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Abstract. The goal of this research is to set the theoretical frame for developing a new type of hybrid
accelerated gradient optimization methods. Based on the S-iteration concept, an accelerated three-term
hybrid method and its modification are developed. We prove that the presented iterative processes are well
defined. Convergence properties of generated schemes are analysed. Observed characteristics regarding
the strong convergence of the presented method and its modification are confirmed.

1. Introduction and preliminaries

Quasi-Newton methods started a positive move in upgrading the calculative sides of Newton’s method.
These type of methods inspired many authors to generate interesting method classes for solving uncon-
strained nonlinear optimization problems [3, 7, 8, 11, 17, 18, 31]. Instead of directly computing the Hessian
and its inverse of the objective function, in the mentioned quasi-Newton type of methods adequate approx-
imations of these elements are used. With that, the satisfying convergence rate is conserved. Regarding
the research presented in this paper, the class of the accelerated gradient descent methods, shortly AGD
methods, is specially important. The AGD methods use the acceleration parameter in each iteration, often
denoted as yx, k € IN is the number of iterations, to multiply with the iterative vector direction, i.e. the
gradient g,. Authors in [30] first segregated this class of optimization methods. This separation enabled
clearer and easier investigation of this particular sort of iterations.

The general form of the AGD method is

Xjr1 = Xk — Vi gitk, 1)

where x4 is the next iterative point, x; the current one, g, presents the gradient of the objective function
and #; is the iterative step length value. Parameter y; stays for the acceleration parameter of the posed
optimization scheme. This crucial factor of the AGD method is basically obtained based on the features of
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the Quasi-Newton equation, but herein we omit this detailed procedure which can be found for example
in [30]. In the AGD schemes, as we previously said, instead of function’s Hessian V2 f(&) its approximation
is used. Very often, this approximation is given by some adequate scalar matrix and can be written as:

VFE) ~ yionl, e

where Vi1 = Y(X, Xk+1) is the scalar which usually depends on the current and the previous iterative points
and that has to be derived. Very often this important element of the AGD scheme is obtained using the first
or second order Taylor expansion of the objective function, [4, 19-21, 23, 24, 30]. We list below only several
accelerated parameter expressions including numbers of the relavant references:

AGD — _ ik
Gk - fw[gk' ([4])

ADD _ 2f(xk+1)_f(xk)_“kgz(akdk_%:]gk) ([24])

BT () (adrte)

ADSS _ o fOr)=fG0+ (a8 llgul? 20
Vi1 (ak)/k‘1+ﬁk)2||yk||2 ’ (1200

HADSS _ 2f(xk+1>—f(Xk>+“(th;l+Pk)|\gk||2 1
Vi az(tk}/;1+pk)2||yk||2 ’ ([ ])

(k1) = f (o) |+ tellgelI?
y = oy plleed ool (130])

2
YHSM = 2 n[f(xkﬂ()akf:;c)kz)}i](;kﬂ:l)tkngkn (23],

The importance of accelerated factor of a certain AGD method is specially emphasised in [24]. In this
paper, the authors generated the non-accelerated version of the AGD method they have presented. They
did the comparative analysis and numerically confirmed significantly better performance profiles in favour
of the accelerated version.

Another two, equally important, elements of the AGD schemes are 1. iterative search direction vector
and 2. the value of the iterative step length. In the AGD schemes we chose the search vector to be the
negative gradient direction i.e. —gx. Step-size parameter is obtained mostly by applying some of the
inexact line search procedures [5, 9, 13, 16, 26, 27, 29, 33-35] since these techniques are satisfyingly efficient
and significantly less expensive, when the computational time is considered, then the exact line search
procedure. In this paper we use Armijo’s line search algorithm, so called Backtracking.

This paper is organized as such: in Section 2 the three-term s— iterative process is used for determination
of a new hybrid optimization model. In Section 3 the modification of the defined hybrid model is presented.
Finely, the convergence properties of derived hybrid accelerated schemes are examined.

2. Hybrid correction of SM method based on s— iteration

The iterative processes of Picard, Mann and Ishikawa, which are, for real sequences {ax}, {fx} € (0,1),
respectively listed below
uy=uecC,
ugs1 = Tug, k€N, ([25])

v1=veC,
Uke1 = (1 —ap)op + i Tog, k€N, ([14])

z1=2z€C(C,
Zke1 = (1 = a)z + Ty,
vk = (1= Br)zk + Tz, ke, ([10])
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motivated many authors in their researches [2, 6, 12]. The author in [12] presented a three-term iteration
which overcomes those three. This process is defined as

x1=x€R,
Xir1 = Ty, 3)
Yk = (1 - ak)xk + ay Txg, ke N

or, if written in aggregated form, hybrid Kahn’s iterative scheme is
Xer1 = T[(1 = ap)xx + e Txe], ke N. 4)

In both of the last two relations (3) and (4), the operator T : C — C is a mapping defined on nonempty
convex subset C of a normed space [E, while iterative outcomes x; and y; are the sequences derived by the
relations (3). The sequence of positive numbers {ay} € (0, 1) is denoted as correction parameter. Numerical test
results detected significantly better efficiency metrics than the metrics achieved by forerunners: Picard’s,
Mann'’s and Ishikawa’s processes.

Iteration (3), i.e. (4), inspired some authors in developing new optimization hybrid models [21-23].
Taking concrete AGD method as operator T in (3) contributed with several efficient hybrid minimization
methods. In this paper we present the development of one such model based on S— iteration described in
[1].

The S-iteration is defined on convex subset C of a linear space X. Taking a mapping T : C — C,
S-iteration is generated as a three term process in the following way

x1=x€C,
Xpa1 = (1= ay)Txy + Ty, ®)
Yn = (1= Bu)xn + BuTxy n € IN.

In (5), {a,} and {B,} are the sequences of real numbers satisfying

{an}, {,Bn} c(0,1)
220:1 anﬁn(l - ﬁn) = 0Q. (6)

Specially, by taking a, + f, = 1, we reduce conditions (6) to conditions (7)

{a} € (0,1)
Yot (1= ay) = 00, (7)

and define a simpler S-iteration version involving only one sequence a,, of real numbers:

x1 =x€R,
Xpa1 = (1 — an)Txy + Ty, (8)
Yn = Xy + (1 —ay)Tx, n € IN.

Similar to [23], we form the hybrid accelerated model by applying the AGD iteration from [30], so called
SM method, as operator T, i.e.

Ty = yx = Vi bige-
This way, (8) becomes
x1=x€R,

Xpe1 = (1= an)Txy + @y Ty = (1 — ) (X0 — Vi ttugn) + (Y — Vit tagn), 9)
Yn = Xy + (1 — ) (0 — V3 tngn), neN.
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Proposition 2.1. The three-term iterative process (9) is equivalent to the accelerated gradient descent scheme
Xpi1 = Xy = (1 + &y = a3)7, tagn. (10)
Remark 2.1. We named the process (10) SHSM method.

Before we prove the Proposition 2.1. we first derive the SHSM iterative value of the accelerated
parameter. To achieve this goal we will apply a common approach used in [30]. Taking the second order
Taylor expansion of the objective function on which the rule (10) is applied on, we get

_ 1 2 5, _
o)~ fO0) = (1+ ax = of) gl ge + 5 (1+ o= ) 507 90" V£ g, (11)
Variable & is described as:
Eelnxinl, &=xc+ P —x) =x—B(1+a—ad)tyi'g, 0PI

After applying the diagonal scalar matrix approximation of the function’s Hessian v2 f(&) = Vis1l, relation
(11) becomes

1 2,
Fla) & foa) = (1+ar — a2 by gl P + > (1+ac—a2) 2y 2yialigidl (12)

From (12) we easily determine the accelerated parameter of the SHSM process

SHSM _
k+1

Ve (Flrin) = FG) + (1 + @ — a2) tllgal P
k .

. (13)
(1+ax = a2) gl

SHSM

The positiveness is the necessary condition that the accelerated parameter y;.7

has to satisfy. Otherwise,

the Second-Order Necessary and Sufficient Conditions would not be fulfilled. In case ;M < 0 we simply
put y?H#SM = 1. This way the next iterative point is calculated by

2
Xi+2 = X1 — (1 + Qpy1 — ak+1) Fer1Tk+1-

Since {a,,} € (0,1) we have 1 + a1 — oci .1 > 0and 0 < 41 < 1, so the previous scheme presents a classical
gradient descent iteration.
We now expose the proof of the Proposition 2.1.

Proof. [Proposition 2.1.] After substituting y, into the expression that defines x,.1, i.e. third equation of (9)
into the second one, we get
Xn+1 = (1 - an)(xn - y;ltngn) + an[anxn + (1 - an)(xn - V;ltngn) - y;ltngn]
=1 -ay)(x, - Vzltngn) + aﬁxn + (1 = o) (o — V:thngn) - O‘n?/ﬁltngn
=Xn — Vgltngn + 0‘;21%;17}”% - U‘n%_zltngn
=x,—(1+a, - af,)y;ltngn.
Knowing {a,,} C (0, 1), we easily conclude that

T+a,—a?>1. (14)

Estimation (14) in conjunction with the fact that ;' > 0 is the k-th iterative acceleration parameter proves
that the iteration (10) is an accelerated gradient descent scheme. [
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2.1. Optimal initial step size parameter of the SHSM process
We chose to derive the iterative step length value ¢, in SHSM method (10) based on the inexact Back-
tracking procedure:

Algorithm 2.1. The backtracking with starrting value t = 1

Require: Objective function f(x), the direction dy of the search at the point x and numbers 0 < 0 < 0.5and g € (0,1).
1. t=1.
2: While f(xi + tdi) > f(xr) + otg] dy, take t := tp.
3: Return t, = t.

However, we improve the Backtracking initial value t = 1 in a similar way as described in [19]. This
initial correction of the step length parameter is described in the following lemma.

Proposition 2.2. Optimal initial step length value of the Backtracking line search algorithm applied in the iteration
(10) is

=L (15)

T+ap—af

Proof. Suppose yi+1 = Yk+2 and under this assumption consider the merit function
- 1 25 _

Opr(t) = fOrer) = (1+ awer = )i lgeal + 5 (1+ ain = 4y ) £y yiallgean P
Obviously, this quadratic function is convex when 41 > 0 and the value of its gradient V(®yyy(f)) =
CTOREE

@) = = (1+ @ —a2,,) Yl gt 12+ (1 + agen — a2, ) 772 vl
= (1+ ke — o) Ve Igen P (1 + aren — o, ) - 1).
Supposing i1 > 0, the function @y, (t) decreases, i.e. {<Dk+1(t);} < 0, when
(1+apn —af, ) t-1<0,

which leads to the final conclusion

, 1
(@} <0t < ————
1+ K+1 — O(k+1
and .
V@ () ={0) & t = ——— .
1+ ap — Olkﬂ
O

1
1+ak —aiﬂ '

According to the Proposition 2.2. we modify the first step in Algorithm (2.1) with t =
1
T4y —ai, |
Require: Objective function f(x), the direction dy of the search at the point x; and numbers 0 < ¢ < 0.5and p € (0,1).
gy i
I t - 1+ak+1—ai+1'
2. While f(xi + tdi) > f(x) + otg]dy, take t := tp.
3: Return t, = t.

Algorithm 2.2. The backtracking with starrting value t =

2.2. The algorithm of the SHSM process defined by (10)

After analysis we have provided previously, we are now able to present the algorithm of the SHSM
optimization process.
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Algorithm 2.3. The SHSM algorithm defined by (10) and (13).
Require: Function f(x), {a,} C (0,1) defined by (7), initial point xo € dom(f).
1: Set k = 0 and calculate f(xo), go = Vf(xo), set yo = 1.
Check the test criteria; if stopping criteria are fulfilled then stop the algorithm; otherwise, go to the next step.
Applying Algorithm 2.2: Compute the value of step size t, € (0,1] taking di = =y gx.
Determine xx41 = Xy — (L + ay — &2)yi tugn, f(Xkr1) and gier = V(1)
Compute y", approximation of the Hessian of function f at the point Xy, using (13).
If yilsm < 0 take ystsm =
k:=k+1,g0to thestepZ
Return X1 and f(Xie1).

NI S I N

3. Modified s-hybrid correction of the SM process

Before we evaluate the modified SHSM iterative form based on SM operator, we first prove that the
n—th degree of operator T = SM has the following expression

T'x, = x, — ny;ltngn. (16)
Proposition 3.1. n—th degree of the SM— operator is expressed by (16).
Proof. Using the principle of mathematical induction, we know that for
k=1: Tx,=x,-1 -y;ltngn.
Assuming that the statement holds for k = n, i.e.
T"Xy = X =11 Yy tulln,
we are proving that it is valid for k = n + 1, as well:

T(n+1)xn — T(Tnxn) = T(xn -n- y;ltngn)
X = 1Yy tulln = Vi Gl
—(n+ 1)y, tagn,

which proves (16). O

Now we define the modified SHSM iteration process {x,} as following:
for x = x; € R"

x?’l+1 = S(xn/ an/ TW), ne N/ {an} € (0/ 1) (17)

In three-term notation, this modified hybrid process can be displayed as:

x1=x€C(,
Xn+l = (1 - an)Tnxn + anTnyn/ (18)
Yn = apXy + (1 — a,)T"xy, n € N.

Similar to Proposition 2.1. we defined the aggregated form of the modified SHSM method.

Proposition 3.2. Three-term iterative process (18) is equivalent to accelerated gradient descent scheme

X1 =Xy — (L + oy — aﬁ)ny;ltngn. (19)
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Proof. As exposed in the proof of Proposition 2.1. we substitute y, into the expression that defines x,,.1, i.e.
third equation of (18) into the second one, and there we have

Xne1 = (1= ) = 13 ngn) + an(Yn — 173 tugn)
= (1 = ) — 173, ) + anlanx, + (1= ) (tn = 177, tugn) = 175 tugnl
= (1= ) (0w = 177, tugn) + @l + %, = 177, tugn = QX + 100 Y5 tugn = 15 gl
=Xy — n)/,jltng,, — Xy + nan)/gltngn + ayx, — nanygltngn + na%y;ltngn - nanygltng,,

=x,—-(1+a, - aﬁ)ny,‘lltngn.
The sequence {a,} C (0,1), which implies that 1 + &, — a; > 1. With that, the variable y;* > 0 stays for

the iterative acceleration parameter of the iteration (19). All stated confirms that the (19) is an accelerated
gradient descent process. [

Remark 3.1. We named the process (19) modified SHSM method.

Proposition 3.3. 1. Accelerated parameter of the modified SHSM iteration is given by the following expression

yzmdSHSM 29, Vi (fOrker) = fOxe)) + (1 + g — )ntk”gk”z‘ "
+1 ;
(1+ = a2) w2l

2. Optimal initial Backtracking step length value of the modified SHSM process is given by

po— 1 (21)

n(1+ak—ai)

Proof. Statement 1. can be proved analogously as in Proposition 2.2. The procedure that confirms statement
2. is similar to the relevant analysis of deriving the accelerated parameter exposed in Section 2. [

For the end of this section we display the algorithm of the modified SHSM method.

Algorithm 3.1. The backtracking with starrting value t =

n(lﬂxk ak)
Require: Ob]ectzve function f(x), the direction dy of the search at the point xi and numbers 0 < 0 < 0.5and € (0, 1).

L t= (1+ak ak)

2: While f(x; + tdy) > f(xi) + otg] dy, take t := tp.
3: Return t, = t.

Algorithm 3.2. The modified SHSM algorithm defined by (19) and (20).

Require: Function f(x), {a,} C (0,1) defined by (7), initial point xo € dom(f).
1: Set k = 0 and calculate f(xo), go = V f(xo), set yo = 1.
2: Check the test criteria; if stopping criteria are fulfilled then stop the algorithm; otherwise, go to the next step.
Applying Algorithm 3.1: Compute the value of step size t, € (0,1] taking di = =y gx.
Determine xx41 = Xy — (1 + ay — 02)ny; tugn, f(Xkr1) and gie1 = Vf (Xks1)-
Compute yi.1, approximation of the Hessian of function f at the point xy1 using (20).
If yifsm < 0 take yism = 1.
k:=k+1,g0to the step 2.

Return xi1 and f(Xje1).

S I U
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4. Convergence properties of the SHSM processes

In [28] authors introduced the class of nearly Lipschitzian mappings as a generalization of Lipschitzian
mappings and later studied this class in [1]. Further we list some relevant definitions from [1] needed for
forthcoming statements regarding the SHSM process.

Definition 4.1. If the C is a nonempty subset of a Banach space and {a,} is a sequence in [0, 00) such that a,, — 0,
than a mapping T : C — C is said to be nearly Lipschitzian, with respact to {a,}, if for each n € IN, there exists a
constant k, > 0 such that forall x,y € C

IT"x = T"yll < ku(llx = yll + an). (22)

If we denote by n(T") the infimum of constants k,, for which (22) holds, then for a nearly Lipschitzian mapping T with
the sequence {(a,, )n(T™)} we said to be

1. nearly nonexpansive if n(T") = 1 forn € IN;

2. nearly asymptotically nonexpansive if n(T") > 1 for n € N and lim,,_,.o n(T") = 1;
3. nearly uniformly k—Lipschitzian if n(T") < k for n € IN;

4. nearly uniform k—contraction if n(T") < k <1 forn € IN.

Remark 4.1. Number n(I") is called nearly Lipschitzian constat.

Definition 4.2. Mapping T : C — C, where C is a nonempty subset of a Banach space X, is said to be asymptotic
k—contraction mapping with sequence {a,} if

IT"x = T"yll < (k + ay)llx = yll + a,.

In [1] authors concluded that if a mapping is a contraction then it is an asymptotic k—contraction. With
that, asymptotic k—contraction implies uniformly k—contraction.

Next theorem confirms that iterative process (19) converges strongly. The motivation for this result
arose from Theorem (3.7) in [1]. and from [15].

Theorem 4.1. Assume that {x,} is a sequence generated by (19) and x* is a unique minimizer of the modified SHMS
process. Then the next statements are valid:

@) [Ixn1 — x|l < Kllx, — x*|| + k(k + 1)a,, for all n € N, where {a,} is a sequence such that Y, a, < co
(b) sequence {x,} converges strongly to x".

Proof. According to results from [1], since the modified SHSM process is a contraction it is a nearly
k—contraction as well. So the following estimations hold forp € F(T) = {x | Tx = x} # 0

e —pll < (1= a)lIT"x, = pll + @l Ty = pll
< (1= awk(llx, = pll + an) + ank(lly, — pll + ax)
= k[(1 = an)llxn = pll + anllyn — pll + ax]
< K[ = an)llxn = pll + anlllanllx, = pll + k(1 = an)(|lx, = pll + an)] + a,]
= k[(1 = anlx, = pll + aZllx, = pll + k(1 = an)anllxy = pll + (1 = aw)anka, + ana,]
= k[1-a, +a? +ka, — ka?]llx, — pll + klanask — a2a,k + a,a,]
= K1 - a,)(1 + ank) + a2lllx, — pll + klanank — a2ak + aqa,]
< K1 = an)(1 +ay) + a3lllxg — pll + klanank + ana,]
< kllxn —pll + k(k + Dana,  —  kllx, = pll (4.2)

when n — oo.
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According to Lemma 1 in [32]

lim ||x, —pll= A > 0.

Therefore, from (23) we have that
A<EKkA

when 1 — oo, which is a contradiction. So, the sequence {x,} converges strongly top = x*. O

By its construction, the SHSM process is gradient direction descending. Further more, Backtracking line
search procedure and its exit condition provides that in each iteration f(xz+1) < f(xx), so there is k € (0,1)
such that f(x+1) = kf(x),

Proposition 4.1. For real number k C (0, 1), fixed point p and the process (10) the next estimation is valid
Xe1 = pll < K[1 = @, (1 = @) (1 = O)]llx, = pll. (23)

Proof. Starting with the general form (8) of SHSM process, we have the following inequalities

I(1 = an)k(x, — P) + ank(yn - p)”

(1 = aw)kllocy = pll + ankllyn — pli

k[(1 = an)kllx, = pll + anlly, — pll]

kI(T = an)llxn = pll + anllan(xn — p) + k(1 — an)(xn, — pll]
K1 = an)llxn — pll + agllx, = pll + k(1 = an)allx, — pli]
k[1-a,+ afl + ka,, — ktxi]llxn -7l

= k1 - ay(1 = a1 =B)]llx, - pll,

which proves (23). O

IIxn1 = pll

IAN I I IA

5. Conclusion

New iterative optimization rules arrived from the S—iteration three-term process. Applying the ade-
quately computed accelerated parameter and the optimal step length value, calculated by the Backtracking
algorithm, we defined hybrid AGD schemes and proved their strong convergence features. The presented
models can be applied on different optimization methods for further examinations, comparisons and im-
provements. Additionally, this research can be further studied regarding its application on the sets of
uniformly convex functions and strictly quadratic functions. Numerical examinations of the proposed
methods would be possible, in case they are convergent on these sets. Then, they would be comparable to
the class of Khan's hybrid methods whose convergence properties are already confirmed on these sets of
functions.
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