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Abstract. Our goal in this paper is to retain the ideology of convexificators to construct adequate Fritz
John and KKT optimality conditions for nonsmooth programming problems with local weakly LU-Pareto
solutions having inequality, equality, and set constraints in Banach space where the involved functions
admit convexificators. Sufficiency criteria for local weakly LU-Pareto solutions have been formulated
under suitable conditions on the generalized convexity. The desired duality theorems have been proposed
for both Mond-Weir dual problems (MDCIMP) and Wolfe-type dual problems (WDCIMP). Numerical
examples are constructed to justify the methodology adopted in the paper. Our paper extends some of the
recently published articles to a great extent.

1. Introduction

The vast panorama of linear and nonlinear programming uses the fact that the coefficients appearing in
objective functions as well as constraints are constant. In recent times, optimization models have become
essential as businesses become larger and more complicated and as engineering design becomes more
ambitious. A small change in operations may cause a tremendous increase in profit. The last few decades
have witnessed astonishing improvements for which this presumption is not fulfilled. In most cases, the
accuracy and certainty of input data were not always ensured. Hence, considering uncertainty in the data
becomes essential to model real-world problems. Uncertainty can be tackled in numerous ways, such as
using fuzzy numbers, stochastic processes, and interval-valued problems. Interval-valued programming
problems address uncertainty, making optimization models closer to real-world applications. In interval-
valued problems, coefficients appearing in the objective function, as well as constraints, vary over closed
intervals. For solving interval-valued programming problems, a wide range of solution procedures have
been developed. Wu [21] had introduced four kinds of interval-valued problems and given the concept of no
duality gap for such problems. Jayswal et al. [9] proposed sufficient optimality results for interval-valued
programs and framed duality criteria for Wolfe as well as Mond-Weir type dual problems. Ahmad et al. [1]
focused on interval-valued programming problems and established sufficient optimality conditions along
with various duality results. Bhurjee and Panda [2] worked on multiobjective fractional interval-valued
optimization problems, ensuring the existence of an efficient solution. Later on, Bhurjee and Panda [3]
also worked on nonlinear programming problems in which both the objective functions and constraints are
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considered interval-valued. Jayswal et al. [10] elaborated the concept of convexificator with the interval-
valued optimization problem using LU-optimal solution and deduced the optimality conditions and duality
results.

In nonsmooth optimization, the concept of a convexificator has shown to be a useful tool for deriving
optimality criteria and duality results. The term compact convex convexificator was developed specifically
by Demyanov [5] (1994). Jeyakumar and Luc [11] introduced the notion of approximate Jacobian matrices
for continuous vector-valued functions using the idea of convexificators of the real-valued functions. Later,
Jeyakumar and Luc [12] worked on noncompact convexificators and presented various calculus rules and
properties for convexificators. Convexificator is a generalization of various well-known subdifferential con-
cepts, such as Clarke’s subdifferentials given by Clarke [4]. Luu [14],[15] derived the necessary conditions
of multiobjective optimization problems using equality, inequality, and constraints set in Banach spaces
for local Pareto solutions and weak minimal solutions using convexificators. Luu and Mai [16] worked
on interval-valued programming problems and established the necessary conditions of Fritz John and
KKT-type for local LU-optimal solutions using the concept of convexificators as well as derived the duality
results for the Mond-Weir type dual problems and Wolfe-type dual problems both. Recently, Rayanki et al.
[18] focused on a specific type of interval-valued problem and derived the KKT-type necessary and suffi-
cient optimality conditions using the LU-optimal solutions. They considered the Wolfe-type dual variant
and derived the appropriate duality theorems. Mohapatra [17] worked on mathematical problems with
vanishing constraints using directional convexificators and derived KKT-type necessary and sufficient opti-
mality conditions using convexity. Further, they introduced a Wolfe-type dual model in terms of directional
convexificators and obtained duality results. Gadhi and Ohda [6] applied convexificators on a nonsmooth,
nonconvex multiobjective robust optimization problem and established the robust necessary optimality
conditions for weakly robust efficient solutions in terms of convexificators. Upadhyay [20] focused on
nonsmooth semidefinite multiobjective programming problems with equilibrium constraints using con-
vexificators and derived weak, strong, and strict converse duality theorems for both the Mond-Weir and
Wolfe-type dual models.

The present paper elaborates the way we construct a multiobjective interval-valued programming
problem and formulate the Fritz John and KKT-type sufficiency criteria for constrained interval-valued
multiobjective programs with equality, inequality, and set constraints in Banach spaces using convexificators
that are regular as defined by Ioffe [8]. The weak and strong duality results have been established for Mond-
Weir as well as Wolfe-type dual formulations. The paper is structured as per the following scheme: In
Section 2, we recall some elementary ideas and definitions exercised in the paper. In Section 3, we establish
the Fritz John-type necessary criteria for constrained interval-valued multiobjective programming problems
applying the concept of convexificators. Section 4 is focused on framing the Karush-Kuhn-Tucker conditions
for local weakly LU-Pareto solutions to the problems. In Section 5, we establish sufficiency criteria for local
weakly LU-Pareto solutions with the help of asymptotic pseudoconvexity, asymptotic quasiconvexity, and
asymptotic quasilinearity. In Section 6, we derive relevant duality statements for the Mond-Weir and
Wolfe-type dual problems for the multiobjective interval-valued problem projected in the paper.

2. Preliminaries

In the current article, we begin with the following convention for inequalities and equalities, which is
utilized in the later part of this paper. For any p = (p1,p2,--.,Pm), 9 = (41,92, - - -, qm) in R™, we have

@) p=gepi=q,Vi=1,...,m
(@ p>qgepi>q,Vi=1,...,m
i) pzgopzgi=1,...,m

(vypzqepzqp+9.
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In this sequel, we cast some elementary definitions that will be used throughout the entire article. First of
all, recall the definition of convexificators given by Jeyakumar and Luc [12]. Let X" represent the topological
dual space of a real Banach space X.

Definition 2.1. A function & : X - R (R := R U {—o0, +co}) has an upper and lower Dini directional derivatives
at 7t € X along the specified direction ¢ € X, respectively, provided
E(Tt +7y0) — E(7)

v

=+

B 0) = i
(5, 0) im sup

(7t + — B(7
E7(7; 0) = liminf (7t +y0) (n)
740 y
Moreover, if E*(7t; 0) = 27 (7; 0), then the common value is denoted by Z'(7; 9) and known as the Dini derivative of
the function & at a point 7t along the specified direction g.

Definition 2.2. A function 8 : X — R (R := R U {—00, +00}) have an upper and lower convexificators denoted by
Jd"E(7t) and 9.E(7) at a point i, respectively if I*E(7t) C X* and d.E(7t) C X" are weakly" closed subset of X* and

E (00 S sup (&,0), VoeX,

E€E(n)
2X(m;0) = inf (&,0), YoeX.
()2 inf X0 Ve
A weakly* closed subset of X* is called convexificator of E at a point Tt and is denoted by dE(T) whenever JE(T) =
J*E(7t) = d.E(7).

Definition 2.3. A function E : X - R (R := RU {—00, +c0}) have an upper and lower semi-reqular convexificators
denoted by 0*E(7t) and d.E(7) at a point 7, respectively if J*E(7t) and d.E(7t) are weakly® closed and

EY(0) S sup (&0, YoeX,
£€d*E(T)

E (o) inf (&0), YoeX.
(75 0) &M(ﬁ)@ o, Yo

Similarly, a function E has upper and lower regular convexificators denoted by J*E(7) and J,E(Tt) at a point T,
respectively, if *E(7t) and 9.Z(7t) are weakly* closed and

EX(m0) = sup (&0, VoeX,
£€d*E(T)

B (0= inf (,0), YoeX.
(75, 0) &}9{13(7_7)@ o, Yo

Definition 2.4. Clarke [4] The Clarke directional derivative of function & : X — R at point 7t with respect to the
direction g is expressed as

N E(m + yo) — E(m)
E(7; 0) := lim sup .
o7 710 b4

)
The subdifferential of E due to Clarke at 7t can be expressed mathematically as

2.5(m) = {£ € X5 (€,0 2 Em0) Y 0 € X},
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Remark 2.5. If the function E is locally Lipschitz, then the Clarke subdifferential turns to the convexificator of E at
point 7t. A locally Lipschitz function E is called regular at point 7t provided there exist E'(7t; o) for each o € X having
the same value as that of E(7t; 0). The Clarke subdifferential of a regular function B is the upper regular convexificator,
and the convexificator mapping d= is bounded at a point & locally. Furthermore, if the dimension of X is finite, the
mapping 8 becomes upper semicontinuous at a point 7.

If the function E is convex corresponding to X, then its subdifferential is specified as

IcE(R) = {é €X' (Em-T)< E(m)—E(R) Ve x}.

If the function E is locally Lipschitz and convex, corresponding to X at a point 7t € X, then
OcE(T1) = d.E(T).

For a set C, the Clarke tangent cone at 7t € C can be rephrased mathematically as
T(C; ) := {QEX:VT[H eC n,—7n Vt, 10, g, = owithm, +t,0, €C, Vn},
whereas the Clarke normal cone at a point 7t can be recast as

Ne(7) = {g €X' (& 0) 0, Y peT(C; 7"'()}.

3. Necessary criteria: Fritz-John type

Let the set of all bounded and closed intervals in IR be denoted by $, and the partial ordering of intervals
for £=[&L,&U] €S, & =[5, nY] €S can be defined as follows:

£ <1y O indicate &8 < 17L and &Y < nu,

£ <y 0 indicate £ <1y 0, £ # 0.

Equivalently, £ <7y 0 if any one of the following three conditions is satisfied:

EL < nL, EU < rIU

g, <t

EL < nL, EU é nu
A function N : X — $is said to be an interval-valued function. In other words, for all = € X, the interval-
valued function 8(rt) is defined by () = [NE(n), R (71)], where KL (1) and KY(r) are functions defined on
X with the condition 8(rr) £ NY(m). We note that [R(m)]F = 8L (r) and [R(n)]Y = KY(n).
We contemplate the following constrained multiobjective interval-valued programs:

(CIMP) minimize N(7) = (Nl(n), No(7), ... ,Np(n))

= (INH ), N ()], [NE (), RY (0], .., [N (), N o))
s.t. neM:={neC:¢i(n) <0 €I, Pin)=0(e L

For © € M, define J,,(7) := {i € 3, : ¢i() = 0} where the function N; maps from X to S for each
ke 3p:=1{1,2,...,p}. Ni(n) is a bounded and closed interval in R such that Ni(r) = [Nk(n), N (71)] where
Né(n), NU(r) are real-valued functions defined on X. Let C C X be a closed set, and ¢ and 1 defined on X
map to R” and R, respectively. It may be noted that ¢;, i € 3, : {1,...,m}and ¢;, j € £ : {1,...,1} are
functions defined on X to R U {—o0, +00}.

Note If we take p = 1, then the above problem reduces to that considered in Luu and Mai [16].
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Definition 3.1. A feasible point 7t € M is known as a local LU-Pareto (local LU-efficient) solution of (CIMP) if there
is no feasible point m € M N B(7; 0), 6 > 0 satisfying

Ni(10) SLu 8e(m), Yk €,

and
Ni(1) <pu Ni(7) for atleast one k € J,.

Definition 3.2. A feasible point 7t € M is known as a local weakly LU-Pareto (local weakly LU-efficient) solution of
(CIMP) if there is no feasible point m € M N B(7;6), 6 > 0 satisfying

Ri(m) <pu Ri(@), Yk € Fp,

which means that (1) Spy Ne(7), Ne(mr) # Ne(7).
Equivalently,
NHm) < RH(R),  N(m) < NU(n),

Ni(m) < 8hm),  NY(m) < NY(R),
Ni(m) < NL(R),  NU(m) < NU(R).

Example 3.3. Let X = R, C = [-3,5], @ = 0. Let 8 (k = 1,2) be a mapping from X into S defined by
Ni(r0) = [Np(r0), R ()] (Yt € R) such that

-1, =0

n—1, <0

Ni(n) = {

Nu(n)z n+5 n=20
1 —-t+5, m<0

—-2-1, 1<0
z~<§(”):{—n—rﬁ 20

m+n+1, 120
RU _ =
2 (M) {7‘(2—71+1,n<0

and ¢ : R — R be defined by
P(m) := n* — 5.

Then Ni(n) < N}f(n) (k = 1,2) which implies that Ni(rt) € $ for each m € C. It is clear that the point T = 0 is a
weakly LU-Pareto solution to the multiobjective programming problem:

minimize N(1t) = (NR1(7), X2(7))
= (INH(m), R ()], [R5 (), R¥ (7))
s.t. neM;:={neC:¢(mn) £0}=]0,5]

Remark 3.4. The local weakly LU-Pareto solution of the problem (CIMP) may not be a locally efficient solution to
the multiobjective bi-criteria programming problem (MP):

minimize Ni(n1) = (NL(rr), RY(n0))

s.t. neM :={neC:¢i(n) £0,i €Iy, Pj(n) =0,j € L}
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Remark 3.5. Ifa feasible point =t € M is a weakly LU-Pareto solution of the problem (CIMP), then it is a locally weak
minimal solution of the multiobjective bicriteria programming problems (MP), but the converse may not be true.

Remark 3.6. If a feasible point 7t is a locally Pareto minimal of the multiobjective bi-criteria programming problems
(MP), and Nﬁ(n) < N,';’ () (1t € C N B(7; 6) for some 6 > 0). In case this condition is not satisfied, then the feasible
point 7t may not be Pareto minimal to the problem (MP).

Definition 3.7. A point 7t is known as a reqular for 1 corresponding to C iff there exist Y > 0 and 0 > 0 satisfying
do(m) = Y|l () = () ll, ¥ e CNB(1;0),

where Q = {r € C : Y(n) = Y(7t)}, do(n) signify the distance between 1 and Q. If the problem (CIMP) has only
inequality constraints, then any 1 € C is regular.

Now let us make the following assumptions, which will be used to obtain the necessary criteria of Fritz John-type
for local weakly LU-Pareto solution at point 7 of (CIMP).

Assumption 3.8.

(i) Thefunctions Ni, NE, Y1,..., P, (k€Jp:=1{1,2,...,p})arelocally Lipschitzat a point 7t whereas ¢; (i € I (7))

are continuous and C is convex.

(ii) Nﬁ and NIE' are functions that admit bounded convexificators &Nk(ﬁ), 88,?(7‘1) keJy=1{1,2,...,p}) and ¢;
admit upper convexificators d*¢;(%t) (i € 3I,,(7)) at a point 7.

(iti) The functions | ; |, j € &; are regular at point 7t as proposed by Clarke [4].

Theorem 3.9. Let the solution 7t be locally weak LU-Pareto of (CIMP). Suppose that 7t is reqular corresponding to
C and it satisfies all the criteria mentioned in Assumption 3.8. Furthermore, ¢; (¥ j € &) admits a convexificator
9 j(n) at a point 1 in the neighborhood of 7t, and the convexificator maps Ny, IN, d; are upper semicontinuous
at a point 7. Then there exist a*, a 2 0, B 2 0, where a* = (a%, .. .,o‘zﬁ), a' =@y, ... ,c‘vy), and B = (B1, .-, Bm),
and p; € R satisfying ¥yes, ay +al + Yies, i Bi = 1, along with

0 e cl( Z a,f conv QNﬁ(ﬁ) + o‘z,';’ conv 882’(7‘() + Z Bi conv J*¢i(7) + Z pj conv d;(7) + ]Nc(ﬁ)). 2

ke3, i€3,,(7) j€g

Proof. Let Ri(m) represents the open interval (Nﬁ(n), N}(J (m)), where k € 3, := {1,2,...,p}. Since the vector 7t
is a locally weak LU-Pareto solution to the problem (CIMP), there does not exist any © € M N B(%; 0), where
0 > 0 satisfying

Né(n) < le(ﬁ), N}g(n) < Nf(ﬁ),

NL(m) < Rk(r), NY(n) < NY(R),
Ni(m) < Np(R), N () < RE(R).

Therefore, _ _
Ni(17) — Ni(77) ¢ —intR? (Y © € M N B(%;0)),

and hence 7 is a locally weak minimal solution of the problem (MP):
minimize §k(n) = (Né(n), N,lf(n))

s.t. neM:={neC:¢i(n) £0,i €Iy, Pj(n) =0,j € L}

With the help of the scalarization theorem, one can see that there exists a subadditive function A defined
on R? that is continuous, homogeneous, and positive such that

97 — 9 €intR2 = A(S8;) < A(S1),
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and
Ao (Ri(m) = Ri(7) 2 0 (Y € M N B(T;0)). (3)
Substituting §k,ﬁ(n) = §k(7‘z, ) = gk(n) - gk(ﬁ) in above
Nia(m) = RE (), R (m)) = () — RE(R), RY () - N (7).

Since the function A is continuous as well as convex, using Proposition 2.2.6 (Clarke [4]), it becomes locally

Lipschitz. Hence, its subdifferential 8CA(§k,ﬁ(T()) is a bounded convexificator of A at gk,ﬁ(ﬁ) = 0. Schirotzek
[19] in Proposition 7.3.9 pointed out that if the function A is convex and locally Lipschitz, then

I A7) = DA (R), Y k€ Ty
Furthermore, the mapping dcA is upper semicontinuous at §k,ﬁ(7=c). On the flip side, it can be seen that
I (70) = INK(7), Y k €T,
Using Assumption 3.8, we can conclude that 88L(Tc) and BNU( ) for each k € 3, are bounded convexificators

of N and N at a point 7t. Furthermore, the mappings o, and JN}' are _upper semicontinuous at a

point 7. Consequently, BCA(Nk n(n))(&NL(T() 88”(7‘()) is convexificators of A o Nk #(m) at a point 7. Since all
assumptions of Theorem 3.1 of Gong [7] are sat1sf1ed for the equilibrium problem: Finding % € M such as
YrteM, _

Ao N(t, ) 2 0.

Making use of Theorem 3.2 of Luu [13] for the vector equilibrium problem to estimate that 7 > 0, 8
where 7 = (%1,..., %), pj € Rsatisfying ¥y, T + Lies, (m) Bi = 1, along with

IIV

0 e CI(Z #Ic ARy (7)(conv IR (7), conv INL. (7))

ke3,
+ Z Bi conv 9" ¢;(7t) + Z pj conv I ;(7) + Nc(ﬁ)). 4)
€3, (7) jGﬁ[
As ngﬁ(ﬁ) = ON(77) (Y k € 3p) and gk,ﬁ(ﬁ) = 0, it follows from (4) that one can get a sequence
Xn € Z TrdcA(0)(conv 8N,€(ﬁ),conv 88,&1(7‘1))

ke,
+ Y Piconv i) + Y pj conv d(r) + Ne(), (5)
i€3,(7) €Yy
such as lim,, X, = 0. Therefore, a sequence {x,} C dcA(0) C R? exists satisfying

Xn € Z Ty (conv 8N£(ﬁ),conv 88,';1(7‘1))

ke3,
+ Z Bi conv 9" () + Z pj conv dy () + Ne(7). (6)
i€3,(7) ieg
Since acA(gk,ﬁ(ﬁ)) is a compact set in R?, suppose that %, — x € 8CA(§k,ﬁ(ﬁ)). Substituting ay = TxX,

where a; = (af, a') € R?. From (6) we can conclude that

0e€ Z ax(conv 8N£(ﬁ),conv 88}(1 (7))

ke3,
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Z Bi conv8¢(n)+Zp] conv (i) + N¢(7),

i€3,,(7) jeY

which is equal to (2). Let us observe that # € R2\{0}. Therefore, for any 9 € intR?, we can write 0 — (—9) €
intR2. Hence,

(3, =8) = (3, (R a () = 9) = Ry (7))
< ARya(7) = 9) = AR A(R))
= A(=9) < A(0) =

Therefore, % € R2\{0}. and suppose ;5 3 % + 2 = 1, which implies that Ykes, ar+al + Yoy, Bi = 1,
which makes the proof complete. [J

Corollary 3.10. Let the solution 7t be locally weak LU-Pareto to (CIMP) having only inequality constraints. Suppose
that the convexificator maps ONE, INI are upper semicontinuous at a point 7t which satisfies all the criteria mentioned

in Assumptions 3.8 (without equality constraint). Then there exist at, a 2 0, B 2 0, where a* = (ay, ..., &),
=(@,...,a)), and B = (Bu,..., Bw), satisfying Yy, & + & + Liex, (n i = 1, along with

0 € cl( Z ak conv 8NL( )+ ak conv 88“(71)) Z Bi conv 9" ¢;(7t) + Nc(ﬁ)).

ke3, i€3,(70)

Corollary 3.11. Let the solution 7 be locally weak LU-Pareto to (CIMP) with X = R" and C be convex. Furthermore,
suppose that Nk, NIE’ (Vk € 3p), ¢i (Vi€ Jyu(R))and ; (¥ j € L) arelocally Lipschitzat a point 7t; 0" p; (Vi € I, (7))
is the upper convexificator of the function ¢; at a point 7t; and the functions | (%) | (¥ j € &) are regular at a
point 7. Then the mapping J*¢; (¥ i € 3,,(7)) are bounded locally convexificators of ¢; at a point 7, and there exist
at, al >0, [5’> 0 where a- = (ak, ... ‘L) a' = (at ,...,Ezrﬁl),andﬁ_ = B1,...,Bm), and p; € R for all j in

satisfying Y ies, + a + Yies,m) ﬁ, =1, along with

0 € Z(&,E conv 8N£(ﬁ) + Ec,g conv 88,?(7‘1)) + Z Bi conv I ¢i(7t) + Z pj conv () + Ne(7).

kG:Sp i€3,(70) ISV

where N, NI and 1; have the Clarke subdifferentials doN;(71), doN(71) and do1 (%) at a point 7, respectively.

4. Necessary conditions of KKT-type

This section deals with how to deduce KKT-type necessary conditions using constraint qualification
given by Mangasarian-Fromovitz (CQ) for local weakly LU-Pareto solutions to the problem (CIMP). Here,
we intend to show that there exist wg € T¢(7) and a; > 0 (i € J,,(7)), so that

(i) (Ci,wo) £ —a; (Y C; € I"Pi(7), Vi € 3,(7),
(ii) (j@0) = 0 (¥ 1) € Fj(7), Vj € 2.

Theorem 4.1. Suppose the solution 7t is local weakly LU-Pareto to (CIMP) and satisfies the constraint qualification
(CQ). Under the presumptions of Theorem 3.9, there exist a*, a > 0, where a* = (at, ... ,c‘v,@), a'=@4,... ,df,gl)

such that ¥y (g + &1) = 1; B; 2 0 for all i in 3,,(7), and p; € R for all j in L, in such a way

0 € Cl( Z 07,% conv 8N£(ﬁ) + o‘c,lf conv 88,%’(7"() + Z Bi conv J*i(T) + Z pj conv d;(7) + ]Nc(ﬁ)). (7)

ke3, i€3,,(7) jeg;
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Proof. As the hypothesis of Theorem 3.9 are satisfied, so we infer that there exist a*, a 2 0, ; 2 0 for all i
in 3,,(71), and p; € R for all jin ¢; satisfying Y3, 0‘(15 + c‘v}(l + Yies, () Pi = 1,and
0 € cl( Z a‘zi conv 8N£(ﬁ) + 07,%[ conv 88,&1(7‘1) + Z Bi conv 9" () + Z pj conv dy;(7) + INC(TI)).
ke, i€3,(7) e
If d]’; =0, Ezk’ = 0 for each k in 3, with ¥;c5 () i = 1, there exist Cl(.") € conv d*¢;(7) for all i in J,,(7), y(”) €

j
conv dy;(7t) for all j in £; and £ € N¢(7) satisfying

—_1; g.7(n) )
o=tim[ ¥ A+ Y piul? +£0)
i€Sn() =8

which indicates that

0=lim | Y A<Cw0)+ Y pitu”, oo + ()| (v9 € X), ®)

i€3n(7) J€Jp

Using the constraint qualification (CQ) and the fact that Y5, ) fi = 1, we get

tim | Y A w0) + Y gy o) + (w0

n—.oo
€3, (1) j€3p
< tim| Y AE w0+ Y gl o)
i€3() =
<- Z Biai <0,
i€3,(7)

which contradicts (8). Hence we can conclude that Y ey @ +a #0. O

To determine the component (nonzero) of Lagrange multipliers relative to the objective function, one has to
consider the following constraint qualification (stronger Mangasarian- Fromovitz-type) (SCQ): there exist
s € Jp, wo € Tc(r) and numbers a; > 0 (i € 3,(7)), bx > 0 (s # k € J) satisfying the following conditions

(i) (Ci,wo) < —a; (Y G € I"¢i(), Vi € Jpu(R)), (x5, wo) < by (¥ % € N (7)),
(i, wo) < —bi (¥ n e IR (), Vs # k€ 3p), and

(i) {uj,wo) =0 (¥ u; € IYPi(7), Vj € L).
Remark 4.2.
(a) (SCQ) = (CQ).
(b) If (SCQ) holds, then for some element s € 3, there exist a, a“ > 0,and ay, & 20 fork #sinJ,, pi 20

foralli € 3,,(7), and p; € R for all jin £; with

0 € cl( Z (c‘vé conv 8Né(ﬁ) + Ez,g conv 88,?(7‘1)) + Z Bi conv 9" ¢;(7t)

ke3, i€3,(7)

+Y" ; conv () + INC(T'()). )

]'621
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Theorem 4.3. Suppose the solution 7t is a local weakly LU-Pareto to the problem (CIMP) and the presumptions

of Theorem 3.9 are satisfied. Under the given constraint qualification (SCQ), there exist at, a' > 0, where
ak = (ak, .. .,07#), a' =@y, ... ,(5(,%’), Bi 2 0 forall i in 3,,(7), and p; € R for all j in €, satisfying
0 € cl( Z (54,% conv 9N (7) + & conv 88,&1(7’()) + Z Bi conv I ¢p;(7)
= i€3,()
+ Y pj conv ay(m) + Ne(m)) (10)
jEQ]

Proof. In view of Remark 4.2, for some s in J,, there exist a®t o s o, a]((s)L, a,(f)u >0forall (s # k €
3p), ﬁgs) > 0 for all i in 3,,(7), pgs) € R for all j in €; such that

0 € cl( Z (al(:)]“ conv IN[(7) + a,(f)u conv IN/! (7‘1)) + Z ﬁl(.s) conv " ¢i(7)

ke3, i€3,(7)

+ Z pj.s) conv dy;(7) + ]Nc(ﬁ)). (1)

jEQ[

Putting s = 1,...,p and adding both sides of equation (11), we get

0 € Z cl( Z (a,(:)L conv N} (7) + af)u conv IN! (7‘1))

I =

+ Z ‘Bl(.s) conv d*¢;(7) + Z P;s) conv dy;(7) + NC(ﬁ))'
€3 (7) jet
- cl( Z (54,% conv 8?4,%(7‘7) + 54,? conv 88}5(7—7)) + Z Bi conv " ¢i(7)
kESp i€3,,(7)
+ Z p; conv P ;(7) + Nc(ﬁ))/
jeL’,
where 07;% = aﬁS)L + Zse‘:sp,s;&k 061(<S)L >0, 0719 = af)” + Zse;“sp,s;tk 041(<5)U > 0, for some s in J,, and 071%’ allcl z 0 for

k#s €3, Bi = ZSE\% ﬁz(.s) 2 0 for all i in J,(7), p; = Zsesp pj(s) € R for all j in &;. Thus, the proof is
complete. [
5. Sufficiency criteria of local weakly LU-Pareto solutions

Definition 5.1. A function E defined on X having upper convexificator 0" E(7t) is known as asymptotic pseudoconvex
at a point 7t corresponding to C if for some 7, € conv d"E(f), the following condition is satisfied

lim(n;, m—7)20 = E(n) 2 E(R), Y eC.
n—oo

Definition 5.2. A function E defined on X having upper convexificator d*E(7t) is known as asymptotic quasiconvex
at a point 7t corresponding to C if for some 7, € conv " E(f), the following condition is satisfied

E(n) £ E(f) = lim(r,n-7)<0, VmeC.

A function E is known as asymptotic quasiconcave at a point 7t corresponding to C if —E is asymptotic quasiconvex
at a point 7t corresponding to C.
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Definition 5.3. A asymptotic quasilinear function E at a point 7t is characterized by the fact that it is both asymptotic
quasiconcave as well as asymptotic quasiconvex at a point 7t corresponding to C.

Theorem 5.4. If the solution = € M is local weakly LU-Pareto to the problem (CIMP), it holds the following two
conditions

(i) there exist a*, a' > 0, where a" = (a%, ..., a}), a¥ = (@4, ... ,(5(;,1), Bi 2 0 for all i in 3,,(7), and p; € R for
all j in & satisfying

0 € cl( Z (c‘v,% conv 8*815(7"() + d,%[ conv 8"&,&1(7‘()) + Z Bi conv 9" ¢;(7)

ke, i€3,(7)
+ Z pj conv J*Y;(7) + ]Nc(ﬁ)). (12)
jEQl

(i1) 8*N£(ﬁ) and B*NIE (7t) (k € Jp) are upper regular at the point 7t for at most one of the upper convexificators,
the function &Nk := Yyes, (o‘ziNé +al N/ ) is asymptotic pseudoconvex at the point 7t corresponding to M, ¢;
are asymptotic quasiconvex at the point 7t corresponding to M (¥ i € 3,,(7)), Y; are asymptotic quasilinear at
point 7t corresponding to M (¥ j € £;) and C is convex.

Proof. From (12), we may conclude that WL ¢ conv INL(7), o ")u € conv "N/ (), C ,”) € conv 9" ¢;(7),

yi.") € conv J'YP;(71), EM € Ne(n) satisfy

0 Z,}E{;[Z(ai O )+ YR+ Y 5 [J(")_'_é(n)]

ke3, i€3,,(7) jeL

which ensures that

lim <2(aL >t 4 a,ﬁ’(x,ﬁ")“),n—ﬁ>+ Y B, n—7)

n—oo
keSy €3, (71)
3 il =)+ (€, ﬁ)] =0; Ym e M. (13)
jeg;

Since for all m € M, ¢i(n) £ 0 = ¢i(R), Vi€ I, (7), therefore by applying asymptotic quasiconvexity to
function ¢; at point 77, we get

Hm (", -7y S0, Vme M. (14)

n—o0

Moreover, since ¢;(r) = 0 = ¢;(7), so using the definition of asymptotic quasilinearity, we obtain

hm(y( - 1)y =0, VYt e M. (15)

n—o0

Due to the fact that C is convex, m — 71 € T¢(7), Y 7t € C, and, hence
Hm (", - 7) <0, Ve M. (16)
n—oo

By linking up (13)-(16), we have

gi_{rolo<zak kn)L'T( R+Zau (mu T __>

ke3, ke3p

v
o
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As "NE(71) and "N (70) (k € J,) are upper regular at point 7 for at most one of the upper convexificators,
therefore the function ¥y (@R + @/N}) has an upper convexificator ¥e3, (0" Ry + a/9"N/) at a point
7. Now, using asymptotic pseudoconvexity of ¥y (@5 + &/NY), we get

Y @R + a8 () 2 Y @ERE(R) + alN(R), (Ve M),

kesp k€3p

which gives that
O_lka(Tl) = @kxk(ﬁ).

Since @& > 0 and a > 0, there is no 7t € M satisfying
NHm) < NHR), N < NY(R),
Ni(m) SN(m), N () <N (),
NE) < RH(7), RU(m) < NU(R).
Hence, the solution 7t is a weakly LU-Pareto to (CIMP). [J

6. Duality

Mond-Weir type dual formulation for (CIMP):
(MDCIMP) ~ maximize  N(0) = (N1(0), 82(0), ..., Ry(0))
= (IN}(0), XY (0)], [N5(0), RY' (@), ..., [N} (0), R}/ (0)]),

s.t. 0 € cl( Z aﬁ conv Q*Nﬁ(o) + oz,';’ conv B*Ng(a)

ke3,

+ Z Bi conv d"¢;(0) + Z pj conv d*YP;(o) + Nc(o)),

i€3,,(0) jeg;
Bii(0) 2 0 (i € Ju(0)),
piYi(@) =0(G=1{1,2,...,1}),

a">0; a' =(@y,...,ah,
Bi 2 0(i € I(0)),
Br=0(r ¢ Iu(0)),
pieR(je ),
oeC.

Let M, be the set of all feasible solutions to the problem (MDCIMP). Define a := (af)ke3,, a' := (a3,

B = (Biies,, and p := (pj)jeg;-
We construct a Mond-Weir type dual model in the following example for our discussions.
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Example 6.1. Let X = R?, C = [0,2] X [0,2]. Let 8¢ (k = 1,2) be mapping from R?* into S defined by Ni(r) =
[Np(r0), R ()] such that

4 1 _ 5_
N%(n):{nlzcosﬂ1 T — T, 1 # 0

7 7‘[120

NU() n2s1n—+n2+n2, o #0
a —sinmy + 1, T, =0

n + 72 120
N5(n) = 2~
e +n2+n1 3, m<0

Nu()— n1+n +5, 120
n1+n 1 <0

for t = (111, Mp) € R2. Define functions ¢, ¢ : R> — R by
¢(ﬂ) =1- eml
l/’(ﬂ) =T —

Then, N(n) < NU (m) for k = 1,2. It is clear that the point 7t = (0,0) is a weakly LU-Pareto solution of the
interval- Ualued multlob]ectwe programming problem given by

minimize  N(7t) = (N1(71), N2(71))

= (IN% (), R ()], N5 (), NE ()]),
s.t. neM:={rnel0,2]x[0,2]: p(n) £0,yY(m) =

We have M = {(m1, ) € R? : my = 1p, 0 £ my £ 2). The Mond-Weir dual problem of (MDCIMP) where
0 = (01,02) € [0,2] x[0,2], Tc(o) = R%, Ne(o) = R?, and

INHo) = 4o?cos$ +U%siné ~50¢-1, 01>0
(_1/ 0)/ (0/ 0)/ 01 = 0

;U _ ©0,1), 02>0
IRi(0) = {(o, ~1),(0,1), 0,=0

IRL(o) = -302, 205, 01>0
2 (0,0),(1,0), 01=0

* oo Ll _ (1/0)/ 01>0
axﬂ@_{L%@im,m=0

IP(0) = {(-1,0)
IY(o) = (1, ~D)}.

Theorem 6.2. (Weak duality) Let 7 be any feasible point to the problem (CIMP) and (o, at, &, B, p) be the feasible
point to its Mond-Weir dual (MDCIMP), respectively. Furthermore, suppose that
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(i) I'Ni(0), N (0) (k € 3), I"B1p1(0), ..., Budm(0), 8" p11(0), ..., " pipi(0) are the upper convexificator
of the functions NE, NISI (k€ 3p), Pr1P1, - - -, PP, P11, - - ., prhr at a point o, respectively, and one of the upper
convexificators of 9*Ni(0), "N (0) is upper regular,

(ii) the function ¥y, (aixé + a,lfx}(l) is asymptotic pseudoconvex at point o on C, Bi; is asymptotic quasiconvex
at point o on C (¥ i € 3,,(0)), pj\j are asymptotic quasilinear at point o on C for all jin £, C is convex.

Then Ni(1) £Lu Ni(0).

Proof. Since (0,ak,aY,B,p) € M, there exist %]({”)L € conv J'N(0), }tl({")u € convd'N(0) (k€ 3p), CZ(.") €
convd* (Bi;)(0) (i € I,(0)), ,,zj.") € convd'(pjj(0)) (j € £1), E™ € Nc(o) satisfying

_ 1 L (mL u (n)U (n) (n
0—}1_&10[2(0(,(%1( +agn ) Z‘C +ZH +5]

~

€3y i€3,,(0) i€y

therefore, for m € M, we obtain

lim <Z(aL oLy aflx (")u) - a> + Z hm<C( -0)

n—00 n—0oo
ke3, i€3(0)

: m . _ : n) - _ _
+Z’}g§o(yj ,TC 0)+;}g{}o(é ,t—o)y=0. 17)
]EQ/
For any m € M, we have f;¢;(r) £ 0 £ fidi(0) (Vi € J,,(0)). Applying asymptotic quasiconvexity to functions
Bii at point o (Vi € J,,(0)), we get

Hm(C", m—0) <0, Ve M. (18)

n—oo

Moreover, we have p;i;(m) = 0 = pjij(0), and therefore, using the definition of asymptotic quasilinearity,
we obtain

lim (1", 7w~ 0) = 0, Vi € M. (19)
n—oo
Due to the convexity of C, we get

lim (cS ,m—0y<0, Ve M. (20)

n—oo

By linking up (17)-(20), we have

lim <Z(aﬁ%,ﬁ")L +alx™), - a> 2 0.

n—oo
=
ke3,

As 9"N(0) and 9"N/(0) (k € T,) are upper regular at point ¢ for at most one of the upper convexificators, it
is clear that the function } ¢y (a; IN¥(0) + af'NY(0)) has an upper convexificator zkesp(a;a*xg + alo"NY) at
a point o, and therefore, using asymptotic pseudoconvexity of ¥.ie3, (N + a/N/), we obtain

Z(aw( )+ alINY(n)) 2 Z(a,ng(o) +aI8U(0)), Yr e M, (1)
ke3p ke,

which gives

Ni(10) £Lu Ni(0). (22)
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In case it is not so, then
Ni(m) <cu Ni(o),
which is equivalent to any one of the three given relations
N,f(n) < N,f(a), ng(n) < ng(a),

NHm) S NH@),  NU() < KU(0),

N,f(n) < N,f(a), ng(rc) < N,g(a).

Since at, at > 0 and from the above inequalities, we get the contradiction to inequality (21), and therefore,

we conclude that the inequality (22) holds. O

Theorem 6.3. (Strong duality) Let the solution 7t be local weakly LU-Pareto to (CIMP). Suppose that all the assump-

tions of Theorem 4.3 are satisfied. Then there exist a-, at > 0, where a* = (ak, ... ,ds), a' =@y, ... ,a‘zy), Biz0

foralliin3, (%), and p; € R forall jin £ suchas (7, at, a4, B, p) is a feasible solution to the dual problem (MDCIMP)
giving the same objective value as that of the problem (CIMP) at their respective feasible point. Furthermore, if the
second assumption of Theorem 5.4 is satisfied, then (7, at,a", B, p) is a weakly LU-Pareto solution to (MDCIMP).

Proof. As the solution 7 is local weakly LU-Pareto to (CIMP), therefore, by Theorem 4.3, we conclude that
dat >0, a¥ >0, ;20 (YieSIu(n), pj € R(Y j € £ satisfying

0 € cl( Z Ezé conv Q*Né(ﬁ) + 5(,&1 conv 8"8,&1(7‘1)
ke3,

+ Z Bi conv I () + Z pj conv J"Y;(7) + ]Nc(ﬁ)).

€3 (7) e

Ifi ¢ 3,(7), and let B; = 0, then (7, at, aY, B, p) is a feasible point of the dual problem (MDCIMP), and the
value of the objective functions of the problem (CIMP) at the feasible point 7t is the same as that of the value
of the objective function of its corresponding dual problem (MDCIMP) at (%, @, aY, B, p). Furthermore, if
assumption (ii) of Theorem 5.4 is satisfied, then all the hypotheses of Theorem 6.2 are also satisfied. Hence,

Ni(71) £ru Nr(0),

for every feasible point (7, ab, o, B, p) of (MDCIMP). Consequently, there does not exist any feasible point
(m,ak,aY, B, p) € My so that R(7) <pu Ni(0). Therefore, (i, ak, aY, B, p) is a weakly LU-Pareto solution of the
dual problem (MDCIMP). O

Wolfe-type dual formulation for (CIMP):

m !
(WDCIMP)  maximize  N(0)+ Y B ¢i(0) + Y . p; 91(0),
i=1 =1

s.t. 0 € cl( Z ai conv &*Né(o) + alg conv 8"8,&1(0)

ke3,
+ Z Bi conv d"¢;(0) + Z pj conv d"Y;(o) + Nc(G)),
i€3,(0) jEEl

a->0; at=(@a},...,ak),
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a'z0;a"=(@f,...,a)),
ai + a]%[ =1,
Bi 2 0 (i € Iu(0)),
Br=0(r ¢ 3u(0)),
pieR(jeg),
oeC.

Let M, denote the set to all feasible solutions of the problem (WDCIMP). We construct a Wolfe-type dual
model in the following example for our discussions.

Example 6.4. Let X = R?, C =[0,2] X [0,2], & = (0,0). Let 8¢ (k = 1,2) be mapping from R? into S defined by
Ni(m) = [NL(r), RU()] such that

2 2
N%(n) _ {—57‘(1 —-n5—4, 20

511 + 73 -2, m <0
Nu() 7'[1+3T[2+8 T, 20
1 37T2, 7'(2<0
NL() 71 +71 120
2 n +7—-9 71 <0
Nu() 1 + 312 + 5, 120
2 -7, + 37 + 5 1 <0

for 0 = (111, mp) € R2. The functions ¢; : R> > R (i = 1,2) and ¢ : R* — R are defined by
(Pl(Tt) = 71% + T
Pa(m) = 7'(% + 271
P(n) = nf - .

It is clear that the point 7t = (0, 0) is a weakly LU-Pareto solution to the multiobjective interval-valued programming
problem:

minimize (1) = (R1(), Ra(m))

= ([N (), N ()], [N5 (), R¥ ()]
s.t. neM:={rne[0,2]x]0,2]: nl—rcz}
The Wolfe-type dual formulation is identical to (WDCIMP), where o = (01,02) € [0,2] X [0,2], and Tc(o) =
R?2, Nc(o) = R?, and

oL _ (—1001,—202), 01>0
THi0) = {{(o, 06,0, 01=0

%o L] _ (1/3)/ 0 > O
TR = {(1, -3),(1,3),  02=0
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201,202), 01>0
a*xL — (
@ {(o, 0,01, 01=0

(1/ 3)/ (_L 3)/ 01=0
d"¢1(0) ={(0, 1)}
d"Pa(0) = {(2,0)}
JI'YP(o) = {(0, -1}

Theorem 6.5. (Weak duality) Let the feasible solutions 7 to the problem (CIMP) and (o, ok, aY, B, p) to its Wolfe-
type dual (WDCIMP) satisfy the following two conditions:

0) 8*8,2(0), 8*8,';’(0) (k € 3p) and d"B1§p1(0), ..., BuPu(0) are the upper convexificators of the functions
Nﬁ, N,’;’ (k € 3Jp) and P11, ..., PuPm at a point o, respectively, and at most one of them must be upper
regular. The functions Y, ..., Y are Giteaux differentiable at a point ¢ with corresponding Giteaux derivatives

Veihi(o),..., Veihi(o),

(if) The function Yey, agNp + &N + Yies, o) Bidi + Ljee, pjj is asymptotic pseudoconvex at point o with
respect to C.

Q*Ng(a) — {(1/3)1 o1 > 0

Then,
m )
N(m) #1u Ne(0) + ) i pi(o) + Y p; (0.
i=1 j=1

Proof. As per Proposition 3.1 of Jeyakumar and Luc [12], 9"¢;(0) := {V1;(0)} is a convexificator that is both
lower and upper regular of ¢; j ata point 7t (V j € &). Moreover, (o, ak, ol B, p) € M,, therefore, there exist

%" € conv I"RL(0), " € conva'RU(0) (k € ), T € convdi(0)(i € Iu(0)), E™ € Ne(0) so that
0= &1_{1010 [ Z (aé%l((n)L + af%(n)u) Z ,Biqn) + Z p]'Vchj(G) + E(H) .
ke, €3, (0) jeg

Thus, for m € M, we have

lim <Z(o¢£%(")L +ax (”)u) — o> + Z ﬁj(an)/ T —0)

n—oo

ke3p €3, (0)
+ Y piVey (), m— o) + (W, - a)] - 0. (23)
jEﬁ[
Using the fact C is convex, we can conclude that
lim (W, m—0) £0; VY e M. (24)
n—o0

Combining (23)-(24), we get

: L (nL (n)U (n . _
}}E?O <Z(0¢k%k +ak ), T — a> Z BiKC, T —0)

kE\Sr, i€3,(0)

+ Y piVet (o), m - a>] >0, (25)

]’EQ[
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Since the function Yy (N +a!N) + L1y Bi i+ Z,é:l p;j ¢ has an upper convexificator ¥y ("N (0) +

aloR1(0) + LiL, Bi 9" di0) + 23:1 p;jVcipj(o) at a point g, therefore, using asymptotic pseudoconvexity at
Zkesp(aixi +a!N) + YL i i + ):;:1 p; ;, for all m € M, we obtain

m 1
Y (@EREm) + alINU () + Y i gim) + Y pjii()
i=1 j=1

ke3,

m !
2 ) (@IRE(@) + alNU(0) + Y i ¢u(@) + ) piih(0).
i=1 =1

ke

The fact that ¢;(m) £ 0 (Vi€ (1), ¢j(n) =0 (Y j€ (L)), B =0 (¥r ¢ Ju(0)) implies

m 1
Y (@REm) + @S () 2 Y (@fRE©) + al'RT@) + Y i pilo) + Y piis(0). (26)
i=1 =1

ke‘:sp kESp

Thus, we have

m )
Ri(m) #1u Ne(0) + ) Bi pil0) + ) pjthi(o). 27)
i=1

=1

In case it is not so, we get

m )
Ni(m) <t Ne(@) + Y i $i(0) + Y pjiy(0),
i=1

j=1

which is equivalent to any one pair of conditions given below

m 1
NE(m) < NE©) + Y i ¢ul0) + ) piip(0),
i=1 j=1

m l
NU(m) < N(o) + Y Bi i(0) + Y pii(o), (28)
i=1 =1
or ]
m i
NE) S NE@) + Y i oilo) + Y pi(0),
i=1 =1
m !
NI () < N(o) + Y Bi u(0) + Y pji(o), (29)
i=1 j=1
or

m 1
NEm) < NE@) + Y i pilo) + Y pi(0),
i=1

j=1
m 1

NU(m) S RU(0) + Y Bi pil0) + Y. pjibi(o). (30)
i=1 j=1

Since a" 2 0, a 2 0 and Yey, (ale + a}(l) =1, we get a contradiction to inequality (26) with the help of any

one of the pair of inequalities mentioned above. Hence, inequality (27) holds, and the proof is complete. [
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Theorem 6.6. (Strong duality) Let the local weakly LU-Pareto solution 7t to the problem (CIMP) satisfies assump-
tions of Theorem 4.3. Then there exist a*, at > 0, where a* = (af, ... ,Ev}%), at = (@al,... ,07;’[), Bi 20 foralliin
SIu(m), and pj € R for all j in L such that (7, a", a", B, p) becomes a feasible point to the dual problem (WDCIMP)
and the value of the objective functions of the problem (CIMP) at the feasible point 7t and its dual problem (WDCIMP)
at (7, at,ak, B, p) are equal. Furthermore, if assumptions of Theorem 6.5 are satisfied, then (,at,a", B, p) is a
weakly LU-Pareto solution of (WDCIMP).

Proof. Since the solution 7 is local weakly LU-Pareto to (CIMP), therefore, using Theorem 4.3, we conclude
that there existat > 0, a¥ >0, B; 2 0 (Vi € J,,(7)), pj € R(¥ j € &) satisfying the condition

0 € cl( Z c‘vi conv &*Né(ﬁ) + 0‘(}(1 conv 8*?4,%[(7‘1) + Z Bi conv 9" ¢;(7)

k€3, €3, (7)

+Y pj conv @*y(7) + ]NC(TZ)).
jeg
Take B; = 0 for i ¢ J,,(7). Consequently, (7, at,ay, B, p) becomes a feasible point of the dual problem
(WDCIMP), and the value of the objective functions of the problem (CIMP) at the feasible point 7 and
its dual problem (WDCIMP) at (7, at, @Y, B, p) are equal. Furthermore, it satisfies all the assumptions of
Theorem 6.5; therefore, we can conclude that for every feasible point (7, at, a4, 8, p) of (WDCIMP),

m [
R() #1u Ni(0) + ) Bi ¢1(0) + ) pjii(o). (31)
i=1 =1
Consequently, there does not exist any feasible point (1, a", a!, B, p) € M, satisfying
m 1
Ne(7) <tu Ru(0) + Y i $i(0) Y pjj(0),
i=1 j=1

which contradicts inequality (31). Therefore, (7, at,ay, B, p) is a weakly LU-Pareto solution of the dual
problem (WDCIMP). O

7. Conclusions

The objective of this paper is to study anonsmooth interval-valued multiobjective programming problem
for local weakly LU-Pareto solutions. It should be noted that Banach space has previously been used
for interval-valued programming problems and that it is characterized by equality, inequality, and set
constraints. Under the Mangasarian-Fromovitz-type constraint qualification (CQ), we were able to deduce
the Karush-Kuhn-Tucker type necessary conditions for local weakly LU-Pareto solutions of (CIMP). Using
the stronger Mangasarian-Fromovitz-type constraint qualification (SCQ), we find the nonzero component
of Lagrange multipliers equivalent to the objective functions. The necessary KKT criteria will become
sufficiency criteria under adequate assumptions. The Mond-Weir dual problems (MDCIMP) and Wolfe-
type dual problems (WDCIMP) have been discussed, and weak and strong duality theorems have been
derived.
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