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Slant ruled surfaces generated by the striction curves of the hyper-dual
curves

Emel Karaca?®

“Dept. of Mathematics, Ankara Hact Bayram Veli University, Ankara, Turkey

Abstract. In this paper, exploiting some considerable properties of hyper-dual curves and the concept of
unit hyper-dual sphere, it is shown that each striction curve of the hyper-dual curve denotes two slant ruled
surfaces in R®. Moreover, these slant ruled surfaces have a common striction curve. Then, it is proved that
the normal vectors of these slant ruled surfaces are orthogonal along the common base curve. Consequently,
an example is given to verify the obtained results.

1. Introduction

The algebra of dual numbers, whose properties given in [11], was firstly introduced by Clifford as a
generalization of real numbers in [3]. Dual vectors, represented by D%, were applied by E. Study mapping
which says that there exists one-to-one correspondence between the directed lines in IR* and the points of
unit dual sphere in 52, in [23].

In mathematics, especially in geometry, ruled surfaces, which are generated by the motion of a straight
line in [6], have significiant application areas such as engineering, computer-aided design, etc. Using E.
Study mapping, in [16], a correspondence among the dual curves mentioned in [18] and [22] on S2), the
tangent bundle of unit 2-sphere, TS?, and non-cylindirical ruled surfaces was given. Then, in [12], each
curves on TS? were corresponded to the ruled surfaces in IR®. Furthermore, the relationship between the
developability conditions of these ruled surfaces and their striction curves was analyzed. Motivating this
research, in [15], each natural lift curve, which is obtained by the unit tangent vectors of the main curve,
was corresponded to the ruled surface in R®.

The concept of slant helix by saying that the normal lines of the curve make a constant angle with a fixed
direction was introduced in [13]. Inspring some properties of slant helix, a ruled surface has an orthonormal
base, which is called Frenet frame of the ruled surface, along its striction line. By considering the Frenet
vectors of a ruled surface, the definitions of some special ruled surfaces, where the Frenet vectors make
a constant angle with some fixed directions in the space, were defined as a slant ruled surface in [20]. In
[17], some significiant theorems about slant ruled surfaces were proved in R? in detail. In [19], slant ruled
surfaces were defined in Minkowski 3-space by using E. Study mapping for directed spacelike and timelike
lines in Minkowski 3-space ]R? in [24]. In [14], the definition of the slant ruled surface was examined by
considering Frenet frames given in [21] and using the correspondence among the subset of the tangent
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bundle of the unit 2-sphere, TM, unit dual sphere, DS? and slant ruled surface in R3.

The hyper-dual numbers were introduced for solving some derivative problems in [19, 20] and [7-10]. In
[4], it was expressed that two dual numbers consists of the hyper-dual number. In [5], hyper-dual numbers
were applied to rigid body motion in kinematics. In [1], the hyper-dual numbers were applied to kinematics
and geometric representations of hyper-dual numbers were denoted.

Motivating in [2], this paper is designed to fill the gap for the slant ruled surfaces generated by the striction
curves of the hyper-dual curves. Hence, in this paper, it is explained that each striction curve of the hyper-
dual curve on the subset of unit hyper-dual sphere Sﬁjl represents two slant ruled surfaces in IR®. Then, it is
shown that these slant ruled surfaces intersect along a common base curve and their rulings are orthogonal.
Moreover, it is seen that each striction curve of dual curve on unit dual sphere SZ, denotes a slant ruled
surface in R® whereas each striction curve of hyper-dual curve on SH251 indicates two slant ruled surfaces in
IR? such that these two slant ruled surfaces intersect along a common base curve. Also, an example is given
to verify the obtained results.

This paper is organized as follows: In Section 2, some basic properties of dual numbers and hyper-dual
numbers are given. In Section 3, the Frenet frame of the slant ruled surface and some characterizations
for slant ruled surfaces are mentioned. In Section 4, the relation between hyper-dual numbers and ruled
surfaces is denoted in [2]. In Section 5, the slant ruled surfaces constructed by the striction curves of
hyper-dual curves are acquired. Also, some fundamental theorems are proved in detail. In Section 6, an
example is given to support the main results explicitly. In Section 7, the important results are pointed out
summarily.

2. Preliminaries

In this section, some definitions and properties of dual and hyper-dual numbers are, respectively, given.

2.1. Dual Numbers

D={X=x+ex":xx" €R, e+#0} (1)

denotes the set of all dual numbers, where ¢ is dual unit satisfying 2 =0.
The set of dual vectors is given by

D*=(X=%+et: 27 € R )

and X is also called dual vector in ID?. For any dual vectors X=R+eand Y = 7 + €, the scalar and
vector products are defined as follows:

X, Y E P+ e(@ T+, D), 3)

XxpY = IxXJ+e@XT +7XP). (4)

Here, ”(,)” and ”X” are the usual scalar and vector products in R®.
The modulus of the dual vector X is defined by

(%, %)
I

If [X|p = 1 (that means | = 1 and (£, @) = 0), then X = ¥+ ¢ is called a unit dual vector. The unit dual
sphere, which consists of all unit dual vectors, is

Xlp = |14 +¢ , 17 #0. 6)

SA=(X=x+ex:[XIp=1, XeD. (6)
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Theorem 2.1 (E. Study mapping). There exists one-to-one correspondence between the points of the unit dual
sphere S3 and the directed lines in R, see [23].

Also, the scalar product of X = £+ e2 and Y = 7 + e is
()?, ?)D =cos@ =cos 0 + 0 sin 6, (7)

where ¢ = 0 + 0" denotes a dual angle, see [23]. If d; and d, are the directed lines in R? to the unit dual

vectors X and Y, respectively, then 0 is the angle between ¥ and . Furthermore, |0*| denotes the shortest
distance between d; ang dy. .
The vector product of X = ¥+ ex* and Y = i/ + 7" is

}?XD?=ﬁsin(p. 8)
)?XDY

IXxpYlp

X and 17, directed from ¥ to i. For more information about dual numbers, see [11].

Here, sin@ = sin 9+ 6" cos 0 and N= is the common orthogonal direction vector to the dual vectors

2.2. Hyper dual numbers

D = {X =X+ E1X1 + E2Xp + €1E2X3 ¢ X, X1,X2,X3 € ]R} (9)

is called the set of hyper-dual numbers, where ¢; and ¢, are dual units satisfying

el =& =(e162)* =0

and
&1 # 2,61 % 0,60 #0, 6160 = €261 #0.
For X = xg + e1x1 + e2x2 + €162x3 and Y = yo + €11 + €22 + €123, the addition and multiplication rules are
given as follows:
X+Y
XY

(x0 + yo) + €1(x1 + y1) + €2(x2 + 1) + €162(x3 + Y3),
(xoyo) + e1(xoy1 + x1Y0) + €2(XoY2 + X2Y0) + €1€2(X0Y3 + X1Y2 + XoY1 + X3Y0).

Moreover, the multiplicative-inverse of X = x¢ + €1x1 + €2X2 + €162X3 is

_ 1 1 X1 X2 X3 2x1x2
X 1=X:——51—2—52—2+6162(——2+—3), xg # 0. (10)
X0 Xo Xo 0 Xo

A hyper-dual number X = xg + £1x1 + €2X2 + €1€2X3 can be written according to two dual numbers as
X=X+¢&X". 11)

Here, ¢1 = ¢, &, = €"and X = xg + €x1, X* = xp + ex3 € ID. For two hyper-dual numbers X = xy + £1x1 + 2% +

e1&ax3 and Y = yo + €11 + €22 + €123, the addition and multiplication rules are, respectively, calculated
by

X+Y X+Y)+&X+Y), (12)

XY = XY+ XY +XY). (13)

An alternative representation of the multiplicative-inverse of X = xp + €1x1 + €2x2 + €162x3 = X + &'X”
expressed by Eq. (10) can be given by

1 X"
xo # 0. (14)
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If the real vectors ¥y and f' X % in a dual vector X=x+ e(P' X %) to the dual vectors X and P xp X, then we
get

X =X+ (P xp X). (15)
For X = X+ &*(Pxp X) and Y = Y + &*(P xp Y), scalar and vector products are, respectively, denoted by

(X, Y)up = [XIp[Ylpcos g, (16)
X XHD Y = |X|D|Y|Dﬁsi1’1 (p (17)

Here, ¢ denotes a hyper-dual angle and 7 is common perpendicular direction vector to X and Y, directed
from X to Y. For more information about hyper-dual numbers, see [4, 5].

3. Differential geometry of slant ruled surfaces

In this section, some basic definitions and properties about slant ruled surfaces mentioned in [21] are
given.
Let I be an open interval in IR. Let = ﬁ(u) also be a regular curve in in R® and § = §(u) be a unit direction
vector of an oriented line in IR?. The parametric representation of a ruled surface ¢ is given as follows:

Au,s) = Bu) + si(u), (18)

where B(u) is base curve and §(u) is rulling, respectively. The unit normal vector i is

- - i — -
o TuXTs (B +s7)xq (19)

XL a7 - G s B s

Along a rulling u = u;, we write

— %7

71

@ = lim mi(uy, s) =
S

—00

The point, where m is orthogonal to 4, is called the striction point (or central point) and denoted by C. The
set of striction points of all rullings is called a striction curve of the surface. The parametric representation

of the striction curve E(u) = B(u) on the ruled surface is denoted by

s G w,Bw)
= - . 1
B(u) = Blu) <€(u),7(u)>q<u> (21)

The vector i = @' 4 is defined as the central normal vector which is the surface normal along the striction
curve. Therefore, the set {C; 7, h, 4} is called Frenet frame of the ruled surface ¢, where C is the central point

and 7, i, @ are unit vectors of ruling, central normal and central tangent, respectively.
For the Frenet formulas of ¢ of the striction curve, we have

q 0 k 0
Pl=l -k 0 Kk
a 0 -k O

|y SNy

where k; and k, are curvature and torsion of (ﬁ, respectively. Now, we will introduce q-, l_z)—,ﬁ’— slant ruled
surfaces as follows:
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Definition 3.1. Let ¢ be the ruled surface in R® given by the parametrization as
Pu,s) = B(u) + squ), (22)
where B(u) is the striction curve of ¢(u, s). Let {7, hak, ko} be Frenet operators of ¢. The following equation exists
(§, Py = cos O = constant; O + g

if the rulling makes constant angle 6 with a fixed non-zero direction p in the space.  is called a §— slant ruled surface.
Definition 3.2. Let ¢ be the ruled surface in R® given by the parametrization as

O(u,s) = B(u) + squ), (23)

-

where B(u) is the striction curve of ¢. Let (g, 1, ki, ky) be Frenet operators of ¢. The following equation exists
(i, p) = cos @ = constant; @ # g
if the central normal vector makes constant angle ¢ with a fixed non-zero direction  in the space. ¢ is called a h—
slant ruled surface.
Definition 3.3. Let ¢ be the ruled surface in R® given by the parametrization as
Pu,8) = B(u) + sqlu), (24)
where B(u) is the striction curve of ¢. Let {g, ha, k1, ko) be Frenet operators of . The following equation exists
(@,P) = cos u = constant; y # g

if the central tangent vector makes constant angle y with a fixed non-zero direction ff in the space. ¢ is called a d—
slant ruled surface.

4. Hyper-dual numbers and ruled surfaces

In this section, considering some basic properties of hyper-dual numbers, each elements on Sﬂzj , which
1
is the subset of the unit-hyper dual sphere S%, denote two intersecting and orthogonal directed lines in IR®.
Additionally, the correspondence between the unit hyper-dual curve on SHZ.) and two ruled surfaces in R
1

is given. All results are given in [2].
For the hyper-dual number X = X + X", the square root is

X*
VX = VX + ¢ , Xo>0. (25)
2VX

The set of all hyper-dual vectors is

D ={X=X+¢&X:X X eD?. (26)

Also, each element of this set is called a hyper-dual vector. For any hyper-dual vectors X = X + &'X* =
Xo+exi+exm+ectxzand Y = YV + &Y = Yo + €Y1 + €Yo + €€'y3, the scalar and vector products are,
respectively,

X, Yup

<X/ Y>D + 8*(<X, ?*>D + (X*/ ?>D)
(x0, Yoy + ({xo, Y1) + {x1, ¥0)) + € (X0, Y2) + {x2, Yo))
e ({xo, y3) + {x1, y2) + {x2, Y1) + {x3, Yo))

+
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and
XxpY+eXxp Y +X xpY)
Xo X Yoe(xo X Y1 + (X1 X Yo) + € (X0 X Y2 + X2 X Yo)
€€ (X0 X y3 + (X1 X Y2 + X2 X Y1 + X3 X Vo).
The norm of X = X + ¢*X* is
Nx = X, Xup = X% +2e7(X, X)p

xol* + 2(e¢x0, x1) + € (X0, X2) + £€"({x0, X3) + (X1, X2))).

R
X

T

ol
2
I

+

Moreover, the modulus of X = X + ¢*X* is

: —— &%)
Xip = X Xomp = Xl + &2
IXlp
_ |x0|+e<x0’x1> +€*<x0,x2>
|xol |xol
N es*(<x0'x3> (x1,x2) (xo,x1><x0,x2))
ol ol |xo[? ’

where |xo| # 0. If [X|gp = 1, then X = X + ¢*X" is called a unit hyper-dual vector.
Definition 4.1. The unit dual sphere S%D is defined as

SL=(X=X+&X:Xlup =1, X, X" e D}, (27)
which consists of all unit hyper-dual vectors.
Theorem 4.2. Let us consider a subset of unit hyper-dual sphere S]% as

Sp, = (X=X+&X:|1Rp =1,X e S} C ST (28)
Then, there exists an isomorphism between the points of 562151 and any two intersecting perpendicular directed lines in
R3.

Adual curveinD?is givenby A(u) = d(u)+ed* (1), where d(u) = (a1(u), az(u), az(u)) and @*(u) = (@} (u), a5 (u), a3 (1))
are vectors in IR®. If |A(u)|p = 1, then the dual curve A(u) is on the unit dual sphere SZ..

Assume that A(u) = d(u) + ed*(u) is a dual curve on SHZD. The ruled surface corresponding to A(u) in R? is
given as follows:

O(u,8) = du) X a*(u) + sa(u), ue R, seR. (29)
Here, a(u) = a(u) x a*(u) is base curve and a(u) is the director curve of ¢(, s), see [].
Definition 4.3. A hyper-dual curve in D is defined by
A:ICR - D’
u +— Aw)=Am)+e'A'(w), ICR
and if |A()|pp = 1, then A(u) is a hyper-dual curve on S%D. Furthermore, A(u) is a hyper-dual curve on Sﬂzj and

N - o )
|A*(w)lp = 1, then A(u) is a hyper-dual curve on SDl'

Theorem 4.4. Assume that A(u) = A(u) + e*A*(u) isa hyper-dual curve on Sﬂzj . Then, each hyper-dual curve A(u)

represents two ruled surfaces in R® such that these surfaces have a common base curve and the position vectors of
their director curves are perpendicular.
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Theorem 4.5. Assume that ¢1(u, 1) = z(u)+s180(u) and po(u, s2) = z(u)+s1d2 (1) are the ruled surfaces correspond-
ing to the hyper-dual curve A(u) = A(u) + e*A*(u) on S]% , where A(u) = dy(u) + edy (u) and A*(u) = dy(u) + eds(w).
Then, the normal vectors of Pp1(u,s1) and ¢2(u, s2) are orlthogonal along the common base curve z(u) iff the velocity
vector 4z(u) = z'(u) is orthogonal to dy(u) or @(u).

Proposition 4.6. Let ¢1(u,51) = z(u) + s1do(u) and ¢a(u, s2) = z(u) + s1dz(u) be the ruled surfaces corresponding
to the hyper-dual curve A(u) € Sﬂzjl such that their normal vectors are perpendicular along their common base curve
z(u). If z(u) is the principal curve of ¢1(u, s1) (resp., p2(u, s2)), then z(u) is also the principal curve of ¢, (u, s) (resp.,
¢1(u,51) ).

5. Slant ruled surfaces constructed by the striction curves of hyper-dual curves

In this section, the striction curve of a hyper dual curve is defined. Then, it is shown that each striction
curve of the dual curve represents two slant ruled surfaces in R®. Moreover, some results for intersection of
these slant ruled surfaces and Bertrand and Mannheimm offsets for these slant ruled surfaces are indicated.
A dual striction curve in D? is defined by

[\IcR - D°
u L) = (quu) + e8] (w), ga(u) + 95 (), ga(u) + e95(1))
= Ju)+edw), ICR,

where §(u) = (q1(1), 42(u), g3(1)) and 9*(u) = (97 (1), 93(u), 93(u)) are vectors in R* and if [[()|p = 1, then ['(x)
is on 53, see [22].

Definition 5.1. A ruled surface ¢p(u,s) = q(u) X Su) + sq(u) in R? is called a § (resp., h—,@-) slant ruled surface if
the following conditions are satisfied:
(i) The base curve B(u) = q(u) X §(u) of P(u, s) must be

By = ) x W

-

(@0 xS, @y o

( (u), 7 (u))

(1) The equations {G(u), §*(u)) = 0 and |7(u)| = 1 are satisfied.
(iti) § — (resp., ]/_l)—, a—) must make a constant angle with a fixed non-zero direction.

() x S(u))

Let T'(u) = q(u) + e§*(u) be a striction curve of the dual curve T'(u) = §(u) + sg(u) on S%D with parameter u. In
IR3, the slant ruled surface acquired by ['(u) is denoted by

Bu,5) = Gu) x §"(u) + s(u), (30)
where the base curve is

B) = ) x §(u) (31)
and §{(u) is the director curve of ¢, [14].

Definition 5.2 (Striction curve of a hyper-dual curve). A striction curve of a hyper dual curve in ID? is defined
as

[:IcR - D’
— T(u) =Ti(u) + eTr(u), ICR.
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Here, T1(u) and Ty(u) are differentiable striction curves in D%, then ['(u) is said to be differentiable. Also, if
L'(u)lup = 1, then I'(u) is a striction curve of a hyper-dual curve on unit hyper-dual sphere Sﬂzﬁ. And if I'(u) is a

striction curve of a hyper-dual curve on S@ZD and |To(w)lp = 1, then T'(u) is a striction curve of a hyper-dual curve on
S2
Dy

Theorem 5.3. Let ['(u) = T'1(u) + T2 (1) be a the striction curve of the hyper-dual curve on S]%l. Then, each striction

curve of the dual curve T'(u) denotes two slant ruled surfaces in R® such that these slant ruled surfaces have a common
striction curve and the position vectors of their director curves are orthogonal to each other.

Proof. From the striction curve of the hyper dual curve ['(1) = Ty (u) + eTo(u) € Sﬂzﬁ , T1(u) and T1(u) are the
1

dual striction curves on 52. Hence, these curves are expressed by, respectively,

T1(w) = Fiu) + 83 ) (32)
and

Ta(u) = Ga(u) + e§5(w), (33)
where 73 (1), g (u), §§(u), §3(u) € R3. Also, the scalar product of I';(1) and T»(u) is given by

(T1 ), T2 u))p = (i), o)) + e(Ga(w), S3)) + (), T (w))). (34)

Since ['(u) is the striction curve of the hyper-dual curve on Sﬂzﬁ ,itis also the striction curve of the hyper-dual
1
curve on S%D. Therefore, (I'1 (), T>(1))p = 0. That is,

Giw), Ga()y = 0, (i), S5u)) + (Galu), & )y = 0. (35)

Exploiting Eq. (30), the slant ruled surface generated by I'1 (1) = 41 (1) + séﬁ(u) and Tr(u) = fo(u) + £§;(u) is,
respectively,

$rws) = f) xS +afiw), s €R, (36)
Su,s2) = H)x Fw) +52pw), 52 € R (37)
The base curves of ci)l(u, s1) and ci)z(u, sp) are written, respectively,

Biw) = Gu(w)x §(w),

ORI ) I AC) SR
, I C 9
G070 qi(u), 979

Biw) = (i) x S1(u)) -
and

Ba(u)

Tolu) X F5(u),

(@) x W), §,w))
(F,(u), @5 (u))
Also, f1 — (resp.,ﬁl—, a—) (resp., g — (resp., ﬁ2—,1f2—)) must make a constant angle with a fixed non-zero

direction.

For u = uy, assume that m,,(s1) and n,,(s,) are the lines of ci)l(uo, s1) and ci)z(uo, Sp), respectively. Also, m,(s1)
and n,(s;) are the rullings of these slant ruled surfaces for all u € I. Additionally, m,,(s1) denotes a line

Ba(u) = (Golu) x Sa(u)) - B(w), & c .

related to the unit dual vector I' (ug) = 71 (uo) + e§;(u0) and n,,(s2) also denotes a line related to the unit dual
vector T2 (ug) = Fa(uo) + e§§(u0).
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Since ['(110) = T1(uo) + T2 (o) € D152, T'(u) indicates two intersecting orthogonal lines (which are 1,,(s1)
and 1,,(sz)) in R®. Let k(1) be the intersection point of the lines m,(s1) and n,(sy) for all u € I. From E. Study
mapping, the moments of 73 (1) and §>() with respect to the origin is calculated by

9 = k(u) X qi(w), (38)

8 = k(u) X ga(u), (39)
respectively. Then, we obtain

dr(u,s1) = qu() x5 (w) + 514 ()

= qu() x (k1) X G1(u)) + 5141 (u)

= (qi(u), g1 (u)k(u) — (), k()i () + s147 ()

= k() = (q1(w), k@) () + s1q1(u)

= k(u) + (s1 — (Ga(u), k(u))qi (w), (40)

where (71 (1), §1(u)) = 1. Substituting v, = s1 — {(f1(u), k(1)) in Eq. (40), we have

1w, 01) = () x Sy () + 011 (), 01 € R. (41)
We also obtain

a1, 02) = i) X Sy () + 021(u), 02 € R. (42)

From Egs. (41) and (42), it is deduced that the slant ruled surfaces (Z)l(u, v1) and qAbz(u, v,) have a common
striction curve which is k(u). And from Eq. (35), it is easily seen that the position vectors of 7 (u) and 7>(u)
of the slant ruled surfaces (;31 (u,v1) and (i)z(u, vy) are orthogonal. [

Theorem 5.4. Assume that ¢1(u,v1) = §1(u) X §’i(u) + 011(u) and Ga(u,v2) = Fi(u) X §’i(u) + 02q1(u) are the
slant ruled surfaces related to the striction curve of the hyper dual curve () = T1(u) + eT2(u) on S% , where
Ti(u) = qi(u) + e§1(u) and Tr(u) = Jo(u) + s§§(u). Then, the normal vectors of these surfaces are orthogonal along

the common base curve k(u) iff the velocity vector %k(u) = k' (u) is orthogonal to ¢y (u) or ga(u).

Proof. The normal vectors of (i)l(u, v1) and (f)z (1, v7) are, respectively, denoted by
Niw,o1) = qi(u)x (K (u+v1d, (), (43)
No(,02) = Gau) X (K (u + 02y (1)) (44)

Due to the intersection along the common base curve k(u) in the case of v; = v, = 0, the normal vectors of
(;51 (u,v1) and qu(u, vy) are given by

Ni(w,0) = qi(u)xk (), (45)
Nao(u,0) = () x K (u) (46)

for all u € I. Thus, the scalar product of these vectors are represented as follows:
(N1(1,0), Na(u,0)) = (i (1), K (1)K (1), G (w)). (47)
It is deduced that N; and N, are orthogonal along k(u) iff (¢ (1), k' (u) = 0) or (k' (1), Go(u) = 0). O

Proposition 5.5. Let ¢1(u,v1) = G (1) X §’i(u) + 0141 (u) and $a(u, v2) = 1 (u) X §’i(u) + 021 (u) be the slant ruled
surfaces related to the striction curve of the hyper dual curve () = T1(u) + el (1) on 5112'3 such that their normal

vectors are orthogonal along their common base curve k(u). If k(u) is the principal curve of ¢1(u, v1) (resp., o (1, v2)),
k(u) is also the principal curve of (ﬁl(u, vy) (resp., @)Z(u, 2)).



E. Karaca / Filomat 38:27 (2024), 9463-9474 9472

Proof. Assume that k(u) is a common curve of @1 (i, v1) and (o (1, v2). Let {£ (w), 71 (1), ity (1)} and {E5 (1), 2 (14), 5 (11)}
be the Darboux frames along the curve k(u), respectively. Namely,

-

Rw0) = b= k) =K@ =,

w,0) = qiu)xk u) = i) x Hu),
ih(w,0) = golu)xk (u) = f2(u) x Hu),

-

w0 = i) x fi(u) = it (u,0) x Ku),
2,0 = ia(u) X () = itx(u, 0)  Hu).
Additionally, we get
d N 5
Enl (u,0) = —kytu) -ty y1(u,0), (48)
d S 5
Enz(u, 0) = —kptu)—tg,y1(u,0). (49)

Here, k;,, k, are the normal curvatures and ¢t,,, t;, are geodesic torsions. k(u) is the principal curve if t;, = 0
or tz, = 0. Since i1 and 71, are orthogonal, we write

(it1(u, 0), #i2(u, 0)) = 0. (50)

Differentiating Eq. (50), we obtain

10,00, a0, 0) = (= ,0), ot 0) + G (1,0, 77w, 0 6
Exploiting Eqs. (48-50), we calculate

(=, Hut) = g, (11, 0), (11, 0)) + (it (11, 0), =k, Hut) = t4, 71 (1, 0)) = 0. (52)
Also, we have

~tg,(§1(u, 0), 2(u, 0)) — t4, (71 (1, 0), #2(u, 0)) = 0. (53)
It means that

~t,(§1(u, 0), 2(u, 0)) = t4, (71 (1, 0), #2(u, 0)). (54)
Consequently, if t, = 0 (resp., t;, = 0), then t;,, =0 (resp., t,, =0). O
Remark 5.6. Let ¢1(u,v1) = 1 (1) x §](u) +01d1 (1) and da(u, v2) = §1(u) x §§(u) + 0241 (1) be two intersecting slant

ruled surfaces with Frenet frames {tﬂ,ﬁl,d’l} and {q’z,ﬁz, @), respectively. If d1(u,v1) and ¢o(u,v2) have common

central normals (that means P_z)l = ﬁz) at the corresponding points of their striction lines, (i)l(u, v1) and ci)z(u, vy) are
called Bertrand offsets.

Remark 5.7. Let ¢1(u,v1) = qi(u) X §’{(u) + 11 (u) and Ga(u,v2) = Gi(u) X §;(u) + 021 (1) be two intersecting
slant ruled surfaces with Frenet frames {zfl,ﬁl,il} and {lfz,ﬁg,a}}, respectively. If @y = ﬁz, then cf)z(u, v,) 1s called a
Mannheim offset of (i)l(u, v1). Moreover, dA)l(u, v1) and @)z(u, vy) are called Mannheim offsets.
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6. Examples

In this section, an example is given to support the main results clearly.

Example 6.1. Let us consider the striction curve of the hyper-dual curve T'(u) = T1(u) + eTa(u), where T1(u) =
q1(u) + €§’;(u) and Tr(u) = ga(u) + e§§(u). Here,

fiw) = (1,0,0)

§;(u) = (0,sinu, —cosu),
f(u) = (0,sinu,cosu),
§§(u) = (cos2u,0,0).

Since [T1(u)lp = [T2(u)lp = 1 and (T1(u), T2(u))p = 0, T(u) is a striction curve of the hyper-dual curve on 511231’
and T'1(u) and T»(u) are dual striction curves on SH2). Hence, the ruled surfaces corresponding to the curves T'1(u) =
q1(u) + s§’i(u) and To(u) = go(u) + £§;(u) are, respectively,

q31(uf 1)
(:152(”/ 1/[2)

where u € I = (0, ) and u1,uy € R. For u = ug, assume that my, (1) and n,,(up) are the lines of <f>1(u0, u1) and
q32(u0, uy), respectively. Moreover, for all u € I, the intersection point of the lines m, (u1) and n, (up) will be taken as

(0, cosu, sinu) + 11(1,0,0), (55)

(0, cos u cos 2u, — cos u cos 2u) + u,(0, sin u, cos u), (56)

k(u) = (0, cos u, sin ). (57)
Therefore, the ruled surfaces are given by
471(14, v1)
(2)2(1'{/ vZ)

Hence, cZ)l(u, 1) and qf)z(u, v2) have a common striction curve k() = (0, cos u, sin u). We see that (qi(u), §2(u)) = 0.
Thus, the position vectors of the director curves §y(u) and §o(u) of the slant ruled surfaces (f)l(u, v1) and <f)2(u, vy) are
perpendicular.

(0, cos u, sinu) + v1(1,0,0), (58)

(0, cos u, sin 1) + v5(0, sin u, cos u), (59)

Figure 1: Geometric representation of two slant ruled surfaces in R® corresponding to the striction curve of the hyper-dual curve ['(u)

Also, the velocity vector k' (u) = (0, — sin u, cos u) is orthogonal to §»(u) = (0, sin u, cos u). Additionally, accord-
ing to Theorem (5.4), the normal vectors of these slant ruled surfaces are orthogonal.
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7. Conclusion

Inliterature, there is not any studies about the intersection of two slant ruled surfaces with the perspective
of hyper-dual numbers. The aim of this study is to fill the gap the intersection of two slant ruled surfaces
by using the hyper-dual numbers. Therefore, the following results are obtained:

1. Each striction curve of the hyper-dual curve on the subset of unit hyper-dual sphere Sﬁjq denotes two

slant ruled surfaces in R®.
2. These slant ruled surfaces intersect along a common base curve and their rulings are orthogonal.
3. Each striction curve of dual curve on unit dual sphere SZ, indicates a slant ruled surface in R* while each

striction curve of hyper-dual curve on Sz- indicates two slant ruled surfaces in R®.

4. Bertrand and Mannheimm offsets of two intersecting slant ruled surfaces are pointed out.
5. An example is given to verify the obtained results.
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