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Abstract. In this study, we demonstrate the existence of solutions to an anisotropic elliptic problem

featuring a singularity, where the non-homogeneous term is characterized by a non-negative Radon measure
p. The model problem is

N
= L 0: (0P =20m) = =Ly +u in Q

u=0 on 0Q,
u>0 in Q,

where Q is a bounded domain in RY, y > 0, f € L'(Q) and 2 < p; < p2 < ... < pn. The primary goal of this
work is to establish the existence of solutions based on the values of y.

1. Introduction and some preliminaries

Anisotropic equations hold a pivotal position in a broad spectrum of mathematical models. A notable
illustration is their utilization in the examination of fluid dynamics, where they capture the behavior of
fluids with diverse conductivities in different orientations (refer to [2]). Additionally, these equations
bear significance in the realm of biology, specifically in the modeling of epidemic disease propagation in
heterogeneous environments, as investigated by Bendahmane, Langlais, and Saad in their research (see
[3]). These instances underscore the adaptability and significance of anisotropic equations across various
scientific disciplines.

The objective of this paper is to concentrate on the investigation of an anisotropic elliptic problem
described by the following equations
N .
- 21 9; (10l —20u) = f(x)g(u) + u in Q,

u=20 on 0Q, @
u>0 in Q,
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where Q is a bounded open set in RN (with N > 2), u is a non-negative, bounded, Radon measure on Q,
and f belongs to the space | L}(Q) with non-negative values, that could also be considered as a measure. The

(2)

vector 7 = (p1, ..., pn) € RY satisfies the following conditions

2<p1<pp<..<py and 2<p<N,
here, p represents the harmonic mean of p; and is defined as

fg]

i=1

The function g : (0, +o0) — (0, +o0) is a nonlinear function, such that
g is non-increasing, continuous and hrg g(s) = +oo, (3)
and it also has the following growth conditions near zero and infinity
M
= forall t<t, 4)
()

Fy >0, M>0, t>0 suchthat g(t) < 5
M forall t>t.

39 >0, M >0, t >t such that g(t) < 0
It is worth mentioning that the singularity appearing in problem (1) can be controlled by the conditions (4)

The anisotropic Sobolev spaces naturally serve as the functional framework for problem (1) are W7 (Q)

and W(l)?(Q), which are defined as follows
WP (Q) = {u e WQ): du e LM (Q),Vi=1,...,N],
.NJ.

and 5
o Q) ={ue WyHQ) : duelr(Q),Vi=1,

The space W,"" (Q) can also be defined as the closure of C*(Q) with respect to the norm

N i
lal :Z( f |aiu|“dx) :
=1 WQ

endowed with this norm, W (Q) is a separable and reflexive Banach space.
The theory concerning such spaces was developed in [11, 20, 21, 23]. In particular, it has been demon-
strated in [23] that when p < N, the following continuous embedding holds
Np

*_

—7

N-p

WP (Q) < L7(Q), Vre[1,5"], where P

additionally, this embedding is compact for 7 < p*. Furthermore, in reference [23], positive constants C and

C, which depend solely on Q, exist such that
(6)

(f |u|fdx) < cH(f 10, ul”’dx) Y Vrell,7, Yue W Q)
)

| -
' Ve WP (Q).

]_ f —x \ P
= [u]? ) < |(9iu|’”’dx,
( o ; Q

C
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Furthermore, foreachi =1,..., N, there exists a constant C; > 0 (see [18, Lemma 1.1]) such that the following
inequality holds

1 1
( fQ Iulpfdx)p‘ <G ( fQ |al-u|Pfdx)p’, Vi e W7 (Q). )

We represent the collection of finite Radon measures on Q as M(C2). This space is equipped with the
"total variation norm,” which is defined as
lullme = f dlul.
Q

Recall that the Marcinkiewicz space M*(Q) (also known as the weak L°(Q)) space), as defined in [4]. This
space is defined for all s > 0 and is given by

M(Q) = {u : QO — R measurable / AC>0,Vt>0: meas{x € Q:|ulx)| > t} < ;—i},

where meas{x € Q: |ulx)| = t} denotes the Lebesgue measure of the set {x € Q: |lux)| > t}. Moreover,

it holds that M*(QQ) ¢ M*(Q) if s > 5. Additionally, the following continuous embeddings hold for every
l<s<owandO0<e<s-1,

L5(Q) — M(Q) — L4(Q), )

Furthermore, we have

Yu e M*(Q), AC, > 0, YE C Q (measurable) : fluldx < Cumeas{E}l_%’.
E

The simplest anisotropic problem has been studied in detail in [8], the author established the existence
and regularity of solutions for the specific case of problem (1), where g(u) = 1, f € L™(Q) withm > 1, and
p = 0. The paper extensively discussed various cases by considering different values of m.

Numerous studies in the literature [13, 17, 19, 24] have addressed anisotropic problems involving
singularities. One such problem was considered in [17], where the authors investigated the anisotropic
problem

—A—p>u = % in Q,
u=0 on 0Q), (10)
u>0 in Q,

here, the anisotropic Laplace operator A u is defined as follows

du

I& ulPi- 28 u where Jju = —
(9xi

,Vi=1,...,N, (11)

Mz

i=1

wherey > 0,1 <p; <py <... <pn, and f is a non-negative function in L"(Q}). The authors obtained the
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existence and regularity results for problem (10), which are summarized in the following table.

Values of y | Assumptions on f Regularity of u
fellQ) ue W7 (Q
y=1 feM"(Q) we W, (Q)nLx(Q)
where m > %
Fel Q) e F Q)
where (p') <m < % with s = 1\71'3\7]5;?
0<y<l1 fell(Q) ue W QNI Q)
foralls; < pi%
1<y felLl(Q) u € L(Q)
with s = N-1eD

Table. Regularity results for different values of y.

The problem (10) has been studied in [19] with a singular nonlinearity having a variable exponent, i.e.,
y = y(x) € C(Q). In [24], the problem (10) is investigated with the substitution of the operator (11) by the

degenerate operator
N
I8iu|pf28iu)
Au = &i 7
L ( (1+ ful)”

i=1
we also recommend, for instance, referring to [14] for addressing anisotropic degenerate problems.

The problems involving singularities in the isotropic case, where p; = 2 for all i, have been extensively
studied in the literature. In work [5], the authors obtained existence and regularity of solutions to the
problem

~div(M(x)Vu) = £ in Q,
u=0 on 9Q, (12)
u>0 in Q.

where Q is a bounded open subset of RN with N > 2,y > 0, f € L"(Q) or f € M(Q), and M is a bounded
elliptic matrix.

The existence and stability of solutions to a problem more general than (12) were explored in [12], it is
as follows

—div (A(x)Vu) = F(x,u) in Q,
u=0 on 0Q, (13)
u>0 in Q,

where Q is a bounded open set of RN, N > 1, A is a coercive matrix with coefficients in L*(Q2), and F : (x,s) €

QX [0, +oo[— F(x,s) € [0, +00] is a Carathéodory function which satisfies 0 < F(x, s) < % ae. xeQ,Vs>0,
with i € L"™(Q), m > 1 and T € C([0, +cof) strictly increasing function such that I'(0) = 0.
Regarding problems involving singularity and measure data, we recommend, for instance [1, 7, 10]. In

[1] the authors studied the following model

—div (Vu) = f(x)gu)+ ¢ in Q,
u=0 on 0Q), (14)
u>0 in Q,

here, u represents a nonnegative, bounded, Radon measure on (2, while f stands for a nonnegative function
in L™(Q)) with m > 1, which can be seen as a measure. The function g : (0, +c0) — (0, +o0) is a nonlinear,
nonincreasing, continuous function satisfying the conditions (3), (4) and (5). Under these assumptions, the
authors have proved the following results
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(R1) For 0 <y < 1,a weak solution u of (14) exists in Wy () for all g < 5
(R2) For y =1, problem (14) has a weak solution u in the space Wllo’Z(Q), where g < (&

They have also obtained several other noteworthy results, which can be explored in detail within the
referenced publication. The reference [10] addresses a specific case of (14) where g(1) = u™ with y > 0, and
f e LY(Q).

Drawing inspiration from the aforementioned facts and motivated by the previous results, we seek
to generalize the problem (14) by introducing an anisotropic Laplace operator denoted as Au, which is
defined in (11). By incorporating this anisotropic Laplace operator, we formulate the generalized problem
presented in (1).

Regarding subsequences, we will need the following useful topological trick of uniqueness.

Lemma 1.1. [16, Lemma 1.1] Let X be a topological space, and consider a sequence (x,) in X with the property that
for any subsequence (x,,), there exists a convergent subsequence (x,,k/) with a limit of x. In such cases, the sequence

(x4) converges to x.

2. Main results

Currently, we present two essential definitions that play a crucial role in our analysis of the matter
introduced in equation (1).

Definition 2.1. Let (u,) be a sequence of measures in M(C2). We say (i) weakly converges to u € M(Q), denoted
pn — win M(Q), if for any continuous function f € C.(Q)

fQ fdun — fQ fau.

Definition 2.2. (i) For 0 < y < 1, a weak solution to problem (1) is a function u € W(l)’l(Q) that fulfills the
equality

N
Y f \DaulP20udipdx = f Fo(u)pdx + f pdu, Yo e CHQ), (15)
i=1

and the condition
YoccQ, AC,>0:u>C, >0, ae. inw. (16)

y+pi-1

(ii) Fory > 1, a weak solution to problem (1) is a function u € Wllo’cl(Q) satisfying (15) and (16), with T, "' (u) €
W,y'P (Q) for each fixed k > 0.

Our first result is presented in the following theorem.
Theorem 2.3. Let f € LY(Q) be a positive functzon and 0 < y < 1. Assume that (2)—(5) hold true. Then, the
problem (1) has at least one weak solution u € W zi (Q) (As defined in Definition 2.2, under case (i)), where

N@-1)

1<gi < =——=pi,
TN

Yi=1,...,N. (17)
The next result deals with the existence of solutions belonging to a space larger than the one mentioned
in the previous theorem.

Theorem 2.4. Let f € Ll(Q) and y > 1. Assuming that (2) through (5) hold. Then, the problem (1) possesses at
least one weak solution u € W & ' (Q) (in the sense of Definition 2.2, under case (ii)), where q; satisfies (17).
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Remark 2.5. The assumption (2) ensures that

N(p-1) ) ,
1, = #0 and g;i<p;, forall i=1,...,N.
(p(N—l)” hispe )
Indeed,
2>1+—— =p>1+ —1 (because p > 2)
N+1 P N+1 d
:>p>N+1
= pN+p>2N
— 25N —2N > pN -
p(N-1) _
= 2> — -1>0
NG-1) (p )
p(N-1)
= p > — (because p; > 2)
NG-1) g
Np-1
_(P )p1‘>1.
p(N - 1)
To show that q; < p;, it is enough to prove that gf]j; < 1, we have

N@p-1)
p(N-1)

<le=Np-1)<p(N-1) = N>p (true).

Remark 2.6. In the isotropic case, i.e., p; = 2, the results of Theorem 2.3 and Theorem 2.4 coincide with reqularity
results for elliptic equation problems involving a singular term and a Radon measure (see Theorem 2.6 and Theorem
2.9in[1]).

3. Approximate solutions

We will use the following truncation functions: Ti(s) = min{k, max{—k,s}} and G(s) = s — Tk(s), where
s€Rand k > 0. For any s € R and k > 0, the equality Ti(s) + Gi(s) = s is apparent.
Let’s begin by looking at the following approximation problem

- % 9 (19iunlP 20110 ) = fugu (un + 1) + gy in Q
P i\10ily iln ) = fnGn\Un + 3, Un ’ (18)
u, =0 on 0Q,

here, f, = T,(f), g0 = Tu(g), and (u,) is a sequence of smooth non-negative functions bounded in LY(Q),
converging to i as per Definition 2.1. The weak formulation of (18) reads

N
ZfIaiu,ql”"‘Z&iuné?i(pdx:ffngn (un+l)(pdx+fyn(pdx, (19)
i=1 Y0 Q n Q

for all p € C1(Q).
By means of the following lemma, we will demonstrate the existence of a solution to problem (18).

Lemma 3.1. Assuming (2) to (5) are satisfied. Then, the problem (18) has a non-negative weak solution u, €
WyP (Q) N L=(Q).
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Proof. The lemma’s proof will be carried out by employing Schauder’s fixed point argument.
Let n € IN* be fixed. We introduce a mapping S : L’(QQ) — L*(Q)), where for all v € LP(Q), w = S(v) is the
unique weak solution to the problem

_y 0, (19wl 205w) = fugn (lol + 1)+ in Q
= 1 1 1 - ﬂgl’l n ["lﬂ 7 (20)
w=0 on JQ.

To demonstrate the existence of a unique solution w € Wé’p (©), to (20), please consult Appendix A.
Let us consider w as a test function in the weak formulation of (20). Using (4), (5), and the fact that
fu < n, we obtain

Z st} ) = f 19s0lidx
=' Ja
1
= ffngn (|U| + —)wdx + f pnwdx
o) n Q

<M fuo dx + M futo 5dx + max h(t)

- {lv\+%<g} (|z}| + %)y {|v|+%>f} <|T)| + %) te[tt] {;s\vl+%s¥}

+ C(n) f |w|dx
Q
< Mn'*! f [wldx + Mno+! f |wldx + n maxh(t) |w|dx
{|v|+%<g} {|v|+,l,>2} teltt] {gs|v|+,l,s¥}

+C(n)f|w|dx
Q

Sfawdx

SC(n,y,@)fIwIdx.
Q

By utilizing (7) on the left-hand side and Holder’s inequality with exponent p* on the right-hand side, we
obtain

N

1 1

PN —tVl

EllwllL S E 191l o S €y, 0T [lwll 7+ - (21)
i=

As pn > 1, a positive constant R(#, |Q]), independent of v and w, exists such that

lwll e ) < CCQ1,y, ) = R(n, |2). (22)
Asp < p*, then

lwllricy < CC(n,y, 6) = R(n, |2 (23)
Thus, equation (23) implies that the ball B in LP(Q), with radius R(n,|Q|), is invariant under the map S.

Claim: S is continuous on LP(QQ).
Let v € LP(Q) and let (vx) be a sequence of functions converges to v in L7((2). We denote wk = S(vx) and

w = S(v). To prove that wy — w in LF(Q), it suffices to demonstrate that wy — w in W (Q) because

é 7 (Q) = LP(Q). According to Lemma 1.1, to verify that wy — w in W0 7 (Q), it is sufficient to show that
for any subsequence of (wy), it is possible to extract a further subsequence that converges to w.
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Let (wy() be a subsequence of (wy). Firstly, since v,4) — v in LP(Q) as a(k) — oo, we can extract a
subsequence (v, (1)) of (Vs(r)) such that

(Tl(k)—wo .
Ugyky ———— 0 a.e. 1m Q. (24)

Secondly, for every integer o1(k), one has

<n?+ C(n). (25)

1
fndn (%(k) + ;) + ln

From (24) and (25), we can apply the dominated convergence theorem to deduce that

1 1 Gl(k)—mo
[fn!]n (Uol(k) + —) + #n] - [fngn (ZJ + —) + un] —0, Va=x=1
n n Le(Q)
Hence
1 1 a1(k)—e0
fngn (vm(k) + _) _fngn (Z) + _) _— 0, Ya >1. (26)
n n L (Q)

Thirdly, we have w,, ) and w satisfying the equation
N N

- Z i (|<9iwal(k)|p iizaiwol(k)) +
=1

i=1 i

1 1
MN19.70Pi2 9.7} = I -
a1 <|alw| &zw) fngn (Um(k) + I’Z) fngn (Z) + I’Z) . (27)
By selecting wg, ) — w as a test function in (27), we get
N
Z f [|3iwm P 20we, w — 101wl i_zaiw](a’iwo](k) - diw)dx
i-1 V@

= Jun (Vo100 + )= fugn |0+ 1 (Wg, @) — w)dx.
Q n n

By Holder’s inequality, (8), (21) and (23), we have

z

Z f [laiwol(k)lp 20 Wey k) — |01l i_zaiw](aiwo'l(k) — diw)dx
i=1 vQ

1 1
< || fugn (Uol(k) + E) — fuln (U + E) lwe, @ — wllzri @)
1% Q)
1 1
< Vg (oot + 3 ) = a0+ )|, 1000~ Wl
n nl|
1% Q)
1 1
< Cul|fugn (v(,l(k) + —) — fun (v + —) o
n i

Consequently, from (26), we obtain

N
lim Z f [I&iwgl(k)lf”"zaiwm(k) - |8,-w|”"‘28iw]8,-(wal(k) —w)dx = 0.
i1 vQ

01 (k)—)oo

Finally, by following the same line of reasoning as in Lemma 2.4 of [15], we can extract a subsequence

(Woym) from (wg, ) such that (wg,x)) converges to w in Wé’p (€). This establishes the continuity of S.



H. Khelifi, R. Nesraoui / Filomat 38:27 (2024), 9435-9451 9443

Claim: S(LP(QY)) is relatively compact in LP(Q).
Using equations (21) and (22), we can deduce that

N N
Z f |9 olPidx = Z f 0:S()Pidx < R(n,1Ql), Yo € LF(Q).
i=1 YO i=1 Y

By Sobolev embedding, S(LP(Q)) can be shown to be compact in LP(Q).
As a result, through the utilization of the Schauder fixed point theorem on S, we establish the existence

of a fixed point u,, € LP(Q). This fixed point is identified as a weak solution to (20) in WS’V(Q).
Moreover, taking ¢ = u,, = min{u,,0} in (19). Using the fact that f,g, (un + %) + un > 0, we obtain

N
Zf |diu,, Pidx < f (fng,, (un + 1) + yn)u,;dx <0.
i=1 VO Q "

This leads to u;, = 0 almost everywhere in Q, implying u, > 0.
Furthermore, for a fixed n, we have u, belongs to L*(Q)) (by [22, Théoréme 4.2, page 215]) because the
right-hand side of (18) is in L*(Q) and this concludes the proof. [

Lemma 3.2. Let u, beasolution to problem (18). Then, for every w CC Q, there exists a constant C,, > 0 independent
of n such that

Uuy(x) 2Cp, >0 ae x€w. (28)
Proof. Let v, be the unique weak solution of

N
- 1221 i (Iaivnlpl—wivr,) = fuln (vn + %) in Q,
on =0 on JQ.

(29)

By the strong maximum principle (see [9, Theorem 3.18]), since f,gx (Un + %) > 0 and not identically zero,
we have v, > C, > 0 in any w CC Q for some constant C, (see [17, Lemma 2.3 and Lemma 2.6]).

Demonstrating that u,, > v, holds almost everywhere in Q) is straightforward. Suppose this is not the
case, meaning that u, < v, in Q. In such a scenario, we subtract the weak formulations (18) and (29) with
the test function v, — u,, > 0, we obtain

N
Z f (|aivn|pi72aivn - |aiun|piizaiun) 9i(vy — Uy )dx = f fn [gn (U” + 1) —n (un + 1)] (On — ty)dx
= Jo Q n n

- f pn(On — U )dx. (30)
Q
Thanks to the well-known inequalities (see Appendix B)

(19:0ulP 2050, — 10t P2itt) Bi0n — Ditan) > 1900 — Dittal?”, ¥i=1,...,N,

we get
N N
Y f (1950l ~2070, = 0P 29i10,) i = )b = Y f 19:(0n = )P, (3D)
i=1 YO i=1 VO

Thus, (30) and (31) provide

fQ il (o0 + 5 ) = g s + ) o = et - fQ yn(vn—umdng fQ 194(0n — )Pk, (32)
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Since u, < v, and g, is non-increasing function, then g, (z;n + %) — G (u,, + %) <0, and given that f, and u,
are non-negative functions, we have

fon [gn (vn + %) ~ Jn (un + %)] (0n — ty)dx — fQ vy — up)dx <0, (33)

Combining (32) and (33), we conclude

N
Z f 19:(0n — un)lPidx < 0.
i=1 VO

This leads to the conclusion that u, > v, almost everywhere in €}, and consequently, this inequality
holds true within w as well. Hence, we’ve shown that for any w cc €, there’s a constant C, such that
Uy 2 v, > C, > 0 almost everywhere in w. [

Throughout the ensuing discussion, let u,, € Wé’?)(Q) N L*(Q) represent a solution to problem (18).

4. Proof of main results

4.1. Proof of Theorem 2.3

Step 1: A priori estimates

In the following lemma, we shall provide W;’_p)(Q)—estimates for the solutions u,, of problem (18).

Lemma 4.1. Under the assumptions of Theorem 2.3, there’s a fixed positive constant C not dependent on n, such that

ITk(ua)llz <C, Vk=1, (34)

q

l9ittnll ven —~— <C, (35)
MPN-DPi(y)

ltallz < C, (36)

where q; < %pi, Vi=1,...,N.

Proof. We adopt the reasoning presented in [4] to prove this lemma. Let ¢ = Ti(u,) (Vk > 1) and use it as a
test function in (19), thus

g f(; |0 Ti(un)l"dx < L fngn (”n + %) Tye(utn)dx + L b Tie(un)dx, 7

Using (4) and (5) in the right hand side of (37) and the fact that

T (1) < Uy _ Uyl

= u
AV 1y iy -
(ot 3) (wrd) (it 3)
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we have

fnTk(un) dx+]\_/1 fnTk(un) dx

1
0 Jugn (M” ’ 5) Teltin)e + fo Hn Tl < 20 - (n+ 1) {157} (un + %)6

+ max h(t) _ fnTk(un)dx + k”Hn”Ll(Q)
tel 1 {1zu,+157)
1-y _ k
<M f(un+l) dx+M —fedx
{u,,+%<§} n {u,,+%>f} (un + l)
+ kmaxh(t) fdx + Ck
telb ] -
W
< []\_/Iktl‘y + % + kmax h(t)] lfllLr ) + Ck
7 telt 1]
< Ck. (38)
By (37) and (38) we obtain
f |0; T (uy)P'dx < Ck, VYi=1,...,N. (39)
Q

Hence, from (39), we obtain (34).
N(p-1)
Now, we prove that (d;u,) is bounded in M P Q). For6 > 1and any k > 1, we get

meas{|diu,,| > O} < meas{|d;ju,| > 6, u, <k} + meas{|diu,| > O, u, >k}
< meas{|d;u,| > 6, u, <k} + meas{u,, > k.

Now, using (39) on the right-hand side of the previous inequality, and the anisotropy inequality (6) we get

dilly 4 1 »*
meas{|diu,| > 6} < f (M) dx + — f Ti(u,) dx
sk \ O ¥ Jisk
<if|a-T ()P + — fT(u V' dx
S 0 ilk\Un kﬁ* o k\Un

N & r
[H [ [ oimnras)

i=] \WQ

N P

kanl

< 6%k + kP03, (40)

c, 1
< —k
S T

S ——)

.
On choosing k = 6Wf;’p " in (40), we obtain
_NGD .
meas{|diu,| > 0} < C6 ™ P | ¥§>1, Vi=1,...,N.

NG-1)
Consequently, we have established the boundedness of (diu,) in M%p '(Q), which, in turn, leads by the

N@-1) .
saPi Yi=1,..,N.

property stated in (9) to the conclusion that (u,) is bounded in W(l)’_q)(Q) with g; <
This finishes the proof of Lemma 4.1. [
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Step 2: Passage to the limit
Referencing Lemma 4.1, we ascertain the existence of a subsequence (u,), also denoted as (u,), and a

measurable function u belonging to Wé’_q)(Q), such that
u, = u weakly in Wé’—q)(Q) and a.e. in Q, (41)
N@-1

p(N-1)
there exists a subsequence (still denoted (u,)) such that foralli=1,...,N

for every gq; < pi. Now, adapting the approach of the proof of Lemma 5.1 in [24], we can show that

diu, — diu a.e. in Q. (42)

Via (41), (42), and the Lebesgue dominated convergence theorem, we achieve the following forall ¢ € C! (5)

N N
szlﬁllaiunlp"zaiun8i¢dx:Z‘Llaiulp"_zaiuz?i(pdx. (43)

On the other hand by Lemma 3.2, we have

;

falol = falpl
{u,,+%<z} (un N %)de +M {un+}7>?} (un N %)_gdx

+ max h(t)
teltf] fisue 1<

dx <M

oo+ o
}ﬁmﬂ

M M
< ol + i + Clllpll=@llfll )

where, C > 0and w = {x € Q: ¢@(x) # 0}. Consequently,
the sequence ( fnGn (un + %) go) is bounded in L'(Q). (44)

By (41), (44) and the Lebesgue’s theorem, we obtain

n—oo

tim [ g+ 3o = [ Fotipds, v ecli 5)

Using the convergence results (43), (45) and p, — p in M(Q)), we can then take the limit as # — +c0 in the
identities (19) for all ¢ € C1(Q). This yields (15). So, the proof of Theorem 2.3 has now been completed.

4.2. Proof of Theorem 2.4

Step 1: A priori estimates:

In view of the extraordinary singularity of this case, it’s possible to obtain local estimates of u,. We intend to
ypi-1 —
provide a global estimation of [ T, " (un)) in Wé’p (Q)), aiming to attribute meaning to the boundary values

of u, albeit in a weaker manner than in the context of the trace sense.

Lemma 4.2. Under the assumptions of Theorem 2.4, there exists a positive constant C independent of n, such that

rHpi-1
T," (w)|pz<C Vkx1, (46)
ltall 17, < C (47)

loc

where gq; give as in (17).
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Proof. Choosing ¢ = TZ(uH) for all k > 1 as the test function in (19), we get

N
Ti=y Y [ 10l 20ua e T )z = | fug (1o + 1) Ty (u)dx + | T (un)dx = Io. (48)
= k o n) kK ol "k

By the definition of T(u,) and since y > 1, we estimate the term 7 of (48) as

N
I :VZ f 19Tkt T, (t)dx

. y+pi—1 pi
= iT, " (un)| dx
v Z (7/ Tpi— ) L
V+p1
y+p1_12f‘&]" ()| dx. (49)
For I, using (4), (5) and the fact that
T} (i) ul,

we have
fnTy(un) — fuT) (u
2 < M ), ——dx+M —de + max h(t) ST} (un)dx + k7 f Lndx
uy,+ <t n {lln+%>t} (un + ) te[t ] {;su,,+%§2} Q
Mk '
<M fdx + —— fdx + k¥ maxh(t) fx + K|l o)
{u,1+ 1 <t} t {u,,+ 1 >t} te[tt] {t<u,1+ 1 st}

M ,
< [(1\_/1 +5+ C) Il + ||Hn||L1(Q)] K. (50)

t

Upon merging the inequalities presented in (49) and (50), we arrive at

I}

Hence (51) yields (46).
We prove the estimate (47) through two stages.

yHpi-l

pi
(uy)| dx <Ck’, V¥Yi=1,...,N. (51)

Stage 1: We prove that G1(u,) is bounded in Wé’?(Q) for every g; < (A’} 3 pi.

To establish this, it is sufficient to demonstrate that 9,Gq(u,) is bounded in the Marcinkiewicz space
NG-1
MAP(Q). Let h > 0, we have

{|0iun] > h,uy, > 1} = {|0iuy] > h,1 <u, <k+1}U{|diu,l > h,u, >k+1)}
c{ldiuyl > h,1<u, <k+1}U{u, >k+1},

which implies that

meas{|diu,| > h,u, > 1} < meas{|dju,| > h,1 < u, <k+1} + meas{u, > k+1}. (52)
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To estimate (52), we use ¢ = Ti(G1(uy,)) as the test function in (19), where k > 1. Upon examination, it
becomes evident that 9;Tx(G1(u,)) = diu, only holds true for 1 < u, < k + 1; otherwise, this value is zero.

Additionally, Tx(G1(u,)) = 0 when u,, < 1. With these considerations, we arrive at

fQ OTH(Gr ()P < fQ g s + 3 ) T(Ga ) + f TG (0))x
ATGi) | £ TeGann)
{un+%<£} (un+z)y {u”+%>¥= (Mn+%)9 :

+ maxh(t) ‘f{K <t} fnTk Gi(uy))dx + L ynTk(Gl(un))dx

<M

telt ]

.
SMk«f{‘u,ﬁid} (1+%)ydx+ 26 {un+}7>2} fdx

+ kmaxh(t)
telt ] {gg 1<

}fdx + k|l )

M
< [(M + @ + C) I fllz ) + IIMnIILl(Q)] k
<Ck, Vi=1,...,N. (53)
By (53), we have

ai n g
meas{l8iun|>h,1<un§k+1}3f (I u |) I
(aum<ksy \ B

1 v
= % |3,-Tk(G1(un))|7”dx
{1<u, <k+1}
slf—f Vi=1,...,N. (54)

On the other hand, by computing the p;N-th root of each side of the inequality (51), we deduce

ﬁ(fo 8T+5’ (1t2)

1 N
Np; VY, N Y
dx) <cK&a™ = k.
i-1

We invoke (6) with = p*, to derive

i

By limiting the integral on the left-hand side of (55) to the set where {u,, > k + 1}, we get

‘L‘w

yipi-1

Tk " (un)

-
] <CK. (55)

s

P —%
PO+p;-1) y4pi~l—x \ p* Lﬂ’fl P
k™7 measfu, >k+1} < kP < T, " (uy) < CK,
{1y >k) Q
hence
N V+V +p_, (N1/+N)/p2 & +Np— N’Z N ) _N*p-D
meas{u, > k+ 1} Hmeasun>k+l < H Pi < Ck <k TN,

i=1 i=1
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this inequality implies that

NG-1)

meas{u, >k +1} < Ck™ V7 . (56)

N(p-1)
Consequently, (u,) is bounded in MNL*?’, leading to the conclusion that (G1(u,)) is similarly bounded in
N@-1)

M~ . Now from (52), (54) and (56), we have

_ N1

Ck N@-1) .
meas{|diu,| > h,u, > 1} < w +Ck ™~ , VYk=>1, Vi=1,...,N. (57)

i

Minimizing the right-hand side of (57) with respect to k, we obtain
_Ne=b,,
meas{|diu,| > h,u, > 1} <Ch 7P Yk>1, Vi=1,...,N.

N@-1)
We thus proved that (diu,) = (9;G1(u,)) is bounded in M ol '. Hence, by the property in (9), we can infer

that (G1(u,)) is bounded in Wé’q (Q) where g; < %pi, Yi=1,...,N.

Stage 2: We show that (T4 (u,)) is bounded in Wllo’cp (Q).

Demonstrating this claim requires a thorough examination of how u, behaves for small values across
different values of n. We have already proved in Lemma 3.2 that u, > C, > 0 on w cc Q. Upon utilizing
Q= Ti/(un) as a test function in equation (19), the outcome is

N
VZf |&iunIpiiz&iunaiTl(un)giTi/_l(un)dx = ffn!]n (un + 1)Ti/(un)dx + f /vlnTi/(un)dx
= Jo Q n Q
In the same way as the proof followed in (50), we find
fQ |8iunI”"_zaiunﬁiTl(un)Tfl(un)dx <C Vi=1,...,N. (58)
We observe that
fQ it P20t T ()T ™ ) > f 01Tt T ()
> CZ,_l f |0;T1(u,)Pidx, Yi=1,...,N. (59)
Therefore, from (58) and (59), we obtain

flaiTl(un)l”"dx <C Vi=1,...,N.

The previous estimate implies that (77 (1)) is bounded in Wllf(Q). Since u,, = G1(u,) + T1(u,,) we obtain the
estimate (47). This completes the proof of Lemma 4.2. [J

Step 2: Passage to the limit.
yHpi-1

Thanks to Lemmata 4.2, the sequence (TT (un)) is bounded in W(l)’_p)(Q) and (u,) is bounded in Wllo’zf(Q).

By applying the same proof methodology as used in Theorem 2.3, we can pass to the limit as # — +o0 in
the identities (19) for all ¢ € C}(Q) to establish (15).
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Appendix A (Proof of the existence and uniqueness of the problem (20))

Step 1: Existence.

As (u,) is a sequence of smooth functions, i.e., u, € L*(Q), and since f,g, (Ivl + %) € L*(Q), the right-
hand side of (20) is in L*(€2). Therefore, by the well-known existence results stated in [8, Theorem 2.1 (i)],

there exists a weak solution w € W;’p (Q) N L*(Q) to problem (20).

Step 2: Uniqueness.

Suppose that the problem (20) has two solutions w; and w,. Then, we have

N
y f 19,0129 w7 sqpdx = f ( Futin (|v| + %) + y,,)(pdx, Vo e WP (@),
Q Q

i=1

Zf |8iw2|”f_281w281(pdx = f (fngn (lvl + %) + yn)(pdx, Yo e W(l)?(Q).
i=1 Y@ Q

For the test function ¢ = w; — w,, we obtain

N

Z f (|t9iw1 P=29;w; — |3iw2|’7i_23iw2) (diw1 — diwp)dx = 0.
i=1 YO

Thanks to the inequalities (see Appendix B)
(|3,'ZU1 |pi_28i?,{)1 - |8iW2|pi_ZaiZU2) (81-w1 - 3,’102) > |diw1 — dyw P, Yi=1,...,N,
we get
N
| 19 oyt <o,
-1 YQ

1

which implies that w; = wy.

Appendix B
If p > 2, thanks to the symmetry, we prove the inequality

(=22 = [yl 2y) (x = ) = | — P,
in the case
(@ -y e-pz -y, x>y>0,
which is equivalent to ensuring the positivity of

P = (¢ =) =@ -y 20, x>y>0.

The function Y(x) is positive because it is increasing and 1(y) = 0.
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