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Abstract. This paper deals with a regular Sturm-Liouville problem with distributional potential and
transmission condition. We obtain the differentiability of the eigenvalues on parameters. Moreover, we
give the derivative formulas of the eigenvalues with respect to the parameters.

1. Introduction

Sturm-Liouville theory has been widely applied in various fields such as engineering, physics, finance.
With various practical problems arose in the fields of physics and medicine, many problems need to be
converted to differential operators with interior discontinuity. For instance, the heat conduction and mass
transfer problems [21], string vibration with nodes [20], and diffraction problems of light [24]. In order to
describe the connection between two sides of discontinuous points, some conditions need to be added, such
conditions are often referred to point interactions, transmission or interface conditions. In recent years,
such problems with interior discontinuity have attracted the attention of many researchers and have made
great progress [1, 3, 4, 8, 15, 16, 25].

As we all know, the classical Sturm-Liouville theory is the main mathematical tool to describe the state
of microscopic particles in quantum mechanics. However, the description of the interaction between mi-
croscopic particles needs to be studied by using the Sturm-Liouville problem with distributional potentials.
Recently, Sturm-Liouville problem with distributional potential function has attracted the attention and
discussion of a large number of mathematicians [6, 7, 18, 19, 23, 26]. In particular, Eckhardt et al. [6] pre-

sented a systematical development of Weyl-Titchmarsh theory for singular differential operators associated
with the following differential expression

of = (= QIf + I +psif +f1+4f) on]=(@b) w
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where p, s, g, r are real-valued, 117’ s, q, re€L(,R), p>0, r>0ae. on J, and the differential operator

determined by the differential expression (1) in space L?(J) is called Sturm-Liouville operator with distri-
butional potential. In 2014, Yan and Shi [26] discussed the continuous dependence of the n-th eigenvalue
of the self-adjoint Sturm-Liouville operator with distributional potentials, and the oscillatory properties of
the eigenfunctions were also considered. Recently, Ugurlu [23] investigated the properties of eigenvalues
of the Sturm-Liouville problem with distributional potential and obtained the dependence of the eigenval-
ues with respect to the elements. As we know, the dependence of eigenvalues is the theoretical basis of
numerical calculation of eigenvalues in differential operator theory. For example, the codes SLEUTH [9]
and SLEIGN2 [2].

The dependence of eigenvalues on parameters has received extensive attention by researchers. In 1999,
Kong and Zettl [12, 13] considered the continuous differentiable dependence of eigenvalues of second-
order Sturm-Liouville problem on parameters. Later, these results were extended to Sturm-Liouville
problem with eigenparameter dependent boundary condition or transmission condition, and higher order
differential operators [10, 14, 17, 22, 28, 29]. Up to now, the dependence of eigenvalues of discontinuous
Sturm-Liouville problem with distributional potentials has not been studied. In this paper, we not only
discuss the continuity and differentiability of eigenvalues but also give differential expressions of these
eigenvalues with respect to parameters.

The rest of the paper is organized as follows: Section 2 introduces a discontinuous Sturm-Liouville
problem with distributional potential and give some basic properties of the problem. Section 3 proves the
continuity of the eigenvalues. Finally, the differentiability of eigenvalues and the corresponding derivative
formulas are presented in Section 4.

2. Preliminaries

Consider the differential equation

L
r(x)

with boundary condition

(= L @) +s@FOD) +pEs@)LF () + () F)] +9() f(x)) = vf(x) on'S (2)

AF(a) + BF(b) =0 ®3)

and transmission condition

CF(c-) + DF(c+) = 0, (4)
where
S=1la,c)U(cb], —o<a<b<+oo, %,s,q,r e LY(S,R), p>0,r>0ae. onS, (5)

v € C is the spectral parameter, F(x) = (f(x), f1(x))7, and fI!l = p[f" + sf] is the first order quasi-derivative
of f. A, B are 2 X 2 complex matrices, C, D are 2 X 2 real matrices, detC = p > 0,det D = 0 > 0 and satisfy

rank(A|B) = 2, (6)

OAE,A* = pBE,B", OCEC" = pDEoD", Eg =( (1) _01 ) (7)

where A is the conjugate transpose of A.
Itis well known that the self-adjoint boundary conditions (3), (6), (7) can be divided into three disjoint and
mutually exclusive subclasses [27]. In this paper, we study the following three canonical representations:



J. F. Qin et al. / Filomat 38:28 (2024), 9891-9904 9893

1. Separated boundary conditions

f(a)cosy — f(a)siny =0, y € [0, n), (8)

f(b)cosp — f(b)sing =0, ¢ € (0, 7]. )
2. Real coupled boundary conditions

F(b) = KF(a). (10)
3. Complex coupled boundary conditions

E(b) = ¢"KF(a), (11)

where 7 € (-7, 0) or T € (0, ), Kis 2 X 2 real matrix with detK = %, OKE(K" = pE,.

Let H = L2([a, c)) @ L2((c, b]) be a weight Hilbert space with inner product

b
(f,q) = pffg‘rdx+ Qf fgrdx
a c
for any f,g € H. Define an operator # in H with domain

D(P) ={f e H: f, fl! € AC(S), AF(a) + BF(b) = 0,
CF(c—) + DF(c+) = 0,Pf € H).

Pf = [=(f1Y + s +4f], f € DP).
Note that the eigenvalues of the operator # are consistent with those of the problem (2)-(4).

For each f, g € H, we define the modified Wronski determinant W(f, g)(x) = ' fj[(” g[gl] ‘ For any two

solutions f and g of equation (2), by a direct calculation we can verify that W(f, g)(x) is constant on [, c)
and (c, b], respectively.

Lemma 2.1. The operator P is symmetric in H.

Proof. For all f, g € D(P), using (2) and integrating by parts, we get
P10 =p [ U +sFY g+ pelf 45717+ afgds

b
+0 f —(plf’ +sfIY g+ pslf’ +sflg + qfgd

=[-pplf’ +sf1gls +pf plf +sf17 +pslf +sf1g+qfgdx (12)

b
+ [=0OpLf’ +sfIg1e, + Qf plf' +sf1g" +pslf’ +sf1g+qfgdx
=(f,Pg) +plfa" - Mgl + olfg - fU71,.
It follows from (7) that

pA T EgA™ = OB 'EoB™!, pC'E,Ct = 6D 'EyD . (13)
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Then by (13) and boundary condition (3), we have
pLfa" - fM41(a) =pG*(a)EoF(a)
=p((A"'BG)*E,A™'BF)(b)
=p(G*B*A"'EyA™' BF)(b)
=6(G*'B'B'EoB~'BF)(b)
=6G" (b)EoF(b)

=0lfg" - fl171).
Similarly, by (13) and transmission condition (4), we have
plfa™ - fMglc-) = oLfa" - fMg1(c+). (15)
Substituting (14) and (15) into (12), we obtain
(Pf,9) = f.Pg).

(14)

Therefore, the operator £ is symmetric. [
Lemma 2.2. The operator P is a self-adjoint operator in H.
Proof. The proof is similar to that in [8, 25], here we omit the details. [

To prove that the eigenvalues of the problem (2), (4), (8)-(9) are simple, we first define two fundamental
solutions of equation (2) as follows

| ¢i(x,v), x€]a0), | xax,v), x€la,0),
) ‘{ oo, xecbl, KOV ‘{ Xale), x e (cbl

where ¢1(x,v), ¢a(x,v) are solutions of equation (2) on [a,c) and (c,b] respectively, and satisfying the
following initial conditions

(]51({,1, V) _ Sil’l]/
( ¢\a,v) )_( cosy ) (16)
and
( ;?1({;12) )z —D—lc( qb[lh((cc__’/?) ) a7

Similarly, we can also define x»(x, v), x1(x, v) are solutions of equation (2) on (¢, b] and [4, c) respectively, and
satisfying the following initial conditions

xa2(b,v) \ _ [ sing
( e, v) )‘( cos ) (1%
and
xie=v) \_ Xa(c+,v)
( =) ) = 1D( e+, v) ) (19)

Let the modified Wronskians be w;(v) := W(¢i(x,v), xi(x,v)) = ¢; sz —qu Xi, i = 1,2, where w;(v) are entire

i
functions of parameter v and independent on variable x. By direct calculation, we have w,(v) = ga)l(v).
Let w(v) = w1 (v), then w(v) = %a)z(v), and w(v) is an entire function of parameter v.
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Lemma 2.3. The number v is an eigenvalue of the problem (2), (4), (8)-(9) if and only if w(v) = 0.

Proof. Let v be an eigenvalue of the problem (2), (4), (8)-(9), and f(x, v) be the corresponding eigenfunction.
Assume that w(v) # 0, then
W((Pi(xr V)r Xi(xr V)) * 0/ i= 1/ 2.

Thus ¢;(x, v) and x;(x, v) are linearly independent. The solution f(x,v) of (2) can be writeen as

| hpi(x,v) + hxi(x,v), x€la,c),
f ""V)‘{ balev) + L), x < (bl (20)

where [;, i = 1,2,3,4 are not all zero. Since f(x,v) satisfies conditions (8)-(9), we have I, = 0, I3 = 0.
Substituting (20) into the transmission condition (4), then /; and 4 satisfy the following equations

Lipi(c—,v) ) ( lix2(c+,v) )
C +D =0.
( hote—,v) L) e+, v)

By (17), we have

( Liga(c+,v) )_( Lixa(c+,v) ):0.

Lot (c+,v) L+, v)

Since w,(v) = cpz)([zl] - q)[z” X2 # 0, the equations have only trivial solutions I; = 0, l4 = 0. Such a contradiction
proves w(v) = 0.
Conversely, if w(v) = 0, then W(¢p1(x,v), x1(x,v)) = 0 for all x € [a,c). Therefore ¢1(x,v) and xi1(x,v) are
linearly dependent, that is,
Xl(x/ V) = k1¢1(xlv)/ x € [ﬂ, C)

for some k; # 0. Then
Xx(a,v)cosy — M@, v) siny =x1(a,v)cosy — )(51](11, v)siny

=ki(¢p1(a,v)cosy — (p[ll](a, v)siny)
=0.

Therefore x(x,v) satisfies the boundary condition (8).
By (18) and (19), we can get that x(x, v) satisfies conditions (4) and (9). Hence x(x,v) is a corresponding
eigenfunction for the eigenvalue v of the problem (2), (4), (8)-(9). O

Lemma 2.4. The eigenvalues of the problem (2), (4), (8)-(9) are simple.
Proof. Let v = u + iv. For simplicity, let ¢ = ¢(x,v), P1, = a(%, ¢, = 9(9‘%1. Differentiating the equation
Px = vx with respect to v, yields

Pxv =vxv +X.
Then

Pxv, @) = Xv, PP) = (vxv + X, ) = (Xv, V) = X, ) + 210(xv, D). (21)
Using integration by parts and (16)-(19), we have

Pxv, d) = X POy =plxndi = XUd 16 + Olxanda™ — ol

1 (22)
ZP(XL ](ﬂ, v)siny — x,(a,v)cosy).
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Since w(v) is independent of x and by (16), we obtain

d
@ Wlea =22 0@ a, ) - e, e, v) )
= )([11] (a,v)siny — x1,(a,v) cosy.
It follows from (21)-(23) that
W) = %«x, &) + 20001, ). (24)

Let vy be an eigenvalue of the problem (2), (4), (8)-(9). Since the operator % is self-adjoint, v is real. By
Lemma 2.3, w(vp) = 0, then there exist ¢; # 0, such that

Xj(x,vo) = cjj(x,vo), j=1,2.

By the transmission condition (4), we have

xale+,vo) \ - Xxi(c—=,vo)
[y )=-oe( )

_ _ ¢1 (C_/ VO)
=—-cD 1C( q,)gl](c_,vO) )
_ ( ¢2(C+/ VO) )

=C1 ,

oS+, vo)

then c; = ¢; # 0 and x(x,vo) = c1¢(x, vp). The equation (24) can be expressed as

, 1 C1
= =X, ) = —(p, ) # 0.
@' (vo) p()( ®) P (P, P)

Thus v is simple. [

Remark 2.5. The spectrum of P is composed of isolated eigenvalues, and the problem (2), (4), (8)-(9) has only simple
and real eigenvalues. Moreover, we can obtain that the problem (2), (4) and (10) has only real eigenvalues, each of
which may be simple or double. The problem (2), (4) and (11) has only simple and real eigenvalues.

3. Continuity of eigenvalues and eigenfunctions

In this section, we present the continuity of eigenvalues on the parameters in the discontinuous Sturm-
Liouville problem with distributional potential (2)-(4).

Let 61(x, v), 01(x, v) be the linearly independent solutions of equation (2) on [g, ¢) satisfying the following
initial conditions

61(&,1/) 01(61,1/) _ 1 0
( M, v) ol v) )‘( 0 1 ) (25)

In view of dependency properties of the solutions on the parameter, we get that 51(x, v), o1(x, v) are entire
functions of parameter v for a fixed x. Then, the Wronskian of functions 6, (x, v), o1(x, v) is an entire function
of parameter v and is independent of x.

Denote w1 = W(61(x,v), 01(x,v)), then we get

51 (x/ V) 01 (x/ V)
[1] [1]

o, (x,v) oy (x,v)
61(a,v)  o1(a,v)

651] (a,v) 051] (a,v)

w1 =

=1.
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Let 62(x, v), 02(x, v) be the solutions of equation (2) on (c, b] satisfying the following initial condition

C( S1(c—,v)  o1(c—,v) ) D( Solc+,v)  oa(c+,v)

(551](C—,1/) 0[11](0—,1/) 6%1](c+,v) GE](C+,V) =0.

Let wy(x,v) be the Wronskian of functions 0,(x, v), o2(x,v), then w,(x,v) is an entire function of v and is
independent of x. By direct calculation, we obtain

wzzgiO.

Therefore, the functions 6,(x, v), o2(x, v) are the linearly independent solutions of equation (2) on (c, b].
Lemma 3.1. The number v is an eigenvalue of (2)-(4) if and only if
A(v) = det(A + BY(b,v)) =0,

62(br V) 02 (b/ V)
s, vy oo, )

where W(b,v) =
Proof. The proof is similar to that of Lemma 2.3, here we omit it. [J
To discuss the dependence of eigenvalues, we introduce a Banach space

Z = Mpo(€) X M2 (€) X Maxa(IR) X Moo (IR) X L(S) x L(S) X L(S) x L(S)

with its norm

<1 b1
lell = 1AIl + IBIl + IC1| + 1Dl + f (W+|s|+|q|+|r|)+ f (“7'+|s|+|q|+|r|)

foranye = (A,B,C, D, ;—J,s, q,v) € Z. Let
2 ={eeZ:(5),(6),(7) hold}.

Theorem 3.2. Let €9 = (Ao, Bo, Co, Do, plo,so, qo,t0) € E and v(ep) be an eigenvalue of (2)-(4) with €y. Then v is

continuous at €. In other words, for any € > 0, there exists an 1 > 0 such that
lv(e) —v(eo)l < &,
ife=(A,B,C D, ;1—7,5, q,t) € E satisfies
lle — eoll =[lA — Aol + [IB = Bol| + ||C = Coll + ||D — Dyl|

c01 1
+ == —|+ls=s0l+1g—qol +Ir—r
fa(|p ool b= sol +1g = gol +| ol)

+j¢01 L ls = sol 417 = qol + I rol) <7
- — S0 — 4o — T .
c P Po

Proof. By Lemma 3.1, v(€p) is an eigenvalue of (2)-(4) if and only if A(eo, v(€p)) = 0. Given any € € E, A(e, v)
is an entire function of v and is continuous in € (see [11, Theorems 2.7, 2.8]). Due to v(ep) is an isolated
eigenvalue, we can conclude that A(eo, v) is not a constant in v. Therefore, there exists 9 > 0 such that
A(eo,v) #0forv e Sy :={v € C: [v—v(ep)| = 9}. In view of the continuity of the roots of an equation as a
function of parameters [5], the conclusion holds. [



J. F. Qin et al. / Filomat 38:28 (2024), 9891-9904 9898

Lemma 3.3. For h € SU {c—, c+}, the unique solution of the initial value problem

(Y +sf1 4+ gf = vrf,
{ fy=e, fU() =t (26)

f = fGhet, %,s, q,+,C, D) is continuous with respect to each of these variables and satisfies the transmission
conditions (4). More precisely, given any € > 0, there exists an 1 > 0 such that if
1 1 )

C
|h—ho|+|€—€0|+|t—f0|+f<|———|+|S—So|+|l7—%|+|7’—70|
a P Po

b
1 1
+f (1= = =1+ 1s = sol + |q = qol + Ir = rol) + IC = Coll + ID = Doll < 7,
c P Po
then
1 1
|f(x/ h/ e, t/ ;_?/S/ l]/ 7, C/ D) - f(x/ hO/ €o, tO/ p_/SO/ qO/ o, C(), DO)l <g,
0
I (x, by, t, %,s, q,7,C,D) — fl(x, ho, e, to, pl/SO/ q0,70,Co, Do)l < ¢,
0

uniformly for Vx € S.
Proof. The proof is similar as that in [26]. O

Lemma 3.4. Let €9 = (Ag, Bo, Co, Do, plo,so,qo, ro) and v = v(€) be an eigenvalue of (2)-(4). Suppose that v(e) is
simple, then there is a neighborhood M of €y € E such that v(e) is simple for any € € M.

Proof. Suppose that v(ep) is simple, then A’(v(eg)) # 0. By Theorem 3.2, the conclusion follows since A(v) is
an entire function of v. [

We call m € H is a normalized eigenfunction of (2)-(4), if the eigenfunction m satisfies

c b
(m,m) = pf mmrdx + Qf mimrdx = 1.
a C

Now we give the continuity of the eigenfunctions.

Theorem 3.5. Suppose that v(€) (€ € E) is an eigenvalue of (2)-(4) with multiplicity h (h = 1,2), if h = 2, we
suppose further that there is a neighborhood M of €y € B such that v(€) is double for any e € M. Let m(-,eo) € H be
the normalized eigenfunctions for v(eo). Then there exist normalized eigenfunctions m(-,€) € H for v(e) such that

m('/ 6) - m('/ 60)/ m[”('/ e) - m[”('/ 60)/ (27)
as € — €q hold uniformly on S.

Proof. (i) If v(ep) is simple, then by Lemma 3.4, there exists a neighborhood M of €j such that v(e) is simple
for Ve € M. Let m(-, €) be an eigenfunction for v(€) with

IM(xo, €)ll = [m(xo, €)] + ImM(xo, €)l = 1, m(x, €) > 0,
for some x € S and x — xy, where M(-, €) = (m(-,€), mll(-,€))T. Next, we prove
M(xp,€) = M(xg,€y), € > €y, € €E. (28)
If (28) does not hold, then we can find a sequence €, — € such that

M(xo,ex) = F, € — €y, €€E,
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where F and M(xo, €p) are linearly independent vectors. Let G(x) be the vector solution of (2) with € = e,
v = v(ep) and the initial condition G(xg) = F. According to Lemma 3.3, M(x, €x) — G(x) uniformly hold on
S. More precisely,

M(a, ex) = G(a), M(b, ex) — G(b), M(c—, ex) = G(c—), M(c+, ex) = Glc+).
Since M(:, €x) satisfies the conditions
AxM(a, ex) + BeM(b, €r) = 0, CyM(c—, €x) + DkM(c+, €x) = 0,

Taking k — co, we have
AoG(a) + BoG(b) =0, CoG(c—) + DoG(c+) = 0.

Then G(x) is a vector eigenfunction for € = €y, v = v(€p), which is a contradiction since v(ep) is simple. In
view of Lemma 3.3, m(x, €) — m(x, €g), m(x,e) — m(x,e0) ase — egand x € S.

(ii) If v(e) is double for all € in some neighborhood M of €y. When we find a linear combination of two
linearly independent eigenfunctions satisfying any initial conditions, then we can find the eigenfunctions
of v(€) and these eigenfunctions satisfy the same initial conditions at xy for some xy € S. Similarly, we can
get (27) as (i). The proof is finished. O

4. Differential expression of eigenvalues

In this section, we not only prove that the eigenvalues of the operator ¥ are differentiable with respect
to the parameters but also give the corresponding derivative expressions.

Definition 4.1. [12] Let Y, Z be Banach spaces. A map T: Y — Z.is differentiable at a point y € Y, if there exists a
bounded linear operator AT, : Y — Z. such that forc € Y

IT(y +¢) = T(y) — dTy(c)l = o(c),as ¢ — 0.

Theorem 4.2. Let the hypotheses of Theorem 3.5 hold. v(e) is an eigenvalue of the operator P with e € E and
m = m(-,€) € H is the corresponding normalized eigenfunction for v(e), then v is differentiable with respect to y, ¢,
7,K,C,D, 1 sq,r

P

(D) Let all parameters of € be fixed except y and v(y) := v(e). Then

V/(y) = —pesc® ylm(a). (29)
(II) Let all parameters of € be fixed except @ and v(¢) := v(€). Then

V(@) = 0 csc? plm(b). (30)
(II1) Let all parameters of € be fixed except T and v(t) := v(€). Then

V(1) = =203 (m(b)mM (b)). (31)

(IV) Let all parameters of € be fixed except K and v(K) := v(e). For all I satisfying det(K +I) = & and
O(K + I)Eo(K + I)* = pEo. Then

dvi(I) = 6M*(b)EoIK ' M(b). (32)

(V) Let all parameters of € be fixed except C and v(C) := v(e). Forall I satisfying det(C+1) = p in the neighborhood
of Cand 6(C + I)Eo(C + I)* = pDEyD". Then

dve(l) = pM*(c—)['C* ' EgM(c-). (33)
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(VI) Let all parameters of € be fixed except D and v(D) := v(€). For all I satisfying det(D + 1) = O in the
neighborhood of D and OCEoC* = p(D + I)Eo(D + I)*. Then

dvp(I) = —OM*(c+)I'D**EgM(c+). (34)
(VII) Let all parameters of € be fixed except p and v(%) :=v(€). Then

C b
dvi(c) = —p f clmMPdx - 0 f clmMPdx, ¢ e L(S,R). (35)
p a

c

(VIII) Let all parameters of € be fixed except s and v(s) := v(€). Then

) b
dvs(c) = 2p f cR(mm™M)dx + 20 f cR(mm™Mdx, ¢eL(S R). (36)

(IX) Let all parameters of € be fixed except q and v(q) := v(€). Then

C b
dvy(c) = pf clm|*dx + 9[ clmPPdx, ¢ e€L(S,R). (37)
a

c

(X) Let all parameters of € be fixed except r and v(r) := v(€). Then

C b
dv() = —v() - (p f chmidx + 6 f cmPdy), ¢ e L(S R). (38)

Proof. Let all the data of € be fixed except one and v(ep) be the eigenvalue satisfying Theorem 3.2 when
lle — eoll < n for sufficiently small > 0. For the above ten cases, we replace v(ep) by v(y + <), v(p + ¢),
v(t+¢), v(K+1),v(C+1),v(D+1I), v(% +¢),v(s+¢), V(g +¢), v(r + ¢), respectively. Let n be the corresponding
normalized eigenfunction.

We prove (29) firstly. For ¢ € R sufficiently small, by (2), we get

—(plm’ + sm])’ + ps[m’ + sm] + qm = v(y)rm, (39)
—(pla’ + snl)’ + psla’ + sa] + gt = v(y + ¢)ra. (40)
It follows from (39) and (40) that

[v(y + ) —v(y)lmir = — (p[#t’ + sit])'m + ps[ir’ + siilm
+ (plm’ + sm])'n — ps[m’ + sm]a.

Then

C b
vy +¢) —v(y)Km,ny =[v(y +¢) - V()/)][pf mardx + Gf mﬁrdx]

=p[-ma™ + mM7ale + O[-ma™ + mMalt, .

(41)

The boundary condition (9) yields
m(b) cos ¢ — m(b)sing = 0, 7(b)cos ¢ —All(b)sing = 0.
Thus, —m(b)al(b) + mM(b)ab) = 0.
By the transmission condition (4), we obtain
pl-ma™ + mMa)(c—) — O[-ma™ + mMa](c+)

= — p(N"EgM)(c—) + O(N*EoM)(c+)

= — p((C"'DNY*EoC ' DM)(c+) + O(N*EoM)(c+)

=— p(N*D*'C'E,C ' DM)(c+) + O(N*EgM)(c+)

= — O(N"EgM)(c+) + O(N*EgM)(c+) = 0,
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where M(c+) = (m(c+), m(c+))T. Analogously, the boundary condition (8) implies that
m(a)cosy — mt(a) siny =0, 7(a)cos(y +¢) — il (a) sin(y +¢) =0.

Therefore
mM(a) = cot ym(a), alll(a) = cot(y + ¢)n(a).

It follows that (41) can be transformed into

[v(y + ) = v(y)Km, ny = — p[-mal"! + mM7](a)

_ (42)
=plcot(y +¢) — cotylm(a)n(a).

Dividing both sides of (42) by ¢ and taking the limit as ¢ — 0, then in view of Theorem 3.5, we have

V(y)=-p csc? ylm(a)lz.

Then (29) follows. Similarly, we can get (30).
Secondly, we prove (31). For ¢ € R, it follows from (2) and (4) that

V(T + ¢) — v(©)Km, ny =p[-ma™ + mMale™ + o[-malt! + mMalt,
=p[ma" — mMa)(a) — O[mal — mMa](b) (43)
=p(N"EoM)(a) — O(N"EoM)(D).

By complex coupled boundary conditions (11), we have

N*(b)Ey =e~™IN*(a)K*E,
=" IN"(a)Eo(~Eo)K'Eg (44)
:e‘i(“g)N*(a)EggK‘l.

Thus
N*(a)Eo = gei(”C)N*(b)EOK. (45)

Combining (11), (43) and (45), we get
V(T + ¢) — v(7){m, ny = O’ “TIN*(b)EoKM(a) — ON*(b)Ee’ KM(a). (46)
Then by virtue of Theorem 3.5, we obtain
V(1) = =203 (m(b)m(b)).

Thirdly, we prove (32). For I € My, (IR). Similar to the proof of (45), one gets
N*(a)Ey = gefTN*(b)EO(K +1). (47)

Then
V(K +I) = v(K)Km, n) =p(N"EoM)(a) — O(N"EoM)(b)

—p- LN 0)Eo(K + DM(@) - ON* (b)Eoe” KM (@)
o (48)

=0e¢""N*(b)EoIM(a)
=ON*(b)EoIK"'M(b).
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Let I — 0, by Theorem 3.5 we have

dvi(I) = 6M*(b)EoIK ' M(b).

Next, we prove (33). For I € M (IR), by (2) and (14), we obtain

V(C + 1) = v(C)[\m, ny = pl-mat + mWal(c-) + O[maY — mMa](c+).
By (4), we have

CM(c-) + DM(c+) =0,

(C+1DN(c—)+ DN(c+) = 0.
Thus

[V(C+ 1) —v(C)m, n)

=— p(N"EoM)(c—) + O(N"EoM)(c+)

= — p(N*EgpM)(c—) + O(D"(C + I)N)*EoD~'CM)(c-)

= — p(N*EgM)(c—) + O(N*(C + I)'D"'EgD™'CM)(c-)

= — p(N*EoM)(c—) + p(N*(C + I)*C ' EoC'CM)(c—)
p(N*I'C ' EgM)(c-).

Let I — 0, by Theorem 3.5 we get
dve(l) = pM*(c=)['C* ' EgM(c-).

Then (33) follows. Similarly, we can get (34).
To prove (35), let % +¢= plo’ ¢ € L(S5,R). Then p — po = ppoc. Using (2), we obtain

<) 2o o)l [ a0 [ ]
=p[mM7 — mat1e + o[mMa — malll]l,
+p f(po —p)(m’' +sm)(A’ + si)dx
+0 fb(pg —p)(m’ +sm)(A’ + si)dx

=p[mMa — maM1e + 6[mMa — mall]l,

— pf clp(m’ + sm)][po(7” + si)]dx

b
0 f clp(n’ + sm)][po(i’ + si))dx,

where 'l = py(7’ + si).
Using the conditions (3) and (4), we get

c b
[v(% + g) - v(%)](m,n) = —pf cmMaltldx — Gf cmMalldx.

Let ¢ — 0, then in view of Theorem 3.5, we obtain

c b
dvi(c) = —p f clmMPdx -6 f clmMPdx.
r a c

9902
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Now, we prove (36). For ¢ € L(S,R). Using (2), one gets

C b
[v(s + ¢) — v(s)|{m, n) =[v(s + ¢) — v(s)][pf mardx + Qf mr‘lrdx]

=p[mMa — ma"5 + 0[mMa — mall]l,
C
+p | Al + (s + oym] — mM A" + si]dx

a
b
+ Qf A’ + (s + ¢)ym] — mM[a’ + sn]dx
c
=p[mMa — ma"e + 0[mMa — matl]l,

C b
+ pf cmi + cmMadx + Gf cmil + cmMady.
a

c

By (3)-(4), we find that

c b
[v(s + ¢) — v(s)|{m, n) =[v(s + ¢) — v(s)][pf mardx + Gf mﬁrdx]
a C (49)

c b
:pf cmit™ + cmMadx + Qf cmatl + cmMadx.
a

c

Let ¢ — 0, we have

c b
dvs(c) = 2p f cR(miM)dx + 26 f cR(mi)dx.

c

Finally, we prove (37). For ¢ € L(S, R). Using (2), one gets
b
[v(g + ¢) —v(g)Km,n) =[v(q + ¢) - v(q)][p f mardx + Gf mﬁrdx]
=p[mMi — mae + o[mMa — mal]l,
c b
+ Pf (g + c)ymadx + Qf (q + cymndx

C b
—pf qmﬁdx—@f gmadx.

Similarly, it follows from (3)-(4) that

b
[v(g +¢c) —v(@Km,n) =p f cmadx + Gf cmidx.

a

Thus

C b
dvy(c) = p f clmPdx + 6 f clm|?dx.

Then (37) holds. Using the similar method, we can get (38), here we omit the details. [
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