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Abstract. In this work, we generalize the notions of T-sets to a larger framework, and we establish

the existence of a generalized solution for nonlinear elliptic equations, involving variable exponents and
measure data.

1. Introduction

The present work, is devoted to the study of a nonlinear elliptic problems with variable exponents and
measure data, motivated by theirs applications in the description of many phenomena in applied sciences
(physics in nonhomogeneous materials, electro-rheological fluids and image processing [7]).

Let Q be a bounded open subset of R¥(N > 2) with Lipschitz boundary 9Q). We consider the following
elliptic problem

—div (a(x,u,Vu)) = p in D'(Q), 1
u=0 on &Q, ( )

where u € M(Q) is a bounded Radon measure. Here, we suppose that a : Q X Rx RYN — RN, is a
Carathéodory function and satisfies, for a.e. x € ), ¥s € Rand V&, &’ € RY, the following assumptions

a(x,s, £).& > 1P, (2)
lax,s, &) < ca (I00) + sPO 7+ |EPDT), 1 FO(Q),

3)
(a(x,s,&) —a(x,5,&) - (E-&)>0, £+, 4)

where c1, ¢ are strictly positive real numbers, and p : Q— (1, +0) be a continuous function satisfying the
following condition

1<p” =minp(x) <p" = maxp(x) < N.
x€Q xeQ)

(5)
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To find a solution in the Sobolev space Wé’q(‘)(Q), then the function g(-) must satisfy the condition

1<q(x) < % for all x € Q. This condition is discussed in [5] and implies that p~ > 2 — % Therefore,

whenp™ € (1,2 - %) one cannot anticipate solutions to be part of W(Q). As a result, the notions of weak
derivatives and distributional solutions become problematic. This problem is studied in the literature using
the notion of entropy/renormalized solutions.

In the constants case (i.e p(x) =p > 2 - %, The authors in [6] proved the existence of solution u € W(l)’q(Q)

: N(p-1)
with1 <gq < 5.

shown the existence of generalized solutions to (1) by introducing the notion of Lé’p— sets.

The general case where 1 < p < N was treated by Rakotoson in [20-22], the author have

Our aim in this paper is to extend the notion of Lé’p - sets and define a new class of solution in which
the problem (1) is well posed. The main difficulty in solving problem with measures lies in obtaining an a
priori estimate in Lebesgue space L*"(Q). However, we overcome this difficulty by using some properties
achieved by a new type of sets.

2. Variable Lebesgue and Sobolev Spaces

In this section we recall some facts about the generalized Lebesgue— Sobolev spaces LP")(Q2) and Wé’p (- (Q).
For further details, we refer to the following references: [2, 3, 8, 9, 11, 12, 15-19, 23, 24], as well as the
references cited therein.

Consider a continuous function p : Q — [1, o), where Q is an open subset of RN(N > 2). The variable
exponent Lebesgue space LP1)(Q) represent the space of measurable functions f(x) on Q satisfying

oo () = fQ P < +oo.

The norm on the space LPV(Q) is defined as follows

1f 1l == fllpoy = inf{A > 0| ppe(f/A) < 1}
We set

p~ =minp(x), and p*=maxp(x). (6)
xeQ) xeQ)

If p~ > 1, then [P1)(Q) forms a Banach space. Additionally, it’s reflexive, and its dual space is associated
with LF'O(Q) through l%_) + ;%(_) = 1. For every u € [’V(Q) and v € LV )(Q), the Holder inequality is defined
as

vl ) < 2lullo@)llvllyog)-

We also define the Banach space Wé’p (‘)(Q) as follows
Wy" Q) = {f e Q) | IVfle PI(Q) and =0 ondQ),

equipped with the norm ||f||W1/n<.)(Q) = IVfllp)- When p € C(Q,[1,+)) and 1 < p~ < p* < oo, the space
0

Wé’p (')(Q) is both separable and reflexive.

For any u € Wé’p(')(Q) with p € C(Q, [1, +0)), there exists a constant C > 0 such that the Poincaré
inequality holds (we refer to [13] for more details)

“u”Ln(-)(Q) < C”VM”L!'(')(Q)- (7)

The analysis of generalized Lebesgue and Sobolev spaces essentially relies on the fundamental role of
the modular pj, (1) connected with the space LF?)(Q). In this context we present the following result.
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Lemma 2.1. Let p : Q — [1, +oo[ be a continuous function and p* < +co, then the following properties hold:

min ()7, oy (07 ) < Nl < max (o )7, pyr 07 ),
min(||ul|i;(.)(g), ||M||Z;(,)(Q)) < pp((1) < max (||M||Z_,(.)(Q>, ||u||’£;(,)(9)),
and
lullpo) < ppey(u) + 1. (8)

Definition 2.2. The variable exponent p : Q — [1,+c0) is said to be satisfy the log-continuity condition, and we
denote by p € Ci,4(Q) if there exists a positive constant C such that

Y,y eQ, Ix—yl<1/2; Ip(x) - py)l < )

__ ¢
—log(lx - yl)’
Lemma 2.3. ([20]) If p € Cioy(QQ), then the set C*(Q) is dense in W(l)’p (')(Q) and Wé’p(')(Q) = WPO(@Q) n Wé’l(Q).

If g € C(Q) and for all x € Q, g(x) < p*(x), then the embedding Wé’p (')(Q) — L19(Q) is continuous and
compact (see [12]). Moreover, if p satisfies the log-Holder continuity assumption (9) and p* < N, then the

Sobolev embedding holds also for the critical case g(-) = p*(-) i.e. the embedding W(l)”‘J Q) = 1FOQ) is
continuous.

Remark 2.4. In the case where |Q] < co the inclusion between Lebesgue spaces generalizes naturally, i.e. if r1, 1 are
variable exponents such that r1(-) < ra(-) almost everywhere in Q), then the continuous embedding L"20)(Q) — L"0(Q)
holds.

Lemma 2.5. [4] (Differentiation of a composition) Let u € Wé’p Q) with p:Q— (1,+00) and p € C(Q). Assume
that f € C1(R) be such that f(0) = 0 and |f ’(s)| <M, Vs € RR for some constant M. Then we have

fouew,"(@),

d y 0 )
E(fOu)z(f OM)&_JZ;, i=1,2,...,N. (10)

3. Definition and Properties of the Space ]L(l)’p ‘@

Let Q be a bounded open set of RN and p : Q — [1,+00[ be a continuous function. We introduce the
following set

Lip,,(R) = {® € W"*(R) such that @' € L'(R), (0) = 0}.
For k > 0, we set Ty(0) = [k — (k — |o])+] sign(0), 0 € R. We define the space ]L(l)'p(')(Q) as follow

measurable such that
¥ ® € Lip,,(R), ®(u) € Wy"(Q), and

VT p(x)
u f L)llﬂsdx is finite for all 6 > 0
k>0 JQ (1 + |Tk(u)|)

L"YQ) =Ju: Q- R

Remark 3.1. if p(x) = p for all x € Q, then the space ]L(l)’p (')(Q) is called T~ sets or L(l)’p -sets (we refer to [20]).
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Proposition 3.2. Let v € ]Lé’p (‘)(Q) and f : R — R be a C! function. Then Vo(x) exists almost everywhere in Q.
Moreover, we have

i) V(f ov) = (f 0ov)(x) - Vo(x) for a.e. x € Q.

ii) For all k > 0, the function Ty(v), k > O satisfies

|0 ifll>k )
VTi(v) = { Vv otherwise a.e. in L.

iii) For p~ > 1, one has the inclusion Wé’p (‘)(Q) C ]L(l)’p (‘)(Q).

Proof. i) Let v € ]Lé’p ('>(Q), we consider the C'-function ®(v) = arctanv; @ € ]Lipp(,)(]R), thus w = ®(v) €

Wé’p (')(Q), we deduce from Deny-Lions’ theorem (see [10]) that Vw exists a.e. in Q. Moreover, if we denote
by (e1, €2, -+ ,en) the canonical basis of RN then the maps

t € R — w(x + te;), are continous for a.e x € Q.
Now, we can write forallt € Rand foralli=1,--- ,N
o(x + te;) — v(x) = tan[w(x + te;)] — tan[w(x)] = (1 + tan® Cy 1)[w(x + te;) — w(x)], aexeQ,
with Cy,; is a point between w(x + te;) and w(x). The continuity of w on the segment passing through x in

the direction e; shows that C,; — w(x), as t goes to zero, so that

Jdu .
a_x,-(x) = ltl_I}(}

olx + te)) —vx) _ (1 + tan? w(x))%(x). "

Hence, Vv exists a.e. in (), this result combined with Lemma 2.5 gives i).
ii) For k > 0, it’s not difficult to check that Ti(v) = tan[Tow (w)] a.e in Q. We apply the chain rule (10)
that gives
8Tkv

W(x) = (1 + tan*(Togw)

aT(p(k)ZU
Ix; (%)
L(x), if w)] < k),

= (1 + tan*(Topw) 4 %
( (Tt ){O, otherwise,

Jv .
= (1+?) T, if Iv(x)'l <k,
0, otherwise.

Thus, the statement ii) is proved.
iii) Let u € W(.lj’p (')(Q), by the lemma 2.5 we have forall T € Lip,,,(R), T(u) € Wé’p(')(Q) and for all k > 0,
0 > 0 we can write

VT, ()P VulP®

f L)llédx < f Llédx < Pr() (VH) < 00,
o (1+|Te@))™ o (L+u)™

this finished the proof of iii). [

In the sequel, we will denote by C serval constants whose value may change from line to line and,
sometimes, on the same line. These values will only depend on the data, but the will never depend on the
indexes of the sequences we will often introduce.

Proposition 3.3. Let p(-),4(:) € CQ), suppose that

N

N 1(p(x) -1), forallxeQ,

Z—Z\l]<p‘<N, 1<q(x) <

then we have ]Lé”’ (')(Q) c Wé/qt) Q).
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Proof. Letv e IL(I)’p (e By Proposition 3.2 and Beppo-Levi’s theorem, we have for all 6 > 0

T ()P pe) p)
supf Lllédx = supf &mdx < f &de <C (12)
0 Ja (1+|Tx())'* k>0 Jipi<ky (1 + [0 o (1 +Jopht*

We divide the proof into two steps:
Step 1: let us consider the case

N -
1<q"< (N—1)(p -1)<1.

By Holder’s inequality, the estimate (12) and the fact that [Tx(v)[" < |Tx(0)P™ + 1, we obtain
q+
VT o,

VT, (o)1 T
= f V(o) — (L T@)) " dx
Q (1 + |T(o))

+ -+

VT (o) )5( wanyt  \ T
< — 4 1+ T -
<(fg 1+ Tu@)™ fg( + Tiw) g

+

P_—q

<C+ c( f ITk(v)|(1+é)p-q—q+dx) L (13)
Q
Now, we chose 6 > 0 such that
q+ +%

g T

(1+0)

the previous equality is equivalent to

_ N~ -q")

0 N—g

)-

—1>0®q+<%(p7—1

From Sobolev’s inequality applied to Ty(v) € Wé’p (')(Q), the estimate (13) yield to

. """
IV o < C+ ANT@,. /ey (14)
the choice of g* implies ’Z% p;,;ff < 1. Thus, there exists a constant C > 0 (independent of k ) such that
||VTk(v)|IZq+ oSG Yk>o0. (15)
Which implies
pae) (VTi(v)) < C,  Vk > 0. (16)

Step 2: Let us consider a continuous variable exponent g(-) on Q satisfying

N
N-1

(p(x)-1), andg” >

> 50 -1, (17)

q(x) <
we slightly modify the previous proof in the first step. Since p(-),(-) € C(Q) then there exists a constant
p > 0 such that

. Np -1)
max g(f) < min —————,
teB(x,p)NQ teBrpna N-—1
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where B(x, p) is a cube with center x and diameter p. Remark that Q) is compact and therefore, we can write
Q= U’J?le jwhere B, j = 1, ..., k is a cube with borders parallel to the coordinate axes. Moreover, there exists
a constant ¢ > 0 such that

p>1Qj>0, Q;=B;NQ, forallj=1,--- k. (18)

We denote by Q; = B;N Q, and q;’(respectively p; ) the local maximum of g;(-) on 5]- (respectively the local

minimum of p;() on ﬁj ), such that

N(p: -1
q; < %foralljz 1,---,k
Using now the same arguments as before locally, we see that the inequality (14) holds on Q;, so
77 -0

q7 n
IVT@)I”. < C+CIVT@) .” (19)
L (@) L'

(@)
Denote by 1%/) the average of Ty(v) over Q;

Fopes

Ti(v) = |Qj|||Tk(U)||L1(Q,)-
By Poincaré-Wirtinger inequality, we obtain
Ti(0) - To@)ll < CIVT, ., Vj=1,--,k 20
ITx(v) k(U)||Lq/. . IVTx @) 4 oy (20)
Using (15) and (20), we get
T +* < T - T\/ +* + ’I/ﬂ\/ +*
k(@I 4 o) = k(@) = Te @)l @ Tk 4 ©) o
< C”VTk(U)”LQT(Q]) + C/ \7’] = 1/ e ,k.
We deduce from (20) and (21)

INTi@)I", <G Vj=1,-k (22)
L (@)

Knowing that g(x) < q}f forallx € Qj,and all j=1,--- ,k, so we conclude that

f IVT,(0)"@dx < C, Vi=1,---,k
Q;

that is,
k
P TN <Y [ WTEms < 23)
=1 v

By (8), (16), (23) and Since Tx(v) converges to v almost everywhere, we get that v € W(l)’q(')(Q). O

Proposition 3.4. Let p() be a Log-Holder continuous function defined on Q satisfying 1 < p~ < p* < N and
[Vpl € L*(Q)). Then we have the inclusion ]Lé’p(')(Q) C L*(Q), for any measurable function s : Q — (1, +00) with

N(p(x) — 1)

0<s(x) < N=p®

and |Vs| € L®(Q). (24)
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Proof. Letv e IL(I)’p (')(Q) and s(-) as in (24), we define for x € Q)

4 s(x) 1
by =1 P*(x)e]p(x)’l[' 2

For k > 0, we introduce the function Wy defined by
Wy (x,v) = [(1 + [ Ti(o))2® — 1] sign(v), x€Q.
Thus
VWi(x,0) =V(1 = a(x)) In(1 + |Tx(@))(1 + [Te(0))'~*Psign(v) + (1 = a(x))(1 + Te(@)) OV Ti(0). (26)

Its not difficult to check that for all x € Q, Wi (x,v) € Wé’p (')(Q). By the Sobolev embedding (since p € C,(£2))
and Poincaré’s inequality (7) we obtain

Wk (x, V)l ) < CIVWi(x, )o@y, (27)
which yield
IW(x, U)||LP”(~)(Q)
< ClIV(L = a(x)) In(1 + [ Te(@))(1 + I Te(@))' ™ *@sign(@)ll 0
+ Cll(1 = (@)1 + |Te(@)) PV (@) |0 -

By lemma 2.1 and that |Va| € L*(Q) (because |Vp|, [Vs| € L*(Q)), we can write

9, 0oy <C fQ (1 +[Te@D) PO (n(1 + [ Ty(@))) P + C fQ a lTTT;‘((f))K:Z)p&) x+Co (28
Since v € ]L(l)’p 0 (Q) and remark that
(1 +Te@)) PO (In(1 + | Te(@)]))"™  is bounded for all x € Q,
we conclude that
fQ (1 +ITx@)PD (1 + Te @)™ (In(1 + |T(o)))Vdx < C. (29)
In the other hand, using (25), we have
a(x)p(x)—1= N _Z\f(x) Nzgj(_x;(;)l) - s(x)) > 0.
This implies that
p(x)
fg @ +|V|TT:((;>)||W>P<X> =G (30)
Combining (28), (29) and (30), we obtain
Wi (x, O)llroq) < C (31)
Remark that, for all k > 0 and x € Q, |Ti(0)'*® < [Wi(x,v)| + 1, by Lemma 2.1 yielding
Pp0-a) (Te(©)) < Cpp(y (Wi(0)) + C
< Coax {IW4@)I 0 KO0} +C. (32)
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Hence, it follows from (31), (32) and (25) that
ps) (Te(@)) < C, (33)
where C > 0 is a constant independent of k, Finally we obtain by Fatou’s lemma
ps)(0) < C.
This finished the proof of Proposition 3.4. [

4. Existence of Generalized Solutions
Definition 4.1. We will say that a function u is generalized solution to problems (1) if
ueL,"(Q), a(x,u,Vu) e LHQ),

and for all ¢ € D(Q) one has

f a(x, u, Vu)Vodx =< u, ¢ >pQ),0Q) -
Q

The principal result of our paper is the following.

Theorem 4.2. Let u € M(Q),p: Q — (1, +c0) bea continuous function, let us assume that (5), (9) and |Vp| € L*(Q)
hold true. Then, there exists at least one solution of (1) in the sens of definition 4.1.

Remark 4.3. In the case where 2 — 1%1 < p~ < N, we have u € ]L(l)’p (')(Q) - Wé’q(')(Q, where g(x) < %(p(x) -

1), forall x € Q. Therfore, the Proposition 3.3 ensure that, the generalized solution of problem (1) is also
destributional solution.

Let u € M(Q), then there exists a sequence (u,) C D(Q) such that u,, — p in D’(Q) and satisfies ||l (q) <
ll2llm(q) for all n > 1. We consider the following approximation problems:

u, € WP(Q)

34
fa(x,un,Vun)-V(pdx:fyn(pdx, Yo € D(Q). (34)
Q Q

The existence of a weak solution u, € W(l)’p (')(Q) N L*(QY) to problem (34) is guaranteed by [14](Proposition
6.1).

Lemma 4.4. Let (u,) the sequence of solution of problem (34). Then for every n > 1 we have

V¢ € LLip,,(R), 3C = C(T) such that  py() (qu(un)) <C (35)
Y6 >0, 4C = C(6) such that f M (36)
. o (L+[u)1+0 =
Proof. Let ¢ € ]Lipp(.)(IR), we choose ®(u,) = fou" ¢’ (0)P™do as test function in (34), one has
[ a0 0 Vs = [ ot 37)
o) o)

Remark that (since ¢ € ]Lipp(_)(]R))

+00
(B, < f 6 ()P Pdx < C,

(o)
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using the last estimate and (2), we obtain

poey (Vo)) < Cllglly, ¥n > 1.

Let us introduce the functions s : R — R by
1 _5 .
Polt) = =5 ((1+16) = 1) sign(t), ¥5>0.

Note that 5 € W,"(Q) (since 5(0) = 0, and

%(-)| < 1). We take 15(1,) as a test function in (34) using (2)

and the fact that |¢5(-)| <1, weget
[V, [P f
————dx<C n d
fQ Sty < C [ o
< S ul
- 6 [J M(Q)-
O
Lemma 4.5. Forall g €[1, %), there exists a constant C > 0 such that for all n € N, and for all x € Q
Pa(p()-1) (Vu,) <C. (38)
Proof. Fo1: qe€ [1, Ni_l), we have q(p(x) — 1)) < % < p(x), then g < p’(x). By Holder inequality with
indices (#, ngj q) and Lemma 2.1, we can write for all 6 > 0,

Pape)-1) (Vitn)

Yu q(p(x)-1) (1+8)g
= % (1 + |Mn|) @ dx
Q (1 + Ju ) 7T
Vu Q(P(x)*l) (1+0)q
<2 % (1 + |Mn|) P
(1 + Juul)ve p;X) VZX()XL,

q q
p(x) 4 p(x) P
< Cmax (f %Cb() ,(f %dﬁc)
Q (1 + [uyl) Q (1 + [uyl)

-+

Pt -
X max {p awg (L + [unl) 7, passn (1 + uy) 7~ }

P'0)-q P-4

Now, since p(x) < Nand 1 < g < { we choose

0<d<

pOIN-1) (N
= (=1 9) )
By the inequality 39, we derive

(1+0) _Npw-1

P -g  N-p@

0<s(x) =
Using Lemma 4.4, and the fact that

ps) () < C, (40)

where C is a constant independent on n. Thus, the proof of lemma 4.5 is achieved. [
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Lemma 4.6. Let (uy,), the sequence of solution of problem (34). Then

Dy —uae inQ, and uely"(Q)NLO(Q), (41)
ii) Vu, —» Vu a.e. in Q. (42)

Proof. i) Consider the function t +— arctant that belong to Lip,(IR), so from Lemma 4.4, the sequence

(vn)n = (arctan u,), remain in a bounded set of Wé’p(')(Q). Therefore, there exists a subsequence of (v,,),, still
denoted by (v,),, and a measurable function v such that

v, = v weaklyin Wé’p(')(Q) and a.e. in Q.

Taking u = tan v, since the function t = arctant is invertible, thus u, converge to u a.e in ). Moreover,

since p(x) — 1 < Nlif_(;)(;)l ), by (40) and Fatou’s Lemma, we conclude that u € LP®-1(Q).
ii) Let 6 > 0, Egoroff’s theorem states that, there exists a set (s with |Q — Qs| < 6 such that u, — u
uniformly in Q. So let ¢ > 0 then there exists . such that ¥n > n, and Vx € ()5 one has |u,(x) — u(x)| < e.

Now let us choose T, (1, — Tx(1)) as a test function in (34) we obtain

f a(x, uy, Viy) - VTe(uy — Tr(u))dx = f pin Te(un — Tie(u))dx < ellpllmcy)-
Q Q

We denote by
A, Ti(w)) = (a(x, tn, Vitg) — a(x, 16y, VTi(w))) - V(un — Tie(1)) = 0.
Hence
f A(uy, Tr(u))dx < Ce — f a(x, uy, VIr(Ww)) - VT (u, — Ti(u))dx. (43)
{lun=Tr(u)|<e} Q

Since T, (u, — Tr(u)) = Te(u — Tr(u)) in LPO(Q) as n goes to infinity, we derive

lim a(x, uy,, VT (1)) - VT (u,, — Tr(u))dx = f a(x, u, VT(u)) - VT (u — Ti(u))dx.
Q o)

n—+00

Taking the limsup in (43), one has using the fact that : VT(1) = Vu if |u| < k and that A(u,, Tx(u)) =0

limsup A(uy, u)dx < limsup A(uy, Tie(u))dx
n {QsNlul<k} n {lun=Tr(u)|<e}
<Ce- f a(x,u, VTi(u) - VT:(u — Ty(u))dx. (44)
Q

Since T.(u — Tr(u)) rests in a bounded set of Wé’p (')(Q) as ¢ goes to zero, moreover, T.(u — Ty(u)) — 0 a.e.
in Q, we deduce that T, (u — Tx(u)) — 0 weakly in Wé’p (')(Q) ). Then we have

lirr&f a(x,u, VT(u) - VT (u — Ti(u))dx = 0.
E— Q
Thus, letting ¢ — 0 in (44), we obtain

limsup Ay, u)dx = 0. (45)
n {QsNlu|<k}

We derive that for a subsequence still indexed by n that Vu, converges to Vu almost everywhere on
{Qs N |ul <k}
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Now, let a € (0,p~ — 1), we define the sequence

r]'(n/ 6) = ”vun - V””?ﬂ(Qmumsk})'
we see that all sequences 7 (1, 0) converge to zero as n tends to infinity. We are going to prove this result
on (), so we show that lim,, [|[Vu, — Vul|?, ., = 0. After decomposing this last integral as before, we have for

6>0:

*(Q)

“VM” - VM”ZX(Q) ST(”/ 5) + ”vun - Vu”gr({ H + ”Vun - Vu“g"(Q—QO)’ (46)

ul>k

Using Holder’s inequality, Lemma 4.5 (remark that [V, ™1 < [Vu,,[F®~! + 1) and that |Q — Q| < 6 we get

<cs . (47)

”Vun - Vu”aa(Q_Qh) =

Furthermore, by Using Holder’s inequality, Lemma 4.5 and the fact that u € L'®~1(Q)

-2
Vit = Vil gy < (f k# Dy
(1K)

< Ck~ 1), (48)
Combining (46), (47) and (48) we get
Vit = Vullf ) < 11, 8) + CO' /@ D) 4 =17,
The last inequality holds for all k > 0 and 6 > 0, so we pass to the limite as 6 — 0 and k — +oc0, we get
Jim [[Vae, — Vill[faiqy = 0.

Hence, we deduce up subsequence (still denoted Vu,) that Vu, converges to Vu almost everywhere in Q.
Now, we show that u € ]Lé’p (')(Q), using (36) we have

IV TP
RSl o Vil
fg @+ TG = "

By Fatou’s lemma combining with (4.6) and (42) we deduce that

y f IV TP
o Jo T+ Te@))™ =

We pass to the limit as n — +oo in (35) and by Fatou’s lemma we obtain
VT € Lip,,(R), T(u) € W,""(Q).
(.
Thus, u € L;"(Q). O

4.1. Passage to the limit
Thanks to the result of Lemma (4.6), combining with (38), (40) and Vitali’s theorem we conculude that

a(x, uy, Vib,) — a(x, u, Vu) strongly in L'(Q)N.

Now, let ¢ € D(Q)

f a(x,u, Vu) - Vodx = lim f a(x, u, Vu) - Vodx
Q n—+oo Q

= lim <y, ¢ >=< W, ¢ >pQ),00Q) -

n—+oo
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