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Abstract. For C € L(K,H), B € L(K) and A € L(H), let Mc be the operator matrix defined on H & K

by Mc = (18 g , whereas K and H are complex Hilbert spaces. In this paper, we demonstrate that
o(Mc) = 0(B) U g(A) is equivalent to

040MMc) = 040 (B) U 0ypga(A)

whereas o,pya(.) is the generalized Drazin-g-meromorphic spectrum [9]. Also, we used the local spectral
theory to give a sufficient condition to have the last equality.

1. Introduction

Let K and H denote infinite dimensional complex Hilbert spaces and £(H, K) denotes the set of all linear
bounded operators from H into K. We write £(H) instead of L(H, H), when H = K. Let A € L(H), we denote
by 0(A), 04p(A), 0su(A), A", the spectrum, the approximate point spectrum, the surjective spectrum and the
adjoint operator of A.

Remember that an operator A € £(X) is said to possess the single valued extension property (SVEP
for short) at A if there exists V an open neighborhood of A such that for any open subset W C V the only
analytic solution of the equation (A — u) f(u) = 0 for all u € W is the function f = 0. Let S(A) be the set of
all A € C such that A does not admit the SVEP at A. Evidently, if T — A possesses the SVEP at 0, then T
possesses the SVEP at A (See [1]). A is said to possess the SVEP if A possesses the SVEP at all A € C, in this
particular situation S(A) = 0. Note that 0(A) = S(A) U 05,(A).

In the Drazin sense, A € L(H) is invertible if we can find B € £L(H) such that

AB = BA, B°A = B and BA? - B is nilpotent.

A generalization of this concept is given by J.J. Koliha [6], in fact A € L(H) is called Koliha-Drazin invertible
(or generalized Drazin invertible) if there exists B € L(H) such that

AB = BA, B?A = B and BA? - B is quasinilpotent,
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which is equivalent to 0 ¢ acca(A).
The Drazin spectrum and the generalized Drazin spectrum are defined, respectively, by

op(A) = {A € C, A — Al is not Drazin invertible },
os0(A) = {A € C,A — Al is not Koliha-Drazin invertible},

with pp(A) = € \ op(A) and pyp(A) = C \ ayp(A).

Keep in mind that an operator A € L(H) is supposedly g-meromorphic if every non-zero point of its
spectrum is an isolated point (A € (gM) for short) which is equivalent to o,p(A) C {0} [9].

Recently, S. C Zivkovi¢-Zlatanovié [9] presented and studied a new extended inverse concept to expand
the Koliha-Drazin idea to “generalized Drazin-g-meromorphic invertible”. In fact, A € L(H) is said to be
generalized Drazin-g-meromorphic invertible if there exists B € £(H) such that

AB = BA, BAB = B and A?B - A is g-meromorphic.
The generalized Drazin-g-meromorphic spectrum is defined by
aspem)(T) = {A € C, A — Al is not generalized Drazin-g-meromorphic invertible },

and we write pypuam(A) = C\ gypgmy(A).
An interesting characterization of this class is given by the following lemma.

Lemma 1.1. [9] Let A € L(H). The following statements are equivalent.

1. A is generalized Drazin-g-meromorphic invertible.
2. 0 ¢ accozp(A).

Let E be a compact subset of C, we denote by accE, isoE, JE, n(E) and E° be the accumulation points
of E, the isolated points of E, the boundary of E, the polynomially convex hull and the complement of E,
respectively.

In the last two decades an extensive study of 2 X 2 upper triangular operator matrices has been carried
out. The research was primarily motivated by the following fact: If T € L(H) and F is closed, complemented
and T-invariant subspace of H, then T may be expressed as

T= (0 ) :FoF* — FoF*.
Throughout the remainder of this paper, (4, B) € L(H) X £(K) and C € L(K, H). The upper triangular
operator matrix Mc € L(H @ K) represents a bounded linear operator on the Hilbert space H @ K given by:
A C
o=t )

When it comes to infinite dimensional spaces, H. K. Du and ]. Pan [4] showed that the inclusion
o(Mc) C o(B) U 0(A) may be strict. A few years later other authors [5] were able to prove the following
theorem.

Theorem 1.2. [5] Let A € L(H) and B € L(K). For all C € L(K, H), we have
o(Mc) UW = a(B) Ua(A), (1)
where W is the union of certain holes in o(Mc) such that W C o(B) N a(A).

Subsequently, several mathematicians have generalized this result for other spectra. As examples we
have the following two results:



I. El Ouali et al. / Filomat 38:28 (2024), 9761-9768 9763

Theorem 1.3. [12] Let A € L(H) and B € L(K). For all C € L(K, H), we have

op(Mc) U Wp = ap(B) U op(A), 2)
where Wp is the union of certain holes in op(Mc) and Wp C op(A) N op(B).
Theorem 1.4. [11] Let A € L(H) and B € L(K). For all C € L(K, H), we have

0,0(Mc) U Wyp = 04p(B) U a,p(A), 3)
where Wyp is the union of certain holes in o,p(Mc) and Wyp C ,p(B) N a4p(A).

Generally, there are many research papers that have studied this type of operator matrices, including
[3], [8], [2], and [7].
In this paper, we prove the following hole-filling property:
agpm(Mc) YU Wypgamy = 0pgm(A) U 0,5pum)(B),

where Wjp ) is the union of certain holes in ,pyam)(Mc) which happen to be subsets of g;pan(A) N
a4pem)(B). Also, we will give a sufficient condition, related to the SVEDP, to have the equality

agpm)(Mc) = 04pm(A) U agpgmy(B).

2. Main results
The following lemma is important and it is widely used in the proofs of our main results.

Lemma 2.1. Let A € L(H), B € L(K), and C € L(K, H). The following statements hold:

1. Operators Mc, A and B are all invertible if any two of them are.
2. Operators Mc, A and B are all generalized Drazin invertible if any two of them are.
3. Operators Mc, A and B are all generalized Drazin-g-meromorphic invertible if any two of them are.

Proof. For (1), see [5, Theorem 2], and for (2), see [11, Lemma 2.4].

(3): It suffices to show that Mc and A are generalized Drazin-g-meromorphic invertible implies that
B is generalized Drazin-g-meromorphic invertible. If Mc and A are generalized Drazin-g-meromorphic
invertible, that is 0 ¢ acco,p(Mc) and 0 ¢ acco,p(A), then there exists € > 0 such that Mc — Al and A — Al are
generalized Drazin invertible forall A, 0 < |A| < €. By (ii), we have that B— Al is generalized Drazin invertible
forall A,0 <|A| <e. Thus, 0 € acco,p(B). So, B is generalized Drazin-g-meromorphic invertible. []

Lemma 2.2. Let A € L(H), B € L(K). Forall C € L(K, H), we have

GgD(gM)(MC) c O‘gD(g/\/()(A) U GyD(gM)(B)~

Proof. Without loss of generality let 0 ¢ o,pua(A) U gypgar(B), then there exists ¢ > 0 such that B — Al
and A — Al are generalized Drazin invertible for any A, 0 < |A| < €. According to Lemma 2.1, Mc — Al is
generalized Drazin invertible for any A, 0 < |A| < &. Hence 0 € 0,pym)(Mc). O

The inclusion o,pEa(Mc) C dgpamy(A) U agpay(B) may be strict as shown in the following example.
Example 2.3. (Cf. [4, Example 3]) Let A, B, C € L(I*(IN)) be defined by:
Ae, = ep4 foralln € N,
B = A", and
Cx =< x,ep > e for all x € *(N),

whereas {ex}nen is the orthonormal basis of (N). We have a;pem(A) = {A € CGIAl < 1}. Mc is unitary, so
agpem(Mc) € {u € C; lul = 1}. Then 0 ¢ o,pym)(Mc), nonetheless 0 € 6,0y (A) U 040 (B)-
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We can now present our first main result.
Theorem 2.4. Let A € L(H) and B € L(K). Forall C € L(K, H), we have

0 3peM)(Mc) U Wiy = dgpgmy(A) Y apgmy(B),

where Wypm) is the union of certain holes in o ,pymy(Mc) and Wypgamy S 0gpgm)(A) 0 agpgm(B).
Proof. We have

(04DM)(B) U 04D M) (A)) = 0gpgmy(Mc) U {ogpgamy(B) N agpgay(A)}. (4)

Indeed,
agpem(Mc) U {oypgm)(A) N aypgmy(B)} € (004m)(A) U a0 (B))

holds for every C € L(K, H). Now, we have

A & 05pgMm(Mc) U {0 ,04m)(B) N 050 (A)}
& A € {pnam(Mc) N pgpay(A)} or A € {pypay(Mc) N pypEay(B)},
& A € pypgm)(A) and A € pypyay(B), (Lemma2.1)

= A¢ OgD(gM) A)u UgD(gM)(B)/

which give the opposite inclusion.
According to [11, Theorem 2.1], we have

1N(ogp(A) U 04p(B)) = n(agp(Mc)).
From [8, Lemma 2.5], we have
T](OgD(gM) (A) U UgD(gM)(B)) = n(OgD(gM)(MC))' (5)

Therefore (5) says that the passage from o,pam)(Mc) to g,pum)(B) U 0,0y (A) is the filling in certain of the
holes in o,pyp)(Mc). Moreover, equality (4) ensures that

(04DM)(B) U 0 4pgm) (AN\ogpgmy(Mc) € 05pgm(A) N agpgay(B).

It follows that the filling in certain of the holes in 6,p,; 1) (Mc) should occur in o,pEa(B) N dgpEamy(A).
O

The following two results are immediately obtained from Theorem 2.4.

Corollary 2.5. Let A € L(H), B € L(K), and C € L(K, H). If the interior of 0 ,;pym)(B) N ogpm)(A) is empty, then
we have

agpgMm)(Mc) = d,04Mm)(B) U 0,04m)(A), for every C € L(K, H). (6)
Theorem 2.6. Let A € L(H), B € L(K), and C € L(K, H). The two statements that follow are equivalent,

1. o(Mc) = o(B) Ua(A),
2. 0,0M)(Mc) = d4pmy(B) U aypga(A).
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Proof. First, we show that W € W;p . Indeed, let A € W then A € 6(A) U o(B) and A ¢ o(Mc). So,
A ¢ 0,pm)(Mc). Suppose that A ¢ a,pEam)(A) U aypgm(B) = acc(ogp(A) U a,p(B)), that is

Ae iSO(GgD(B) U OgD(A)) U (pgD(B) N PgD(A))'

-If A € pyp(B) N pyp(A). Since A € o(B) U a(A), it is not difficult to see that A € iso(c(B) U 6(A)) C
isoo(A) U isoo(B). Hence A € da(B) U do(A) C 0,4p(B) U 05u(A) € o(Mc) which is absurd.

-If A € iso(0,p(B) U 64p(A)), then

iso(o4p(A) U 0,p(B)) C iso0,p(A) U isoo,p(B)
C do(A) U da(B)
C 04p(A) U osu(B)
C o(Mc).

Then A € 6(Mc), contradiction. Thus,

A € agpm)(A) U agpgmy(B) \ agpgamy(Mc),

by Theorem 2.4, A € Wypum), so W € Wypam), which shows the inclusion.

Now, if o,pum(Mc) = dgpm)(B) U agpgm(A), then Wypyay = 0, which implies that W = (. Conse-
quently, o(Mc) = o(B) U 6(A).

Conversely, if 6(B) U 0(A) = o(Mc), by [11, Theorem 2.2] we have o,p(B) U g,p(A) = g,0(Mc). Now,
let A ¢ g,pym(Mc), without losing generality, take 0 ¢ o,pym)(Mc) then there exists ¢ > 0 such that
Mc - Al is generalized Drazin-g-meromorphic invertible, for all A, 0 < |A| < ¢, hence 0 ¢ o,p(Mc) =
o4p(B) U o,p(A). Thus both B — AI and A — Al are generalized Drazin invertible for any A, 0 < |A] < e.
Therefore 0 ¢ o,pyMm)(A)) U 0,0y (B)). Since agpm(Mc) S 04pgm(B) U aypgam(A) always holds, then
0 50gM)(Mc) = 0 ypEmy(B) U 0 4pua(A).

[

According to Theorem 2.6, [10, Proposition 3.6] and [11, Theorem 2.2], we can conclude the following
conclusion.
Corollary 2.7. Let A € L(H), B € L(K), and C € L(K, H). The following claims are equivalent:

1. o(Mc) = a(B) U a(A).

2. ap(Mc) = ap(B) Uap(A).

3. GgD(MC) = GgD(B) U GgD(A).

4. 0,043Mm)(Mc) = 04pEm)(B) U aypga(A).

According to the proof of Theorem 2.6, we have W ¢ W;pyz). The following example show that this
inclusion may be strict in general.

Example 2.8. Define P,Q,R € L(I?(N)) by

P(xl/er X3,...) = (0/ X1, x2/‘")1

Q(x1, x2,x3, ...) = (x2, X3, X4...),

and
R(x1,x2,x3,...) = (x1,0,0, ...).

Let A =P e LI2(N)), C = (R,0) € LIA(N) & 2(N), 2(N)) and B = (Q 0

5 0) € L(P(N) ® 2(N)). Let

Mc = (‘3 g) e L(P(N) ® 2(N) @ *’(N)).
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We have o(Mc) = {A € C,|A| = 1} U {0},0(B) = 0(A) = {A € C,|A| < 1}, then o,pym(Mc) = {A € C,|A| =
1}, 0gpemy(B) = agpumy(A) = {A € C,|A] < 1}. So,
W={AeC0<|A<1}and Wypym) = {A € C,|IA| < 1}
Consequently, Wypumy # W.

The subsequent theorem, however, provides an adequate condition for the equality.
Theorem 2.9. Let A € L(H), B € L(K), and C € L(K, H). If isodW = 0, then
W= Wyp = Wopgm-
Proof. Assume that isodW = 0, from [11, Theorem 2.3] we have W = Wip, hence iso&WgD =0, so
is00,p(Mc) = iso(o4p(A) U 0,p(B)) C iso0,p(A) U isoo;p(B).

Let A € isoo,;p(Mc), then A € isoo,p(A) or A € isoo,p(B). If A € isoo,;p(A), then A — A is generalized Drazin-g-
meromorphic invertible but not generalized Drazin invertible. According to Lemma 2.1, B—A is generalized
Drazin-g-meromorphic invertible, then A € isoo,p(B) U p,p(B). Similarly, we have A € isoo,p(B) = A €
is00,p(A) U pgp(A). Which entails that:

is00,p(Mc) C (isoo,p(A) Nisooyp(B)) U (isoo,p(A) N pyp(B)) U (isooyp(B) N pyp(A)).
Furthermore, Lemma 2.1 ensure that
(is00,p(A) N isoo4p(B)) U (isoo,p(A) N pyp(B)) U (isoo,p(B) N pgp(A))
c 8GgD(A) U &GgD(B)
C accoay(B) U accos,(A)
c UgD(MC)
and
(is00,p(A) N isooyp(B)) U (isoo,p(A) N pgp(B)) U (isoo,p(B) N pyp(A)) C isoo,p(Mc).
According to the above, we have
(is00,p(A) N isoozp(B)) U (isoo,p(A) N pgp(B)) U (is00,0(B) N pyp(A)) = is00 ,p(Mc).
Hence
isoogp(Mc) N (0gpm)(A) U agpgmy(B)) = 0.
According to Lemma 2.1,
(is004p(A) U isoo,p(B)) \ isooyp(Mc)
= (isoagD(A) \ isoogD(Mc)) U (isoagD(B) \ isoagD(Mc))
c OgD(gM) (A) U OgD(gM)(B)-
Consequently,
o40(A) U a,p(B)
= O_gD(gM)(A) U UgD(gM)(B) U iSOOgD(A) U iSOOgD(B)
= 0ypgm)(A) U 0ypumy(B) Uisoogp(Mc) U [(isoo,p(A) U isoo,p(B)) \ isoozp(Mc)]
= 0ypgMm)(A) U 0gpgm)(B) U isooyp(Mc)
0 gpm)(Mc) U Wypamy U isoogp(Mc)
0 gpm)(Mc) U isoo;p(Mc) U Wypay
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and

[040(Mm)(Mc) U isoo,p(Mc)] N Wypmy

= [opmy(Mc) N Wypay] U [isoogp(Mc) N Wypgm]

C [agpgmy(Mc) N Wypean] U [isoogp(Mc) N (040m)(B) U 04paa(A))]
= 0.

Moreover,
040(B) U ayp(A) = 04p(Mc) U Wyp
= GgD(gM)(MC) U iSOO'gD(Mc) U WgD

and
OgD(MC) N WgD = 0.

We get that W;p = W;p(;m), therefore W = Wyppg).
|

Recall that for T € L(H) we have S(T) U S(T*) C a4pum)(T) [9]. Using the SVEP, we found the following
result:

Lemma 2.10. Let A € L(K) and B € L(K). We have

1. S(B)Nn S(A*) C GgD(gM)(B) U UgD(gM)(A)/ and
2. [S(A") N S(B)] N [iso(a,p(B) U ayp(A))]° = S(B) N S(A™).

Proof. For (1), let A € p;pym)(A). Then A — Al is generalized Drazin-g-meromorphic. According to [9,
Theorem 3.10], A* has SVEP at A. So, A € S(A*)°. As a result, we have p;,pym)(A) € S(A*)°. By a similar
argument, we can conclude that p;pa)(B) € S(B)°. Hence

Papem)(B) N pgpgamy(A) € S(B)* N S(A™).

Consequently,
S(B)N S(A™) C UgD(gM)(B) U UgD(gM)(A)-

For (2), let A € S(B) N S(A*). Hence B and A* have SVEP at A. According to [9, Theorem 3.10],
A € accoyzp(B) Naccoyzp(A) C accoyp(B) U accoyp(A). Since accoyzp(B) U accoyp(A) = acc(oyp(B) U o,p(A)) (See
[11, Lemma 2.2]), we have A € acc(o,p(B) U o4p(A)). Thus A € [iso(oyp(B) U 0,p(A))]°. As aresult,

S(A™) N S(B) < [iso(oyp(B) U a4p(A))]°.

Consequently,
S(A") N S(B) < [S(A™) N S(B)] N [iso(a,p(B) U a,p(A))]".

The other inclusion is obvious. [
Theorem 2.11. Let A € L(H), B € L(K)and, C € L(K, H). Then
agpgmy(Mc) U [S(B) N S(A™)] = 0,p(m)(B) U 040 (A).
Proof. It follows from [10, Theorem 3.2] that
040(Mc) U [S(B) N S(A™)] = 0,0(A) U g,p(B) for all C € B(K, H).
Hence,

DM (B) U agpgan(A) = {o,0(Mc) U [S(B) N S(A")]} N {iso(ayp(B) U o4p(A)))



I. El Ouali et al. / Filomat 38:28 (2024), 9761-9768 9768
By Lemma 2.10, we have
S(B) N S(A*) c O_gD(y/\/()(B) U OgD(gM)(A)/
and [S(A") N S(B)] N {iso(oyp(B) U 0,p(A))}° = S(B) N S(A™).

From Theorem 1.4, we have o,p(Mc) N W;p = 0, then A € isoo,p(Mc) implies that there exists a
neighborhood V' of A such that V N o,p(Mc) = {A}. PutU =V N W;D, then [o,p(Mc) U Wyp] N U = {A}.
Therefore, A € iso(o,p(Mc) U Wyp). Whence

iSOUgD(Mc) - iSO(GgD(B) U O'gD(A)).
Hence

040(Mc) N {iso(oyp(B) U a4p(A))}

(is004p(Mc) U 04p4m)(Mc)) N {iso(o,0(B) U agp(A))}
= 0,40(m)(Mc) N {iso(ayp(B) U agp(A))I

C aypmy(Mo).

So,
OgD(gM)(B) U 0gD(gM) (A)
= {ogp(Mc) U [S(B) N S(A)]} N {iso(o4p(B) U agp(A))}
€ 0gpiom(Mc) U S(B) N S(A™)].
O

We obtain the following corollary from Theorem 2.11.
Corollary 2.12. Let A € L(H) and B € L(K). If S(B) N S(A*) = 0, then for every C € L(K, H) we have
agpm)(Mc) = 04p(B) U 0,0 (A)-(+*)

Specifically, if B or A* have the SVEP, then equality (++) hold.
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