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A note on the orbit equivalence of injective actions
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Abstract. We characterise the groupoid C*-algebras associated to the transformation groupoids of injective
actions of discrete countable Ore semi-groups on compact topological spaces in terms of the reduced
crossed product from the dual actions, and characterise the continuous orbit equivalence for injective
actions by means of the transformation groupoids, as well as their reduced groupoid C*-algebras. Finally,
we characterize the injective action of semi-group on its compactifications.

1. Introduction

There are a large number of significant and interesting research dealing with the interplay between the
orbit equivalence of topological dynamical systems and the classification of C*-algebras. Groupoid theory
and the crossed product construction play a very important role for these results. At the very beginning,
Giordano, Putnam and Skau studied the relationship between orbit equivalence and C*-crossed products
for minimal homeomorphisms of Cantor sets in [5]. Their studies have been generalized to many different
directions, including Tomiyama’s results on topologically free homeomorphisms on compact Hausdorff
spaces ([17]), Matsumoto et al.’s classification results of irreducible topological Markov shifts in terms of
Cuntz-Krieger algebras ([10, 11]), and Li’s characterization of group actions and partial dynamical systems
by transformation groupoids and their reduced crossed product C*-algebras ([8, 9]), and so on ([2, 6, 12]).

In [15], Renault and Sundar studied actions of locally compact Ore semi-groups on compact topological
spaces. They gave the construction of the semi-direct product X = P, where X is the order compactification
of locally compact semi-group P, and turned out that it is a locally compact groupoid and has a continuous
Haar system. They also proved that this groupoid is a reduction of a semi-direct product by a group and the
Wiener-Hopf C*-algebra of P is isomorphic to the reduced C*-algebra of the semi-direct product groupoid
X > P. In [4], Ge studied the compactification of natural numbers and characterized the associated compact
Hausdorff spaces. Inspired by their beautiful results, in this paper, we will consider injective actions of
discrete countable Ore semi-groups on compact topological spaces, and study the relationship between the
orbit structure of these actions and algebraic structure of the associated groupoids and their C*-algebras.
We prove that two topologically free injective actions are continuously orbit equivalent if and only if their
transformation groupoids are isomorphic as étale groupoids, if and only if there is a C*-isomorphism
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preserving the canonical Cartan subalgebras between the corresponding groupoid reduced C*-algebras.
We show that an injective action can be dilated as a group action on a quotient space by homeomorphisms,
and our groupoid turns out to be a reduction of the dilation. The multiplication operation on the group
can naturally give rise to an action of the group on itself, thus we consider the induced action of the
semi-group on its compactifications. We also show that the injective action of a semi-group on its one-point
compactification is determined uniquely up to conjugacy by two conditions.

The paper is organized as follows. In Section 2, we characterize the reduced groupoid C*-algebras
associated to the transformation groupoids of injective actions of discrete countable Ore semi-groups on
compact topological spaces in terms of the reduced crossed product from the dual actions. In Section 3, we
introduce the notion of continuous orbit equivalence for injective actions, and characterize them in terms
of the associated transformation groupoids, as well as their reduced groupoid C*-algebras with canonical
Cartan subalgebras. In Section 4, we study the action of semi-group on its compactifications.

Throughout this paper, we will use the following notions. For a topological groupoid G, let G be the
unit space. The range and source maps r,s from G onto G are defined by r(g) = gg~! and s(g) = g7'g,
respectively. If r and s are local homeomorphisms, then G is called to be étale. We say that G is topologically

principal if {u eg®. gl = {u}} is dense in G©, where G* = {y € G : r(y) = s(y) = u} is the isotropy group at
a unit u € GO. We refer to [13, 16] for more details on topological groupoids and their C*-algebras.

2. The transformation groupoid of injective action

Let X be a second-countable compact Hausdorff space, G a countable discrete group and P a right Ore
sub-semigroup of G, i.e.,e € Pand G = PP~1 where ¢ is the identity element in G. By a right action 0 of P
on X we mean that 6, is a continuous and injective map from X into itself and satisfies that 8,0, = 0y, for
every a,b € P, and 0, = idx, the identity map on X. We use the symbol P ~¢ X to denote such an injective
action.

Each injective action P ~¢ X induces a dual action, P ~, C(X), of P on the abelian C*-algebra C(X) by
surjective *-homomorphisms, where each «a;, is defined by a,,(f) = f0,, for f € C(X) and ay = a,a; for alla
and bin P.

Remark 2.1. Given an injective action P r~¢ X, for x € X, let
Qrx:={geG:da,beP, ye Xsuchthat g = ab~! and 0,(x) = O ()}

For x,y € X and g € G, one can check that, if g = ab™' = mn™! for a,b,m,n € P, then 0,(x) = O,(y) if and only if
Om(x) = O,(y). It follows that g € Q. if and only if there exists a unique element, denoted by u(x, g), in X such that
if g = ab™! for a,b € P, then 0,(x) = Op(u(x, g)).

Let
X=P={(x9) € XXG:g€Q}

Then, under the following operations
(%, g)(y, 1) = (x, gh) only if y = u(x, g),

9" = (ux 9,97,

X = P is a groupoid with the unit space (X = P)¥) = X x {e}, the range map, r(x, g) = (x, ¢) and the source map
s(x, g) = (u(x, g),e) for (x,g) € X = P.

Lemma 2.2. The map u : (x,g) € X <P — u(x,g) € X is continuous, where u(x, g) is defined as in Remark 2.1.
Moreover, u(x, m) = O,,(x) for x € X and m € P, and u(u(x, g), h) = u(x, gh) when (x, g), (u(x, g),h) € X = P.

Thus, under the relative product topology on X X G, X > P is a second-countable locally compact Hausdorff
groupoid. Furthermore, X = P is étale if and only if 0,(X) is open in X for each a € P.
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Proof. Suppose that (x,, g,) — (x,g9) € X > P. Then g, = g for large n, so we can assume that g, = g for all
n. Let y, = u(x,,g) and suppose that y, — y. Choose a,b € P such that g = ab™! and 0,(x,,) = Op(y,). Then
0.(x) = Op(y), it follows that v = u(x, g), proving that u is continuous.

Given (x, g) and (u(x, g), h) in X < P, choose a,b,c,d,m and n in P such that g =ab™, h = ¢cd™ and b~1c =
mn~t. Then bm = cn and gh = am(dn)™L. It follows from 0,(x) = 0,(u(x, 9)) and 6.(u(x, 9)) = Oa(u(u(x, ), h))
that Oay(x) = 04, (u(u(x, g), h)). Since moreover 0,,,(x) = 04,(u(x, gh)), we have u(u(x, g), h) = u(x, gh).

By the continuity of u, one checks that X = P is a second-countable locally compact Hausdorff groupoid.
If X = P is étale, then the source map s : X = P — (X = P)9, (x, 9) — (u(x, g),e) is open. It follows that, for
eacha € P, s(X X {a}) = 0,(X) X {e} is open in X = P. Thus 6,(X) is open in X for each a € P.

For the converse, assume that 6,(X) is openin X foreacha € P. Then 0, : X — 6,(X)is ahomeomorphism.
For any (xo, go) € X = P, there exist m,n € P, yy € X such that go = mn~! and 0,,(x0) = 6,(y0). Since 6,,(X)
and 0,(X) are open in X, there exist open subsets W; € 6,,(X) and W, € 6,(X) such that 0,,(xo) € Wi,
0n(y0) € Wa. Set W = Wi N Wy, U = 0,/ (W), and V = 6,1(W). Thus 6,,(x0) = 0,(v0) € W, U, V are open in X
and 0,,(U) = 6,(V) = W. In this case, for each x € U, there exists y € V such that 8,,(x) = 0,(y), it follows
that (x, go) € X > P for each x € U, which implies U X {g¢} is an open neighbourhood of (xo, go) in X > P. Thus
the range map 7lux(g,) : U X {go} — U X {e} is a homeomorphism. Hence X = P is étale. [J

Remark 2.3. Throughout this paper, we always assume that 6,(X) is open in X for each a € P,and we call X > P the
transformation groupoid attached to P ~¢ X. In this case, the unit space (X = P)© identifies with X by identifying
(x,e) with e. Thus r(x,g) = x and s(x, g) = u(x, g). From the proof of the last lemma, for each (x, g) € X > P, there
exists an open neighbourhood U of x in X such that (x,g) € U X {g} € X < P.

Let c: X =P — G be defined by c(x,g) = g for (x,g) € X = P. Then c is a continuous homomorphism and its
kernel ker(c) = X X {e} is an amenable étale subgroupoid of X = P. It follows from [16, Proposition 10.1.11] that if G
is amenable then X > P is also amenable.

In [15], the transformation groupoid is isomorphic to a reduction of the Mackey range semi-direct
product defined by the canonical cocycle c when P is a locally compact Ore semi-group. For the countable
discrete case, in the following we can give a direct construction of this result.

Let X be the quotient space of X X G by the following equivalence relation:
(x,9) ~ (y,h) © Ja,b € P such that gh™! = ab™ and 0,(x) = Oy(y).

One can check that, under the quotient topology of the product topology on XX G, Xisa locally compact and

Hausdorff space, and the canonical quotient map m : XX G — X is surjective, continuous and open. Denote
by [x, g] the equivalence class of (x, g) in the equivalence relation. Then [x, g] = {(u(x, k), k1)) : k € Q,} for
(x,g9) € XX P, and [x, e] = [u,e] if and only if x = u.

Remark 2.4. Define the right action G vy X of Gon X by homeomorphisms as follows: for [x, g] € X,hegG,
On([x, 1) = [x, ghl.

The associated transformation groupoid, X x5G = X x G, with the product topology and the following multiplication
and inverse:

(Ix, g1, )([x, gh1, 1) = (Ix, g1, hi'), ([x, g1, b))~ = ([x, ghl, i),

is an étale groupoid. The unit space X x5 G)O identifies with X by identifying ([x, g],e) with [x,g]. Then
r([x, g1, h) = [x, gl and s([x, g], h) = [x, ghl. _ _

Let X’ = {[x,e] : x € X}. Then X' is clopen in X and X =5 G-full in the sense that the intersection of X' and
each orbit of G X is not empty. In fact, for any [x,g] € X (x,g1,97") € r"!([x, g)) N's™/(X’). Note that the
reduction X =g Glx = r"4(X’) N s™Y(X’) is an étale subgroupoid of X =g G. Recall that two étale groupoids G and
H are Kakutam equivalent if there are full clopen subsets X € G and Y C HO such that G|x = Hly ([3]). The
following proposition is based on the ideas of [15] by Renault and Sundar.
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Proposition 2.5. X > P is isomorphic to the reduction X =g Glx. Consequently, X = P is Kakutani equivalent to
X 5 G.

Proof. Note that r([x,e], g) = [x,e] € X" and s([x, ¢], ) = [x, g] = [u(x, g),e] € X’ for each (x, g) € X < P. We can
therefore define a map
q) : XNP - Xxé GlX'/ (x/g) g ([x/e]/g)/

and @ is clearly an injective groupoid homomorphism. For a given (y, g) € X >4 Glx, since r(y,9) =y € X',
there exists x € X such that y = [x,e]. In this case, s([x,e],g) = [x,g] € X', which implies (x,g) € X = P,
proving that @ is surjective.

Let ¢ be the restriction of @ to the unit space (X = P)¥ = X, one can check that ¢ : x € X — [x,e] € X’ is

a homeomorphism. It is then easy to see that @ is a homeomorphism from X > P onto X =5 Glx. O

Remark 2.6. Given an injective right action P r~g X, we further assume that each map 0y, is a homeomorphism on
X. For each g € G, it follows from the assumption that there exist m,n € P such that g = mn™'. Define

04(x) = 0, (Om(x)) for x € X.

One can check that 0 is a right action of G on X by homeomorphisms. In this case, the equivalence relation on X X G
defined before Remark 2.4 can be rewritten as follows: for (x,g),(y,h) € XX G,

@ 9) ~ 1) &y =0y (x).
Thus [x,g] = [ég(x), el for[x,g] € )?, and X = X'.

The transformation groupoid X ;G associated to the above group action (X, G, 0) is given by the set XxG
with the product topology, multiplication (x, g)(y, h) = (x, gh) if y = @g(x), and inverse (x,g)! = (ég(x), gh.
Remark 2.4 and Remark 2.6 combine to give the following result.

Corollary 2.7. If P ~¢ X is a right action by homeomorphisms, then X = P is isomorphic to X =g G, and both of
them are isomorphic to X =, G.

From Proposition 2.5 and Corollary 2.7, the reduced groupoid C'-algebra C;(X = P) of X > P is Morita
equlvalent to the reduced crossed product C*-algebra C(X) x5 G associated to G vy X, and these two
C*-algebras are isomorphic when 0 is a homeomorphism actlon In the rest of this section, we characterize
the relationship among C;(X > P), the C*-algebra from the dual action P ~,, C(X) and partial action of G on
C(X) given by P m~g X.
We define (G, C(X)) to be the set of all mapping & from G into C(X) such that ) 7€G |&(g)I> converges in
C(X). Then it is a (right) Hilbert C(X)-module under the following operations:

EN@) = E@)f, <&n>= ) @@

g€G

for f € C(X),&,n € I2(G,C(X)),g € G. Similarly, we have the Hilbert C(X)-module E : = [*(P,C(X)) and let
L(E) be the C*-algebra of all adjointable operators on E.
Define representations 7 : f € C(X) — 7n(f) € L(E)andv: m € P — v, € L(E) by

T(FUENm) = an(f)E(m), vw(E)n) := Em™) for & € L(E), m,n € P,

&(g), forgeP

0, for otherwise
m,n € P, £ € L(E). One can check that v, = I, v, is an isometry, v,v; = Uy and n(f)vy, = vyum(am(f)) for
f € C(X),m,n € P. The C*-algebra generated by {r(f),v,, : f € C(X),m € P}in L(E) is the reduced crossed
product associated with P ~, C(X), denoted by C(X) >, P

where E € I*(G,C(X)) is given by :{(g) = for g € G. Then v;,&(n) = E(nm) for
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To simplify symbol, write G = X = P. Let I>(G) be a Hilbert right C(X)-module by the completion of
Cc(G) under the following operations:

(Ef)(x/!]) = cf(x,g)f(x) for & € Cc(g)/f € C(X), (x/!]) €g.

<én>(x) = Z E(x, Pn(x, g) for E,n e C(G), x € X.
9€G,(x,9)eG

Il =sup( Y 1&g} for & € CU(G).
xeX 9€G,(x,9)€G
Let L(I(G)) be the C*-algebra of all adjointable operators on I?(G). Define the representation 7t of C.(G)
into L(2(G)) by 7t : f € C(G) — T(f) € LIXG)):

FHExg) = Y, flulx,g), g MER ) for (x,9) € G.
(vheg

Then the reduced groupoid C*-algebra, C;(G), of G is the C*-algebra generated by 7(C.(G)) in L(*(G)) ([1]).

Lemma 2.8. Let P ~g X be an injective action. For g € G, let X; = {x € X : (x,9) € X< P}and U, = X,; X {g}.
Then the characteristic function, denoted by u,, on Uy is in C(X > P). Moreover, the following statements hold:

(i) u, is the identity element in C.(X > P), u;, is an isometry and u,uy, = g for a,b € P;
(ii) for g € G, if g = ab™" fora,b € P, then uy = u,u; and u}, = ug;
(iti) for f € C(X)and g € G, we have u,f = Vy(f)u,, where for x € X,
_ f(u(xr g))/ ifx € Xy
Vo(H&) = { 0, for otherwise.
(iv) ugug = xx, € C(X) and ugfu,z+ = Vy(flugug.

Hence Co(X = P) = span{fu, : f € C(X),g € G}.

Proof. Note that for g € G, U, is an open and compact subset of X = P, thus 1, € C.(X = P). By calculation,
we can check the properties stated in the lemma. For & € C.(X > P), there exist g1, 92, , g, € G such that
the support supp(&) of & is contained in U’ U,,. By a partition of unity, we have & = Y. &; for &; € C((X = P)
and supp(&;) € Uy,. Let
Eilx,g1), ifxeX,
f,(X) — { 01( gl) g

for otherwise

for x € X. Then f; € C(X) and &; = fiu,, for each i. Thus Co(X > P) = span{fu, : f € C(X),ge€ G}. O

Theorem 2.9. Let M be the closure of the set {& € C.(X = P) : &(x,g9) = 0if g & P} in [2(X = P) and Q be the
projection from I>(X = P) onto M. Then M is isomorphic to I>(P, C(X)), and C(X) =, P is isomorphic to the C*-algebra
generated by QC:(X = P)Q in L(I>(X = P)).

Proof. We use the notation in Lemma 2.8 and before. Obviously, M is a (right) C(X)-submodule of *(G).
Define
A M= P(P,C(X)), AQ)(m)(x) = C(x,m),

for C € M, m € P and x € X. Then A is a bijective bounded C(X)-linear mapping with inverse

e(g)(x), ifgepP,

2
0, for otherwise, for ¢ € PP, CX)), (x,9) € G-

Ae)x, 9) = {

Moreover, for (1, (; € M, one can check that < (1,( > (x) =< Aly, Al > (x) for each x € X, then M is
isomorphic to I*(P, C(X)).
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Define
W(n)(m)(x) = n(x,m), for n € C(G),m € P,x € X,

and

E@)), ifgep,

f P,C(X _
0, for otherwise, EeC(PCX)), (x,9)eG

Ue)(x, g9) = {

Then W and U can be extended to operators in L(*(G), *(P, C(X))) and L(?(P,C(X)), (@), and if we
use the same symbols to denote their extensions then U* = W and U'U = id, the identity element in
L(?(P,C(X))). An easy calculation confirms that Un(f) = 7(f)U for f € C(X), and Uv,, = t(u;,)U for m € P.

Write Q = UU". Define the map @ : L(?(P,C(X))) — L(I*(G)) by

O(T) = UTL".

Then @ is an injective *-homomorphism, and ®(t(f)) = Qn(f)Q, P(v,,) = Qn(u;,)Q for f € C(X), m € P. One
can check that Qm(u,,)7t(u;,)Q = Qm(uy)Qn(u;)Q, Q(f)1(1y)Q = Qm(f)Qm(u,)Q for each f € C(X), m,n € P
and g € G. Thus it follows from Lemma 2.8 that ®(C(X) = P) is just the C*-algebra generated by QC;(X = P)Q
in £(?(G). O

We adopt notations in Lemma 2.8 and define a mapping &, : C(X,;-1) — C(X,) as follows:

&y(f)(x) = f(u(x, g)), for f € C(X;1),x€X,.

The preceding descriptions imply that &, is an isomorphism. Then {&,},cc defines a partial action of G by
partial isomorphism of C(X), and (C(X), G, &) is a partial C*-dynamical system in the sense of [7].

Consider now the Hilbert (right) C(X)-submodule F = {& € I*(G, C(X)) : &(g) € C(X,)}. Denoted by L(F)
be the C*-algebra of all adjointable operators on F. Define the representation 7 : f € C(X) — 7(f) € L(F)
andv:g€G — v, € L(F) by

(£)E(g) = a4(f)E(@x,, vné(9) = E(gh)Ix,nx,,, for €€ L(F),g,h €G.
Then v, is a partial isometry on F with initial space [t(C(X,-))F] and final space [t(C(X,))F] such that
(1) vgT(f)og1 = 1(a,(f)) for f € C(Xym);

(i) t(H)lvgon — o] = 0 for f € C(X,) N C(Xgn);

(iii) vy = vy
Hence (7, v, F) is a covariant representation of (C(X), G, &). R

The reduced partial crossed product, denoted by C(X) ¢ G, associated with (C(X), G, &) is defined as the

C-algebra generated by {1(f),v, : f € C(X), g € G} in L(F).

Theorem 2.10. C;(X > P) is isomorphic to C(X) x;; G.
Proof. Define

n(x,g9) if x € Xy,
f € C(G),9 € G,and X.
0, for otherwise, or i ©).g and x €

Q(n)(g)(x) = {

Then @ can be extended to operator in L(I*(G), F), and we use the same symbol to denote its extension.
Moreover, @ is an adjointable unitary operator in L(I*(G), F) with ®*(&)(x, g) = &(9)(x) for E € F,(x,9) € G-
Define ¥ : T € L(1*(G)) — W(T) € L(F) by
Y(T) = OTD".

Then W is an *-isomorphism, and by calculation, W(t(f)) = 7(f), W(7(u,)) = vy, thus C;(X > P) is isomorphic
to C(X)=* G. O
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3. Continuous orbit equivalence
Let P ~g X be an injective action and G a countable group containing P as in Section 2. Define
X ~g ¥y © dg € Qy such that y = u(x, g).

Then ~g is an equivalent relation on X. We denote by [x]s the equivalence class of x, i.e., [x]g := {u(x,g) :

g € Qul.
Given two injective actions P ~vg Xand S ~, Y, welet G and H be two related discrete groups satisfying
that P € G, S C H and the assumption in Section 2.

Definition 3.1. Let P ~g X and S ~, Y be two injective actions.

(i) We say they are conjugate if there exist a homeomorphism ¢ : X — Y and a semi-group isomorphism
a: P — Ssuch that Oy, = pamyp for each m € P.

(i) We say they are orbit equivalent if there exists a homeomorphism ¢ : X — Y such that ¢([x]e) = [p(x)], for
xeX.

If P~ Xand S ~, Y are orbit equivalent via a homeomorphism ¢, then for each x € X,g € Qy,
there exists 1 € Qg (depending on x and g ) such that @(u(x, g)) = u(p(x),h). Symmetrically, for each
y € Y,h € Qy, there exists g € Q-1 (depending on y and h) such that ¢~ (u(y, h)) = u(¢~'(y), 9). Note that
Urex{x} X Qy = X =< P, we have the following continuous version of orbit equivalence.

Definition 3.2. We say two injective actions P m~g X and S ~~, Y are continuously orbit equivalent if there
exist a homeomorphism @ : X — Y, continuous mappingsa: X =P — Handb: Y =S — G such that

P(u(x, 7)) = u(p(x),a(x, g)) for (x,g) € X> P, 1)
@™ (u(y, h)) = ule™ (y), by, h)) for (y,h) € Y = S. )

Proposition 3.3. If two injective actions P ~¢ X and S ~~, Y are conjugate, then they are continuously orbit
equivalent.

Proof. Assume that P ~g X and S ~, Y are conjugate by maps ¢ and a. For g € G, there exista, b € P such
that g = ab™!. One can check that 8 : g € G = a(a)a(b)~! € H is a well-defined group isomorphism. Define

a(x, g) = B(g), b(y, h) = B~1(h) for (x,g) € X =P, (y,h) € Y = S.
For each (x, g) € X = P, there exist m, n € P such that g = mn™ and 0,,(x) = 6, (u(x, g)). Then pam(p(x)) =

@O (%)) = @(0,(u(x,9)) = Pawm(P(u(x, g))), which implies @(u(x, g)) = u(p(x),a(x, g)). In a similar way, we
can show that ¢~ (u(y, h)) = u(e~(y), b(y, h)) for (y,h) € Y = S. Thus P ~y X and S v, Y are continuously
orbit equivalent. [

Following [8], we define the topological freeness as follows:

Definition 3.4. Aninjectiveaction P ~¢ Xis called topologically freeif {x € X : x # u(x, g) for all g € Q, with g # e}
is dense in X.

One can check that an injective action P ~¢ X is topologically free if and only if the groupoid X = P is
topologically principal.

Lemma 3.5. In Definition 3.2, if injective actions P ~g¢ X and S ~, Y are topologically free, then

(i) mappings a and b are continuous cocycles;
(ii) b(p(x),a(x,q)) = g, a(p~(y), b(y, h)) = h for (x,g) € X <P and (y,h) € Y = S.
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Proof. (i) For (xo, g1), (u(x0, 91), g2) in X < P, (x9, g192) € X = P. Choose s;,t; € S,h; € H,i = 1,2,3, such that
hi = a(xo, g1) = s1t7", ha = a(u(xo, 91), 92) = s2t,* and hs = a(xo, g192) = s3t3". From the continuity of a and u,
there exists an open neighbourhood U of x( such that (u(x, g1),g2) € X < P when (x,g1) € X~ P, a(x, g1) =
a(xo, g1) and a(u(x, g1),92) = a(u(xo, g1),g2) for x € U. Then ¢(u(x, g1)) = u(p(x),h), puux, g1),92)) =
u(p(u(x, g1)), h2) and (u(x, g192)) = u(p(x), h3), these follow that ps, (p(x)) = p, ((u(x, g1))), ps, (@(u(x, g1))) =
P (@(u(u(x, 91), 92))) and ps,(@(x)) = pr,(@(u(x, g192))) for each x € U. Let t;'s, = mn™', m,n € S. Then
by = (sym)(t2n) ™ and pon(@(x)) = pran(@(ux, 1)), 92)). Since pom(@) = prn(u(@(), hila), we see
that u(p(x), hiha) = u(p(x),hs) for each x € U. Topological freeness of S ~, Y implies h3 = hihy, i.e.,
a(xo, g192) = a(xo, g1)a(u(xo, g1), g2). In the same way as above, we can show that b is a cocycle.

(ii) From equations (1) and (2), one sees that u(x, g) = u(x, b(p(x),a(x, g))) for (x,g) € X = P. By the
continuity of a and b, this equation holds for some open neighbourhood U of x. Topological freeness
of P ~y X implies b(p(x),a(x,9)) = g. In the same way, we can show that a(¢~(y),b(y,h)) = h for
(yh)eY=~S. O

Theorem 3.6. Let P ~g X and S ~, Y be two topologically free injective actions. Then the followings are
equivalent:

(i) P~ Xand S ~, Y are continuously orbit equivalent;
(ii) X = Pand Y = S are isomorphic as étale groupoids;
(iii) There is a C*-isomorphism @ : C;(X = P) — Ci(Y =« S) such that ®(C(X)) = C(Y);

(iv) There is a C*-isomorphism ¥ : C(X) ><§ G - C(Y) xf H such that W(C(X)) = C(Y), where Eis the partial
action of H on C(Y).

Moreover, (ii) = (i) holds without the assumption of topological freeness.

Proof. (i) = (ii) Let ¢, a and b be three maps implementing the continuous orbit equivalence of P ~g X and
S ~, Y. By Lemma 3.5, maps X< P — Y S, (x, g) = (p(x),a(x,g)) and Y =S — XxP, (y,h) — (7'(y), by, h))
are continuous groupoid homomorphisms, and they are inverse to each other. Hence X = P and Y > S are
isomorphic as étale groupoids.

(ii) = (i) Assume that A : X <P — Y xS is an isomorphism. Let ¢ be the restriction of A to the unit
space X, and leta =cA, b = cA~L. Then @ : X — Yisahomeomorphism,anda: X~<P - H,b:Y~5—>G
are continuous cocycles. Moreover, A(x, g) = (p(x),a(x, 9)), A~ (y, h) = (¢~ (y), b(y, h)). Then

p(u(x, 9)) = As(x, 9)) = s(A(x, 9)) = u(p(x), a(x, 7)),
@y, ) = A7 (s(y, ) = s(A™ (y, b)) = ule™ (), by, 1)

Thus P ~p X and S ~, Y are continuously orbit equivalent. This does not use topological freeness.
The equivalence of (ii), (iii) and (iv) follows from [14] and Theorem 2.10. O

The following example comes from [15].

Example 3.7. Denoteby Q, ={x€Q: x>0}, Q, ={x€eQ:x>0},Qy1 ={xeQ:x>1},and N* =N\ {0}.

Let
G={[g ll’]:aeQi,beQ}

be the semi-direct of the additive group Q by the multiplication action of Q’,. Let

e

Pzz{[g ?]:ae]N*,beﬂ;L}.

(@RS

’ ]:a€Q>1,b€Q+},
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Then Py, P, are unital semi-groups of G and G = Pz-PlTl, i=1,2.

Let X = [—00,0] X [0, 1], where [—o0,0] is the one-point compactification of (—co,0]. For [ ?) l{ ] € G and

(x,y) € X, define
a b|_ x-by
(x/y)*9|:0 1]_(71_
Then 0 is not an action of G on X, but Py r~g¢ X and P, ~g X are right injective actions. Note that both for P1 ~g X
a b
01
matrix, (x,y) # u((x, y), g). Then Py r~g X and P, ~g X are all topologically free.
Let | g l{ ] be in Py or P, arbitrary, observe that X =g g ? = %([—oo, —b] x [0,1]) is open in X. Then it
follows that transformation groupoids X = Py and X = P are all étale.

and Py ~g X, Qu,y) = €G:azy,b2xgfor (x,y) € X, and for all g € Q) with g is not the identity

Proposition 3.8. P1 m~g X and P, ~g X are continuously orbit equivalent, but they are not conjugate. Moreover,
X = Py and X = P, are isomorphic as étale groupoids.

Proof. Since G = P1P;' = P,P,", one can check that (x, ) € X = Py if and only if (x,g) € X = P;. It is then
easy to see that X = P; and X = P, are étale groupoid isomorphic and thus P; ~y X and P, ~y X are
continuously orbit equivalent.

An easy check shows that if injective actions P ~g X and S ~,, Y are conjugate by homeomorphism ¢
and semi-group isomorphism a, assume that there exists xo € X such that Q,, = P. Then Q) = S. In this
case, for (0, 1) € X, note that Q1) = P1 # P, then P; m~g X and P, m~vg X are not conjugate. [J

In the rest of this section, we discuss the classification of the injective actions and the associated group
actions in Section 2 up to conjugacy, no further results have been obtained for their continuous orbit
equivalence.

Proposition 3.9. If injective actions P ~g Xand S ~, Y are conjugate, then G ~g Xand H ~p Y are conjugate.

Proof. Let ¢ : X — Y be a homeomorphism and @ : P — S be a semi-group isomorphism such that
P(O(x)) = pagm(@(x)) for x € X and m € P. For g € G, there exist a,b € P such that g = ab™'. Define
B:g€G— a@a(b)™! € H. One can check that § is a well-defined group isomorphism and (x, ) ~ (y, k) in
X if and only if (p(x), f(9)) ~ (p(y), B(h)) in Y. We can therefore define a map

P:X =Y, [x,g] > [p(), )]

and @ is bijective with inverse ¢!, defined by ¢ ([, h]) = [~ (y), B~ (h)].
To see that @ is continuous, it suffices to show that @ o 7t is continuous, where 7 : X X G — X is the
quotient map. Suppose (x4, g») — (x,9) in X X G. Then g,, = g for large n, so we can assume that g, = g.

Hence (¢(x,), B(9)) — (p(x),p(g)) in Y x H. Since map (y,h) € Y xH — [y, h] € Y is continuous, we have
[p(xn), B(9)] = [p(x), B(9)]. Thus @ is continuous. In a similar way, we can show that ¢! is continuous and
thus ¢ is a homeomorphism. Finally, for [x,g] € X and h € G,

POnlx, 9)) = @lx, gh)) = [p(x), Bgh)] = Py ([P(), B@)D) = Py (@Lx, D).
Hence G ~g X and H ~p Y are conjugate. [J

Proposition 3.10. Let P ~¢ X be a right action by homeomorphisms as in Remark 2.6, then G ~y X and G rvg X
are conjugate.
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Proof. Define ¢ : (x,g9) € XX G — ég(x) e Xand ¢ : x € X = [x,e] € X. Then ¢ is continuous and ¢
is bijective. Moreover, p(¢(x,g)) = (p(ég(x)) = [ég(x), e] = [x,g9] = n(x,g) for (x,g) € X X G. Let U be an
open subset in X. Since 7~}(U) = ¢~1(¢~}(U)) is open in X X G, the continuity of ¢ implies that ¢~'(U) is
open in X, it follows that ¢ is continuous. By compactness of X, we conclude that ¢ is a homeomorphism.
Furthermore, for x € X, g € G, we have

P(0,(x)) = [0,(x),e] = [x, 9] = 6,([x, €]) = Oy((x)).

Therefore G ~y X and G g X are conjugate. [J

4. Injective actions on compactifications of semi-groups

In Section 2, we see that each injective right action of a semi-group can be dilated to be a group
action. Recall that a compactification of a locally compact Hausdorff space Z is a compact Hausdorff
space containing a dense continuous image of Z. In this section, we consider the right injective action of a
semi-group on its compactifications.

Let G be a countable group, P be a right Ore sub-semigroup of G and G = PP~. Denote by [*(G) the
set of all bounded complex valued functions on G. It is a unital abelian C*-algebra. Let p, be the operator
on [*(G) such that p,;(&)(h) = &(hyg) for & € I¥(G) and g,h € G. Then G ~, [*(G) is a group action by
+-isomorphisms.

For any unial C*-subalgebra A of I1°(G), let £ 4 be the maximal ideal space of A, or, equivalently the
pure (or, multiplicative) state space of A. Then X # is compact Hausdorff and A is isomorphic to C(X #) by
Gelfand-Naimark theory. Moreover, we have a map g € G — § € L4, where (&) = &(g) for £ € A, whose
range is dense in X 4, i.e., X7 is a compactification of G (with discrete topology). Assume that A is invariant
under p, i.e. p,(A) = A for each g € G. Then the automorphism action of G on A induces an action 0 of G
on Lz by homeomorphisms, defined by:

Qg(fl) = @forge Gandh e La.

Let X be the closure of {4 : a € P} in £ 4. Then X is a compactification of P (with discrete topology). Moreover,
0,(X) € X and the map 6, : X — X is injective for each a € P, and 0,0, = Oy, foralla,b € P,i.e,, P ~g Xisa
right injective action of P.

We know that if the above C*-algebra A is countably generated then Y4 is second-countable and
metrizable. For S C G, let f = x5 € I*(G) be the characteristic function on S and Ay be the unital C*-algebra
generated by {I, py(f) : g € G} in [*(G), where [ is the unit of [*(G). Then Ay is invariant under p. Let L/,
X, and P ~g X be as in the above paragraph. Let Y be the closure of {7: g € S} in Zz,. For y € Lz, we let

Ay=theG:y(pm(f) =1l ={heG: y(xs) =1}.

In particular, Ag =51 g for g € G. We consider the shift action  of G on {0, 1)¢ by

By(E)h) = E(hg™), for g,h € G, & € {0,1)C.

One can check the map n : y € Zﬂf — Xa, € {0,1}C is continuous, injective and G-equivariant, i.e.,
Bym = m6, for each g € G. Put

L =n(Za,), X =n(X),Y = n(Y).
Remark that Y is the closure of {xs-1;, : h € S} in {0, 1}C.

Theorem 4.1. Assume that P € S C Gand SP C S. Then P ~g Y is an injective right action of P on Y whose
transformation groupoid Y > P is étale. In particular, when S = P, P ~¢ X is conjugate to the right action of P on
the order compactification of P.
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Proof. Since 6,(h) =ha e Y fora e Pand h € S, it follows from the assumption that 6,(Y) C Y. Thus P ~p Y
is an injective right action, and P ~g Y and P m~g Y are conjugate. Next we show that 0,(Y) is open in Y
foreacha € P. _ _

We claim that 3,(Y) ={£ € Y: £(a) =1} fora € P.

In fact, fixa € P, for £ € B,(Y) C Y, choose € Y with £ = f,(n). Since e € S~ for each h € S, we have
Xs-1p(e) = 1 for each i € S, thus 1(e) = 1. Hence &(a) = Ba(n)(a) = n(e) = 1.

On the other hand, for £ € Y with &(a) = 1, we choose {a,} C S with g4, — & in {0, 11¢. So
Xs-14, (@) — &(a) = 1. Tt follows that there exists N such that a € S71a,, for every n > N. Choose b, € S such
thata = b,'a, for n > N. Also since Y is compact, we can assume that {xs-1;, } converges to ¢ in Y. It follows
from the continuity of the action § that ,(xs-15,) — Ba(c), which implies that xs-15,, — Ba(c). Thus & = f,(c).
We finish the claim. o _ _

From the claim, we have §,(Y) = YN {& € {0, 1}¢ : &(a) = 1), thus Ba(Y) is open in Y. Consequently,
0,(Y) is openin Y for each a € P, and transformation groupoid Y = P is étale. From the above proof and the
argument to the order compactification of P in [15], when S = P, P ~vg X is conjugate to the right action of
P on the order compactification of P. [J

Let P, = P U {co} be the one-point compactification of P. We consider the right action P ~,; P, defined
by
0,(b) = ba, g,(c0) =00, fora,beP.

Remark that 0,(P) = Pa U {oo} is open in P, when P \ Pz is finite for each 4 € P, in this case the
transformation gropoid associated to the injective action is étale. For a complex-valued function £ on G, we
say that lim,_,., £(g) exists if there exists a complex number A such that, for any ¢ > 0, there exists a finite
subset E of G such that |£(g) — A| < ¢ for all g ¢ E. In this case, we write lim,, £(g) = A.

Proposition 4.2. Assume that S = {e} and f = 6. € 1°(G) is the characteristic function on {e}. Then A; =
{€ € 1°(G) : limy, &(g) exists), and L.a, and X are homeomorphic to the one-point compactifications of G and P,
respectively. Moreover, the injective action P m~¢ X is conjugate to P ~; Pe. Thus the transformation groupoid
X = P is étale if and only if P \ Pa is finite for each a € P.

Proof. Remark that py(f) = 6,1 for each g € G. Thus Ay is the closure of CG under the supremum norm,
so As = {& € I°(G) : lim,y, £(9) exists}. One can check the map g € G — g € Ly, is injective. Define
vo(&) = limy, E(g) for & € Ay. We have that o € Za,, Za, = {7: 9 € GHU{yo). Thus Ya, and X are
homeomorphic to the one-point compactifications of G and P, respectively. By the action of 6, we have
P ~g Xis conjugate to P~ Poo. [

From [15, Proposition 5.1], the injective action of a semi-group on its ordered compactification is deter-
mined uniquely up to conjugacy by three conditions. For infinite countable right Ore sub-semigroups P
and S, respectively, of two groups G and H, one can check that, two actions P ~; Po and S m~, Se are
orbit equivalent, and they are conjugate if and only if P and S are semi-group isomorphic. Moreover, if two
actions are continuously orbit equivalent then G and H are isomorphic.

Theorem 4.3. Assume that P\ Pa is finite for each a € P. Let P ~, X be an injective right action of P on a compact
Hausdorff space X. If

(i) there exists a unique X« in X such that Q. = G, and
(ii) there exists xo in X such that the map a € P — p,(xo) € X is injective and has dense range in X,

then P ~; P and P ~, X are conjugate.

Proof. Define A : Pos — X by A(a) = pa(xo) for a € P, and A(0) = xo. Then A is continuous on P. It
suffices therefore to show that A is continuous at co. For an arbitrary open neighbourhood U of x., in X,
we only need to show the set F = {a € P : p,(xp) ¢ U} is finite. For otherwise, if F is infinite, we can choose a
sequence {a,} in F, where x,, # x,, for n # m, such that {a,} converges to co in P. By [15, Remark 4.5], the map
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z € Poo = Q; € C(G) is continuous where C(G) is the space of all subsets of G with the Vietoris topology.
Thus Q,, = 4,'P - Qw = G. Note that X is compact, so we can assume that p,, (xo) — x in X, it follows
from the continuity of the map x € X — Q, € C(G) that Q,, () = Qx. Since p,, (xo) ¢ U, we have x # X.
Also since Q, (x,) = 4;,'Qx, = 4;,'P — G, we see that Q, = G, in contradiction with condition (ii). Thus F is
finite. Hence A is continuous and thus is a homeomorphism.

Moreover, for each a,m € P,

paA(TYZ) = papm(xO) = Pma(XO) = A(ma) = A(o,(m)).

We claim that p,;(xe) = X for each a € P. In fact, write py(x) = u. Then Q, = Qp,x.) = a'Q,. =G, it
follows that u = x. Hence p,A(00) = ps(Xe) = Xoo = A(04(00)) for each a € P, so we conclude that P m~v; Peo
and P ~,, X are conjugate. [J

Example 4.4. Let Z and N denote the (additive) group of integer numbers and its sub-semigroup of natural numbers
respectively. Let Q¢ and IN", denote the (multiplication) group of positive rational numbers and its sub-semigroup
of positive integer numbers respectively. Let Ny, and N denote the one-point compactification of N2, and IN
respectively.

Consider the right injective actions N ~g INg, and IN7, ~, INY,, defined by

Ou(n) =n+m,0,,(c0) = 0o, formeIN,n e INL,.

pm(1) = nm, py(c0) = 0o for m,n € NZ.
Then both of them are topologically free, and for N r~g INj,,

Qe = {—k+1,-k+2,—k+3,---}, [klp = N', for k € N7,

Qu = Z, [o0]g = {o0}.
And for ]N*>O ~p NG,
Qx = {1/k,2/k,3/k,---}, [k], = N for k € INZ,,
Qw = Q;Ol [OO]p = {oo}.
Similarly, we can define right injective actions N ~vg Ne and N7, ~, Ne. Note that IN* \ (N* + m) and
IN'\ (IN + m) are finite for each m € IN, but IN* \ IN“m and IN \ INm are not finite for each m € INZ . Theoretically,

we discuss the orbit equivalence of injective actions under the conditions of Remark 2.3, but for this example we only
consider it in terms of the definition of orbit equivalence, and we give the following result.

Proposition 4.5. (i) Injective actions N ~g NG, and INJ, ~, ING, are orbit equivalent, but they are not
continuously orbit equivalent;
(it) Injective actions N ~g Ne and INZ ) ~, N are not orbit equivalent.

Proof. (i) The identity mapping ¢ on N, implements the orbit equivalence of N ~g IN;, and INZ, ~, ING,.
From Example 4.4, we see that

N, <IN = {(c0, 9), (k,—k +1) | g € Z,k,1 € N},
NZ = N3 = (00, 9), (K, 1/K) | g € Qo k1 € N2g).

Assume that N ~g INg, and N7, ~, INT, are continuously orbit equivalent. Then there exist a homeomor-
phism ¢ : IN;, — INg, and continuous maps a : N, = IN — Q7 ,, b : N, <IN?; — Z satisfy equations (1) and
(2). In this case, @(c0) = o0.

For k,I € INZ,, since ¢(I) = p(u(k, —k + 1)) = u(p(k), a(k, =k + I)) = @p(k)a(k, =k + I), we see that a(k, =k + I) =
p(l)/ (k). For any g € G, by the continuity of a at (oo, g), there exists m,; € NI with m,; + g > 1, such that
a(k, ) = Y(g) for all k > m,. Then Y(g9) = p(k + g)/¢(k). Calculation gives {(n) = {(1)" for n € Z, it follows
that ¢ cannot be a homeomorphism on IN;,. Hence N ~g IN;, and INZ; ~, IN, are not continuously orbit
equivalent.

(ii) For N ~ N, note that only the orbit at co is a single point set, but for N? ; ~, N, the orbits at 0
and oo are all sets of single point. Therefore N ~g Ne and INZ ) ~, N are not orbit equivalent. [

*
>0/
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