∞ and N∗>0 ↷ρ N∞. Note that N∗ \ (N∗ + m) and
N \ (N +m) are finite for each m ∈ N, butN∗ \N∗m andN \Nm are not finite for each m ∈ N∗>0. Theoretically,
we discuss the orbit equivalence of injective actions under the conditions of Remark 2.3, but for this example we only
consider it in terms of the definition of orbit equivalence, and we give the following result.

Proposition 4.5. (i) Injective actions N ↷θ N∗∞ and N∗>0 ↷ρ N∗∞ are orbit equivalent, but they are not
continuously orbit equivalent;

(ii) Injective actionsN↷θ N∞ andN∗>0 ↷ρ N∞ are not orbit equivalent.

Proof. (i) The identity mapping φ onN∗∞ implements the orbit equivalence ofN↷θ N∗∞ andN∗>0 ↷ρ N∗∞.
From Example 4.4, we see that

N∗∞ ⋊N = {(∞, 1), (k,−k + l) | 1 ∈ Z, k, l ∈N∗>0},

N∗∞ ⋊N
∗

>0 = {(∞, 1), (k, l/k) | 1 ∈ Q∗>0, k, l ∈N
∗

>0}.

Assume thatN↷θ N∗∞ andN∗>0 ↷ρ N∗∞ are continuously orbit equivalent. Then there exist a homeomor-
phism φ :N∗∞ →N∗∞ and continuous maps a :N∗∞ ⋊N→ Q∗>0, b :N∗∞ ⋊N∗>0 → Z satisfy equations (1) and
(2). In this case, φ(∞) = ∞.

For k, l ∈N∗>0, since φ(l) = φ(u(k,−k + l)) = u(φ(k), a(k,−k + l)) = φ(k)a(k,−k + l), we see that a(k,−k + l) =
φ(l)/φ(k). For any 1 ∈ G, by the continuity of a at (∞, 1), there exists m1 ∈ N∗>0 with m1 + 1 ≥ 1, such that
a(k, 1) = ψ(1) for all k ≥ m1. Then ψ(1) = φ(k + 1)/φ(k). Calculation gives ψ(n) = ψ(1)n for n ∈ Z, it follows
that φ cannot be a homeomorphism onN∗∞. HenceN↷θ N∗∞ andN∗>0 ↷ρ N∗∞ are not continuously orbit
equivalent.

(ii) ForN↷θ N∞, note that only the orbit at∞ is a single point set, but forN∗>0 ↷ρ N∞, the orbits at 0
and∞ are all sets of single point. ThereforeN↷θ N∞ andN∗>0 ↷ρ N∞ are not orbit equivalent.
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