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Coincidence of relatively expansive maps
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Abstract. Let C be a bounded closed convex subset of a uniformly convex Banach space, and let f and g
be selfmaps of C such that f is expansive relative to g. Without assuming compactness of C, we show that

f and g have coincidence points, and they have common fixed points if they commute. As a consequence,
we derive the fixed point theorem of Browder-Gohde-Kirk.

1. Introduction

Let (B, |I-|l) be a Banach space and C be a set of B and let f, g: C — C be given maps. We say that f (resp.
g) is expansive relative to g (resp. nonexpansive relative to f [1]) or g-expansive (resp. f-nonexpansive) if

llgx — gyll < l|fx — fyll forallx,y € C.

An expansive or a nonexpansive map relative to the identity map is simply called expansive or nonex-
pansive map, respectively. After the independent publications of the important fixed point theorem for
nonexpansive maps by Browder [2], Gohde [3] and Kirk [4], a particularly short and elementary proof was
given by Goebel [5]. Due to the importance of this theorem, it has been generalized to handle wider classes
of maps. For the most recent publications, we refer the reader to [6-8].

One of these research directions was to study the existence of coincidence points, which may be roughly
classified into two main classes. The first concerns a whole family of maps as in the works of Belluce
and Kirk [9] and Bachar and Khamsi [10], while the second deals with the relative nonexpansiveness as in
papers of Park [11] and Latif and Tweddle [12]. In both classes, some sort of compactness and commutativity
assumptions are required.

We intend here to investigate the second class using the fine geometric structure of the underlying
Banach space instead of assuming compactness of the domain. More precisely, we show that f and g have
coincidence points when f is g-expansive, continuous, linear or affine and C is bounded, closed, convex set
of a uniformly convex Banach with some additional conditions on f(C) and g(C). Moreover, if we assume

that f and g commute, we show that they have common fixed points. As a consequence, we derive the
fixed point theorem of Browder-Gohde-Kirk.
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2. Preliminaries

Let B be a Banach space endowed with a norm || - || and O be its zero element. The modulus of convexity
is a function 6: [0,2] — [0, 1] given by

5(e) =inf{1— Llx + yll : Il < 1, Ilyl < 1and flx - yll > e}

The Banach space B is said to be uniformly convex if the modulus of convexity 0 is positive on (0, 2]. Note
that 6(0) = 0. Recall now the result of Browder-Gohde-Kirk.

Theorem 2.1. Let C be a bounded closed convex subset of a uniformly convex Banach space. If a map g: C — C s
nonexpansive, then it has a fixed point.

Note that the convexity structure in Theorem 2.1 is not superfluous, since it may occur that g is fixed
points free, see for instance [13]. If B is uniformly convex, then 6, which may be assumed to be increasing
on (0, 2], satisfies

lla — x|l <r
la—yll <7 = |la—3(x+yll < (1-0(e)r.
llx =yl >er

Remark 2.2. If B is the inverse of 6, then lim;_,o B(t) = 0. For further details on these functions see [14].
Lemma 2.3 ([5]). Ifx,y,z € Bsuch that ||z — x|| <R, |lz— yll < Rand ||z — 3(x + y)l| > 7 > 0, then

llx = yll < RB(1 - %).

3. Coincidence points of relatively expansive maps

In order to obtain our first theorem, we start by establishing a preliminary result. Here and below, we
assume that 0 € C.

Proposition 3.1. Let C be a bounded closed convex set of a Banach space (B, ||||) and let f,g: C — C be given maps
such that c1(g(C)) C f(C). If f is linear, continuous and g-expansive, then

inf{||[fx —gx|]| : x € C} =0.

Proof. Fore € (0,1),leth, = € g. We shall show that cl (i.(C)) € f(C). Since cl (¢9(C)) € f(C), thenif {x,} c g(C)
is a convergent sequence, its point of convergence is in f(C). Let € € (0, 1) and take a convergent sequence
{yi} € h:(C) to some point y°, and we shall show that y* € f(C). From {y} € h.(C), we deduce that there
exists a sequence {x,} C g(C) such that y;, = € x,,. Since {y}} is convergent, then so is {x,,}, and it converges in
f(C). Hence, {x,} converges to x = ¢ 1y¢ € f(C), so there exists z € C such that x = fz. By using the linearity
of f and the convexity of C, we deduce that

Yy =¢ex=c¢fz=f(ez).

This proves that y* € f(C) and therefore cl (1.(C)) € f(C).
Next, we have

hex = heyll = € llgx — gyll < ellfx = fyll,
then by [15, Corollary 2.2] follows that f and k. have a coincidence point x,, say. Thus
”fxs - gxsll = ||hex. — gxs” =|le gxXe — gxs” = (1 - g)||gx£|| <(1- 5) [

where p is the diameter of C. The result follows by letting ¢ tendsto 1. [
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Remark 3.2. The condition cl(g(C)) C f(C), which was used in the following short list of references [16-25], can
be easily satisfied if for example g(C) C f(C) and f(C) is closed or f: C — C is surjective [26, 27], see also the
application below. For the proof of this inclusion in the case of a fractional differential equation see [25, Lemma 1.16].

We next present the first main result.

Theorem 3.3. Let C be a bounded closed convex subset of a uniformly convex Banach space (B, ||-|[)and let f,g: C — C
be two maps such that c1(g(C)) € f(C). If f is linear, continuous and g-expansive, then f and g have a coincidence
point.

Proof. Let € € (0,1). Define

C. = {x eC:lfx—gx| < e},
and

D, = {x eCe:lxll<a+ e},

where a = lim,_,¢ inf{||x|| : x € C.}. We shall show that the intersection of all sets C, is nonempty. Otherwise
if a > 0, it follows by Proposition 3.1 that every C; is closed and nonempty. Take x and y two elements in
Ceandletz = %(x + ), then for

R = 3lIfx - fyll +¢,

and by linearity and expansiveness of f, we get

lIfx = fzll < 3llfx = fyll < R, (2.1a)

lIfx = gzll < lIfx = gxll + llgx = gzll < & + 51| fx = fyll < R.. (2.1b)
Similarly, we have

Ify = f2ll < 3lifx = fyll <R, (2.2a)

Ify =gzl < fy = gyll + llgy — g2l < & + 31l fx = fyll < Re. (2.2b)
Using the triangular inequality, then one of the following inequalities holds:

Ifx=3(fz+g2)ll =71, (2.3a)

Ify = 3(fz+ g2l =7, (2.3b)

where r = %Ilfx — fyll. We deduce, by Lemma 2.3, (2.1), (2.2) and (2.3) that,
I1fz - g2ll < Rp(1 - )
<sup{(t+e)p(:£):0<t <)
< max(sup{(t + é)ﬁ(m) (0<t< Ve e},
sup{(t+ e)ﬁ(m) ce—e<t< g})
< Ple) =max(2Ve, (§+e)B(ve)).

Thus if x, y € C,, then z € Cy,). Clearly lim. o ¢p(e) = 0
Letx,y € D¢, so||x]| <a+ ¢ and [yl < a + ¢, and since z € Cy(), we deduce that ||z > ay = inf{||x]| : x €
Ce(e)}- Now, using again Lemma 2.3, we obtain

diam(D.) := sup, yep, I = ¥l < (@ + B (7).

and thus lim,_,g diam(D,) = 0. We deduce by Cantor’s theorem that the intersection of all D, is nonempty,
and so is the intersection of all C.. We conclude that f and g have a coincidence point. [
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Remark 3.4. From the proofs of Proposition 3.1 and Theorem 3.3 it is clear that the linearity of f can be replaced by
the following property:

f(Ax) = Af(x), forall A € (0,1) and x € C. (P)
The following corollary follows immediately from Theorem 3.3.
Corollary 3.5. Theorem 2.1 is a particular case of Theorem 3.3.

We next show that Proposition 3.1 remains true if f(C) is O-starshaped and f is not necessarily linear,
where a set M C B is said to be O-starshaped if Ax € M whenever A € [0,1] and x € M.

Proposition 3.6. Let C be a bounded closed set of a Banach space (B, ||||) and let f,g: C — C be given maps such
that cl(g(C)) € f(C) and f(C) is O-starshaped. If f is continuous and g-expansive, then

inf{||fx—gx|l:xeC}=0.

Proof. We only need to show that cl (1.(C)) € f(C) in the proof of Proposition 3.1. This follows from the fact
that

Yy =ex=¢fze f(C),
because ¢ € (0,1), f(z) € f(C) and f(C) is O-starshaped. [

In the next result, we assume that f(C) is O-starshaped and that f is affine, that is, fx = Tx + 0, where
T: C — Cis alinear map.

Theorem 3.7. Let (B,||-l]) be a uniformly convex Banach space and C be a bounded closed convex set of B. Let
f,9: C — C be two maps such that c1(g(C)) C f(C) and f(C) is O-starshaped. If f is affine, continuous and
g-expansive, then f and g have a coincidence point.

Proof. Let ¢ € (0,1). Define
Co={reC:lfx—gxl<e},
and
D, = {x €Ce: x|l <a+ e},

where a := lim,_,o inf{||x|| : x € C.}. We shall show that the intersection of all sets C, is nonempty. Otherwise
if a > 0, it follows by Proposition 3.6 that every C, is closed. Take x and y two elements in C, and let
z = 3(x + y), then for

R = 1Ifx— fyll +¢,
and by using the linearity and the expansiveness of f, we get
Ifx = fzll < llfx = T(3(x +y)) — fOIl < R,
lfx —gzll < |lfx — gx|l + llgx — gzll < € +|fx — fzl| < R..
Using the triangular inequality, then one of the following inequalities holds:
Ifx = 3(fz + g2)ll = 3lIfx — fyl,
Ify = 3(fz + g2)ll = 3l fx - fyll.

The remaining of the proof is exactly as the proof of Theorem 3.3. [
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4. Common fixed points of relatively expansive maps

We start with a preliminary result.

Proposition 4.1. Let C be a bounded closed convex set of a Banach space (B, ||||) and let f,g: C — C be commutative
maps such that c1(g(C)) C f(C). If f is linear, continuous and g-expansive, then

inf{llx — fx|l + || fx — gx|l : x € C} = 0.

Proof. For € € (0,1) let h, = € g. As in Proposition 3.1, we show that cl (4.(C)) € f(C). Next, it is not difficult
to see that f and h, commute whenever f and g do. Moreover, we have forall x,y € C,

hex = heyll = ellgx — gyll < e llfx = fyll.

Hence, by [15, Theorem 2.1], f and each /. have a unique common fixed point x,, say. Hence
llce = fxell + 11 fxe = gxell = [Ihexe — gxell = (1 = e)llgxell < (1 - €) p,

where p is the diameter of C. Hence, the result follows as ¢ tends to 1. [

Theorem 4.2. Let (B,|||]) be a uniformly convex Banach space and C be a bounded closed convex set of B. Let
f,9: C = C be commutative maps such that cl (g(C)) C f(C). If f is linear, continuous and g-expansive, then f and
g have a common fixed point.

Proof. For a positive € € (0,1), let
Coi={xeC:lx—fxl+lfx-gxll <e),
and
De={xeC:ll<a+e,

where a = lim,_,o inf{||x|| : x € C.}. We shall show that the intersection of all sets C, is nonempty. Otherwise
if a > 0, it follows by Proposition 4.1 that every C, is closed. Take x and y two elements in C, and let
z = 1(x + y), then by linearity of f, we get

llz = fzll < %llx = fxll + 2y — fyll < e.
Now, take
R, = %llx— yll+& and R):= %Ilfx—fyll + é&.
Hence, we obtain
b= f2ll < llx = 2ll + llz = f2ll < Re, (4.1a)
ly = fzll < lly — zll + Iz — fzll < Re. (4.1b)
Similarly, and by using the expansiveness of f, we obtain
lfx =gzl < llfx — gxll + llgx — gzll < e +||fx = fzll < R, (4.2a)
Ify = gzll < Ilfy — gyl + llgy — gzll < & + llfy — fzll < R.. (4.2b)
Observe also that we have

Ix—zl| <R and [ly—z|| < R.. (4.3a)
Ifx—fzll <R and |lIfy— fzll < R. (4.3b)
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Using the triangular inequality, then either
Ilx=3(fz+2)l=r or ly-3(fz+2l =71, (4.4)
where 7 = %llx — yl|. Similarly, either

Ifx=3@gz+ f2ll>7 or |fy—3igz+fl=7, (4.6)

where ' := 1||fx — fyll. So, by (4.1)~(4.5), and by applying twice Lemma 2.3, we obtain

||Z—fZ||+||fZ—gz||§Rgﬁ( _R%)"'R,gﬁ(l—lg—;)
<2supf(t+e)p(s5): 0t < §f
SZmax(suP{(t+€)ﬁ(ﬁ):0§tg \/E—e},
sup{(t+£),8(%): Ve—e<t< g})
< ¢(e) = 2max (2 Ve, (5 +e)B( \/E))

Therefore z € Cy), if x,y € C. and lim. o P(¢) = 0. Finally, we conclude as in Theorem 3.3 that the
intersection of all C, is nonempty. Hence f and g have a common fixed point. [J

™

Proposition 4.3. Let (B, ||-||) be a uniformly convex Banach space and C be a bounded closed convex set of B. Let
f,g9: C — C be given maps such that c1(g(C)) C f(C) and f(C) is O-starshaped. If f is continuous and g-expansive,
then

inf{|lx — fx|| +||fx — gx|| : x € C} = 0.

Proof. The proof is similar to that of Proposition 4.1 except for the proof of cl (h.(C)) € f(C), which is similar
to that of Proposition 3.6. [

Theorem 4.4. Let (B, ||-|]) be a uniformly convex Banach space and C be a bounded closed convex set of B. Let
f,9: C — C be two maps such that c1(g(C)) € f(C) and f(C) is O-starshaped. If f is affine, continuous and
g-expansive, then f and g have a common fixed point.

Proof. For a positive ¢ € (0, 1), let
Co=|reCilx— fall +llfx - gall < ),
and
D, = {x €C.: x|l <a+ e},

where a = lim,_,¢ inf{||x|| : x € C.}. We shall show that the intersection of all sets C, is nonempty. Otherwise
if a > 0, it follows by Proposition 4.3 that every C, is closed. Take x and y two elements in C, and let
z = 1(x +y). Observe first that by convexity of C and the affinity of f, we have

llz = fzll < i +y) = TG + 1) = fOIl < Ll = fxll + Ly - fyll < &,
and that

Ifx = fzll < Ilfx — T (x + y)) — Ol < Ll fx — fyll,

Ify = f2ll < IIfy = TG + ) = £Oll < 3lIfx = fyl.
Now, take

R, =3llx—yll+e and R :=1ilfx-fyl+e.



M. Berzig / Filomat 38:27 (2024), 9633-9641 9639
Hence, we obtain

llx = fzll < llx = zll + l|lz = fzll <R,
ly = fzll < lly —zll + llz - fzll < R..

Similarly, and by using the expansiveness of f, we obtain

Ifx = gzll < llfx = gxll + llgx — gzll < € +||fx = fzll < R},
Ify = gzll <l fy — gyll +llgy — gzll < e + ||fy - fzll < R.

Also, we have

Ilx—zl<R., lly-zl<R. lfx-fzZll<R; and |Ify - fzll <R
Using the triangular inequality, then either

lx=3(fz+2l2r or ly-3(fz+2)l=r,

where r := %llx — yl|. Similarly, either

Ifx =L@z + f2)ll =7 or |fy—2Ligz+f2l>7,

where ' := §||fx — fyll. The remaining of the proof is similar to the proof of Theorem 4.2. []

5. Application

Let X be a real Hilbert space endowed with the scalar product (-|). We show that a solution of the
following differential equation must satisfies certain periodicity property,

fx(®) = k(t, x(1)), (6.1)
where here the initial condition is given by
x(0) = xg. (5.2)
Theorem 5.1. Let (X, (-|-)) be an Hilbert space and p > 0 is fixed. Assume that:
(@) The function f: X — X is continuous and satisfy the property (P).
(b) The function k: [0, +00) X X — X satisfies:
(i) k(t +p,x) =k(t,x) forall t € [0, +00) and x € X,
(if) (k(t, x(t)) = k(t, yO)f(x(t) = f(y(#))) <0 forall t € [0, +00) and x,y € X.
(c) There is a real number R > 0 such that for all (t,x) € [0, +00) X X with ||f(x)|| = R, we have

(k(t, x(B)If (x(#))) < O.

(d) The initial-value problem (5.1)-(5.2) has a solution x: [0, +00) — X for all xy with ||fxol| < R.

Then the differential equation (5.1) has a solution which satisfies

f(®) = fx(t +p)).
Remark 5.2. The condition (d) may be fulfilled if for example we can apply [25, Theorem 1.4].
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Proof. Let u,v: R — X be maps into Hilbert space (X, (-|-)) which are differentiable with respect to . Then
we have the following formula:

DI0) = (W OR() + @Ol ).

If x and y are two solutions of (5.1) on [0, +c0), then it follows from (b)-(ii) that

%(Ilf(x(t)) = FIP) = 2(k(t, (1)) = k(t, yOIf (D) = f(y(1) <0, (5.3)
which implies
I1f@(®)) = fFy@EI < 11f(x(0)) = f(yO)Il for all £ = 0. (5.4)

Hence f(x(0)) = f(y(0)) implies that f(x()) = f(y(t)) for all t > 0.
Define the function L(x) = ||f(x(#))||> on X. Observe that for a solution of (5.1) on [0, +o0) with || f (x(£))|| = R
and t € [0, p], we have by (c) that

d
2L (®) = 2(k(t, ()| f (x(1)) < 0. (5.5)
Let M = {fx € X: ||fx]| < R}. For fxy € M, we define the operator g by

9x0 = f(x(p)), (5.6)

where x(+) is a solution of (5.1)-(5.2). We deduce from (5.5) and the definition of L that

£ QDI < N CeODI = llfxoll < R,

and this means that t — f(x()) remains in M for t € [0,p]. Observe also that M is closed and bounded,
thus its image by the continuous function f will be closed, we deduce by definition of g that we have
cl(g(M)) € f(M) € M. The operator g is f-nonexpansive, since by (5.3) and (5.6) we have

llgxxo = gyoll = 11 f(x(p)) = f (P
< If(x(0)) = F Ol = llfxo = fyoll.

We conclude by Theorem 3.3 that f and g have a coincidence point, which is a solution of (5.1) and satisfies
f(x(0)) = f(x(p)). Now, to see that f(x(t)) = f(y(t)), where y(t) = x(t + p) note that by (b)-(i) if t — x(f) is
solution of (5.1) implies that t — y(t) is also its solution. Further, y(0) = x(0) so f(y(0)) = f(x(0)) and by
(5.4), we have f(x(t)) = f(y(t)) for all t > 0, that is, f(x(t)) = f(x(t +p)) forallt >0. O
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