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Hom-Lie structures on the algebra ¢, ,

Yan Liu?, Yao Ma?, Liangyun Chen®"

#School of Mathematics and Statistics, Northeast Normal University, Changchun 130024, China

Abstract. For parameters A, i € C, the algebra ¢ Au is the semi-direct product of the Witt algebra and its
tensor density module. In this paper, we determine all (multiplicative) Hom-Lie structures on £, ,. As a
result, we prove that any Hom-Lie structure on £, , is the direct sum of some special Hom-Lie structures,
and there exist non-trivial multiplicative Hom-Lie structures on £, , if and only if A = 0 or 1. Moreover, all
Hom-structures on £, , form a Jordan algebra in the usual way.

1. Introduction

The concept of a Hom-Lie algebra was introduced by Hartwig, Larsson and Silvestrov in order to
describe the structures on certain deformations of the Witt algebra and the Virasoro algebra in [9]. More
results concerning the Hom-Lie algebra refer to [1, 2, 8, 10, 16]. Recall that a Hom-Lie algebra is a vector
space g equipped with a skew-symmetry bilinear multiplication [-,-] : gX g — gand alinear mapo:g— g
satisfying the Hom-Jacobi identity

lo(x), [y, z1] + [0(y), [z, x]] + [0(2), [x, y]] = 0, ¥ x,y,z € a. 1)

A Hom-Lie algebra (g, [+, -], 0), in which ¢ is an endomorphism (resp. automorphism) of (g, [, ‘]), is called
multiplicative (resp. regular). Moreover, note that when ¢ = id, the Hom-Lie algebra degenerates to a
corresponding Lie algebra.

Hence, determining all possible Hom-Lie structures on a given Lie algebra is an interesting research
topic. Earlier, this work was done on finite-dimensional Lie algebras. In [11, 18], the authors showed
that the Hom-Lie structures on finite-dimensional simple Lie algebras except for sl, are trivial. The study
of Hom-Lie structures is gradually extended to infinite-dimensional Lie algebras. In [19], the authors
characterized Hom-Lie structures on simple graded Lie algebras of finite growth, which are isomorphic to
finite-dimensional simple Lie algebras, or loop algebras, or Cartan algebras, or the Virasoro algebra. In
[14], the authors showed that the space of Hom-Lie structures on an affine Kac-Moody algebra is linearly
spanned by central Hom-Lie structures and the identity map. Moreover, regular Hom-Lie structures on
Borel subalgebras of finite-dimensional simple Lie algebras[4], nilpotent Lie algebras of strictly upper
triangular matrices [5], and incidence algebras [6] were determined.
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For A, u € C, the algebra £, ;, = spanc{L,, W, |n € Z} is an infinite-dimensional Lie algebra and satisfies
the following brackets

[Ly, Lyl = (m=n)Lytn, [Lp, Wil = (m +u+ /\}’l) Wian,  [Wu, Wyl =0, ¥V m,n € Z.

It is also called W(u, A) [7, 17], which can be seen as the semi-direct product of the Witt algebra ‘W and the
tensor density module of W [15]. In addition, this algebra includes some famous algebras as subclass. For
example, £ is the Heisenberg-Virasoro algebra with the one-dimensional center and £_; g is the centerless
W-algebra W(2,2). More results on £, , refer to [7, 13, 17].

The aim of this paper is to determine all (multiplicative) Hom-Lie structures on £, ,. Note that multi-
plicative Hom-Lie structures on £ [12], and £_; [3] were characterized. We use a different method to
recover and generalize these results. The paper is organized as follows. In Section 2, we recall some basic
definitions and useful lemmas. In Section 3, we determine all (multiplicative) Hom-Lie structures on £, ,
by dividing parameters A, u into various cases. We find that any Hom-Lie structure on £, ;, can be written
in the form of a direct sum of some special Hom-Lie structures, and there exist non-trivial multiplicative
Hom-Lie structures only on £, and €1 .

Throughout this paper, we denote by C, Z, and Z" the sets of complex numbers, integers, and nonzero
integers, respectively. All algebras and vector spaces are considered over C.

2. Preliminaries

In this section, we recall some basic definitions and known results used later.

Definition 2.1. [11] Given a Lie algebra g, a linear map o: ¢ — g is called a Hom-Lie structure on g if the Hom-Jacobi
identity (1) holds. In particular, a scalar map o = « - id is called a trivial Hom-Lie structure, where a € C.

Definition 2.2. [11] Given a Lie algebra g, a Hom-Lie structure o on g is called multiplicative (resp. reqular) if the
map o is an endomorphism (resp. automorphism) of g.

Note that a trivial Hom-Lie structure on g is multiplicative if and only if a € {0, 1}. We denote by HS(g)
and MHS(g) the sets of Hom-Lie structures and multiplicative Hom-Lie structures on g, respectively. It
should be pointed out that H5(g) is a subspace of End(g) and MHS(g) is merely a subset of HS(g). Obviously,

HS(g) 2 Cid,, MHS(g) 2 {0,1id,}.
Moreover, HS(g) is also a representation of g, which has been proved in [14].
Lemma 2.3. [14] Given a Lie algebra g, HS(g) forms a g-submodule of End(g).

Definition 2.4. [18] Given a Lie algebra g, a nonempty subset s of g is called a commutant generating set if
{[x, yl|x,y € s} generates the whole g.

Lemma 2.5. [19] Assume that g is a centerless Z-graded Lie algebra with a finite commutant generating set
s. Then, HS(g) is a Z-graded subspace of End(g) = 5, _, End(g),, where End(g), = {t € End(g)|7(gx) €
Gmn, ¥ 11 € Z}.

nez.

Next, we recall some properties of £, .

Lemma 2.6. [7] For the Lie algebra ¥, ,, the following statements hold.
(1) Lap = L) ek forany k € Z.
CW,, if (A, u)=(0,0),
0, otherwise .
(La,1)n, where (£, ), = CL, ® CW,,.

(2) Up to isomorphism, the center of £, ,, is Z(L, ) =

(3) £, has a natural Z-grading defined by £, = D,

By Lemma 2.6 (1), we may assume p = 0 when y is an integer in this paper.
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3. (Multiplicative) Hom-Lie structures on £, ,

In this section, we will determine all (multiplicative) Hom-Lie structures on £, ;. First, we will show
any Hom-Lie structure on €, , is Z-graded. Next, by dividing parameters A, u into different cases, all
(multiplicative) Hom-Lie structures on £, , are determined. Finally, we summarize the main results in this
paper and consider whether all Hom-structures on £, ;, constitute a Jordan algebra.

Lemma 3.1. HS(Y) ) is Z-graded, that is,

HS(21) = ) HS(21 )k

kez
where HS(QA,y)k ={te HS(BA,p) | T((Q/\,p)m) c (QA,y)anr Y m e Z}.

Proof. 1f u # 0, note that s = {L_», L_1, Lo, L1, Lo, Wo} is a commutant generating set of £, ,. By Lemmas 2.5
and 2.6 (2), it is obvious that HS(¥, ;) is Z-graded.

If 4 =0, from Lemma 2.6 (3), we have £, = @keZ(Q/\rO)k’ where (£, 0)x = CLx ® CW;. By the definition
of 2,9, we find that CL; is the Cartan subalgebra of £,9. Then, £10 = (£10)0 ® @kez*(ﬂ/\ro)k can be
seen as the root space decomposition with respect to the action of Ly,. Hence, according to Lemma 2.3,
this action induces a semisimple action on HS(£,0), with the corresponding root space decomposition
HS(210) = P ke(Z:-Z) HS(2,0)x, where Z* — Z* denotes the set of all differences between two roots in Z*,
and HS(20)x = {T € HS(L10) | T((£1,0)m) € (£10)k4m, ¥ m € Z* U {0}}. It is obvious that Z* — Z* = Z. Hence,
HS(£, ) is also Z-graded. We complete the proof. [

Lemma 3.2. For k € Z, suppose that cx,, € C satisfies

amn—p)p+n—k—-m)=0, ¥ m,n,peZ. )
Then, cim = 0 for any m € Z.
Proof. Letn = =1 and p = 1in Eq. (2). Then, we have

Crmk+m) =0,V meZ. (3)
Again taking n = 0 and p = 1 in Eq. (2) gives us that

Ckm(-1+k+m)=0,VmeZ. 4)
By Egs. (3)-(4), we have ¢y, =0foranym e Z. 0O

To describe all (multiplicative) Hom-Lie structures on £, , conveniently, we give some special Hom-Lie
structures on this algebra by Lemmas 3.3-3.5.

Lemma 3.3. Suppose that p : £90 — Cand o, : £o9 — CWy are two linear maps. If o,(x) = p(x)Wo, ¥ x € Lo,
then o, is a Hom-Lie structure on Lo, called the central Hom-Lie structure.

Proof. For any x, v,z € £y, it follows from Lemma 2.6 (2) that

lop(), [y, 211 + [0,(y), [z, X]] + [0,(2), [x, Y]] = [p(X)Wo, [y, 211 + [p(y)Wo, [z, x]] + [p(2) W, [x, y]] = O.

This completes the proof. [

We denote by CHS(£g) the set of all central Hom-Lie structures on £y .
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Lemma 3.4. Forany k,m € Z, let 6, 07 and o be the linear maps of £, ,, such that

O]l(Lm) = Lk+mr O}((Wm) = Wk+mr
Gi(Lm) = Wk+mr Gi(wm) = 0/
Gi(Lm) = MWiim, G]?:(Wm) =0.

Then,
(1) o} and o} are Hom-Lie structures on £ 4,

(2) g}, 0f and oi are Hom-Lie structures on €4,
3) oé, alf are Hom-Lie structures on £, ,, (A # 0, 1) and Loy.

Proof. We only prove (2) as an example, and the proofs of (1) and (3) are similar. For any k,m,n,p € Z, we
easily have

[0% (L), (Lo, L)) + [04 (L), [Ly, Linl] + [04(Lp), [Ln, L]l
=[Litm, (p — m)Luspl + [Licrn, (M = P)Lpm] + [Liap, (1 — m)Lyin]
=(p-mn+p-—k-m)+m-p)p+m-k—n)+n-m)(m+n—k—p)Lisminsp =0,
[04(Ln), [Ln, WpI1 + [0 (L), Wy, Lin]] + [03(Wp), [Lun, Ly]]
=[Lem, (p + pt + MWiapl + [Licen, =(p + p + M)Wyl + [Wieap, (n — m)Lypin],
=m+p+pu+k+m(p+u+n)—(@p+p+m—@—m)Wiminep =0,
(03 (L), [Wa, Wpll + [04(Wa), Wy, L1 + [04 (W), [Lus, Wa]l
=[Wign, —(p + pp + m)Wyi] + [Wisp, (0 + u + m)Wi1n] = 0,
[0 (W), [Wo, W11 + [0 (W), [Wy, Winll + [0, (Wp), [Wi, Wa]] = 0.
So, 0} is a Hom-Lie structure on £ .
Forany k,m,n,p € Z,
[07 (L), [Wa, Wpll + [05(Wa), Wy, Ll + [03 (W), [Lu, Wl = 0,
(W), [Wo, W11 + [07(Wa), [Wp, Wil + [05 (W), [Wi, W11 = 0
are obvious. Moreover, we obtain
(07 (L), [Ln, L)) + [07(Lw), [Ly, Linl] + [07(Lp), [Ln, L]l
=[Wism, (p = m)Luspl + [Wiesn, (1 = p)Lpsm] + [Wierp, (n = m)Lyrin]
=—(k+m+pu+n+p)p—n)+@m-p)+n—m)Wiminp =0,
(07 (L), (L, Wyll + [07(Lw), Wy, L] + [03(W,), [Lun, L]l
=[Wiem, (p + 1+ m)Waspl + [Wisn, —(p + p + m)Wp] = 0.
2

From these equations above, o is a Hom-Lie structure on 814,.
By a easy calculation, we have for any k,m,n,p € Z,

[03(Lm), [Ln, Lp]1 + [07(Ln), [Lp, L] + [03(Lp), (L, Lu]]
=[mWism, (p — n)Lnapl + [M1Wirn, (m = p)Lpsm] + [pWiap, (1 — m)Lisn]
=—(k+m+p+n+p)mp—n)+n(m-—p)+pn—m)Wemenp =0,
(03 (L), [Ln, Wpll + [07 (L), [Wp, Lin]] + [03(Wp), [Lun, Lu]l
=[MmWiem, (p + @+ m)Waipl + [1Wisn, —(p + pt + m)Wpam] = 0,
[07(L), [(Wa, Wpll + [07(W,), [Wp, Linll + [03(W,), [Lin, Wa]] = 0,
[0 (W), [(Wo, W11 + [0 (War), [Wp, W11 + [0 (W), [Wi, W11 = 0.

Thus, oi is a Hom-Lie structure on ¥; ;. The proof is finished. [
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Lemma 3.5. For any k,m € Z, let 6}, 67 and o° be the linear maps of L, (u ¢ Z) such that

4 4 m+
0 (L) = Lixm,  0,(Wy) = Frmap e
1
Oi(Lm) = A HWker/ Ug(wm) =0,
m
Gg(Lm) = A HWker/ Ug(wm) =0.

Then, o7, 02 and og are Hom-Lie structures on £,

Proof. For any k,m,n,p € Z, it is obvious that
[0 (Win), [Wa, W1 + [05(Wa), [Wp, Wil + [08(Wp), [Wo, Wall = 0.
By a calculation, we also have

[Ué(Lm)/ [Ln, Lp]] + [U;:(Ln)r [Lpr Ly ]] + [Ui(Lp)/ (L, Lall
Z[Lk+m1 (P - n)Ln+p] + [Lk+n/ (m - p)Lp+m] + [Lk+p/ (i’l - m)Lm+n]

=((p-mn+p-—k-m)+m-p)p+m—k—n)+(n-m)(m+n—k—p)Lismintp =0,

[0¢(Ln), [Ln, WpI1 + [03(Ln), [Wp, Lin]] + [05(Wp), [Lun, Ly ]l

_rre

k+p+u

=((p+ W) +p+p) =@+ pp+m+p) = —m)p+ ) Wiminp = 0,
[Ué(Lm)/ [(Wa, Wp]] + [Gi(wn)r [Wpr Ly ]] + [Oi(wp), [Lin, Wil

,ontpu p+u

g m k+p+u

=[Lisym, (p + H)Wn+p] + [Lien, —(p + H)Wp+m] +[ Wk+pr (n — m)Lyn]

Witn, —(P + M)Wp+m] +[ Wk+p/ (n+ ‘U)Wm+n] =0,

4
So, ops

For any k,m,n,p € Z, we get

is a Hom-Lie structure on ¥ ;.

[09(Ln), [Ln, Lp]1 + [03(Ln), [Ly, L] + [03(Lp), [Lin, Lu])
p—n -p n—m

=m[wk+m, Ly+p] + m[WkM/me] + m

== ((P - n) + (Wl - P) + (I’l - m))wk+7rt+n+p = 0/
[Gz(Lm)r [Ln, Wp]] + [Ug(Ln)/ [Wp/ L]l + [O_i(wp)/ (Lo, La]l
1
:[k +m+

[Wk+p1 Lm+n]

1
Wictm, (P + /J)Wn+p] + [k-i-—

n+ Wiin, _(P + [J)Wp+m] =0.

These equations together with

[Ug(Lm)/ [Wh, Wp]] + [Gi(wn)/ [Wp/ Ly ]l + [Gi(wp)/ [Lin, Wa]l =0,
[Ui(wm)r (W, Wp]] + [Ui(wn)/ [Wp/ W]l + [O]E(Wp), (Wi, Wa]] =0

show that oi’ is a Hom-Lie structure on £ .

9925
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In addition, for any k,m, n,p € Z, it follows from

[O']?(Lm)/ [Ly, Lp]] + [O']?(Ln)r [Lpr Lu]] + [Of(Lp), [Lin, L]l

m(p —n) n(m — p) p(n —m)
=m[wk+m,Ln+p] + m[ ktns Lptm] + ——1

k+p+u
=—(m(p —n)+n(m—p)+pn - m))wk+m+n+p =0,
[Gz(Lm)/ [Ly, Wp]] + [a?(Ln)/ [Wpr L]l + [Gg(wp)/ (Lo, Lnll

_m n
e i mwm, —(p + ) Wpin] = 0.

(07 (L), [Wo, Wyl + [0(Wa), [Wp, Linl] + [03(Wp), [Lyn, Wil = O,
[U]?(Wm)r [Wh, Wp]] + [O'g(wn)/ [Wp/ Winll + [G](;(Wp)/ [Wi, Will =0

k+ps Lm+n]

Wietm, (P + [U)me] +[

that ¢® is a Hom-Lie structure on £o,,. We complete the proof. [

Note that 0(1) = idgw and og = idgw. Next, by dividing parameters A, i into five cases, we determine all
(multiplicative) Hom-Lie structures on £, ,.

3.1. The case for A = -1
By the definition, £_ , has the following Lie brackets

[Ln/ Lm] = (m - 1’1) Lysn, [Ln/ Wm] = (m +u- n)wm+n/ [Wn/ Wm] =0,VmmneZ.

Lemma 3.6. Foranyk, m € Z, suppose that ty is a Hom-Lie structure on £ _1 , satisfying T((£-1,)m) S (L-1,)ksm-
Then, Ty = akai + bka]%, where ay, by € C and the action of af{ (i=1,2)on Ly, is defined in Lemma 3.4.

Proof. For any m € Z, assume that
(L) = ak,mLker + bk,m Wiem,  Tc(Wh) = Ck,mLk+m + dk,m Witm,

where Ake,ms bk,m/ Ck,ms dk,m eC.
Claim 1. Agm = k0, bk,m = bk,O/ YmeZ.
Forany m,n,p € Z,letx = Ly, y = L,, z = L, and 0 = 74 in Eq. (1). Then, we obtain

am(p — )k + m—n—p)+ag,(m—p)k+n—p-m)+a,n—-m)k+p-—m-n)=0, (5)

bk,m(p—n)(k+m+y—n—p)+bk,,,(m—p)(k+n+y—p—m)+bk,p(n—m)(k+p+y—m—n)=0. (6)

Note that Eq. (5) is a special case of Eq. (6), i.e., when u = 0, Eq. (6) becomes Eq. (5). Hence, we only need
to consider Eq. (6). Taking n = 1 and p = 0 in Eq. (6) gives us that for any m € Z,

—bgmk+m+p—=1)+bymk—m+pu+1)+bo(l—m)k—m+u—-1)=0. (7)
Foranym e Z,letn =m+1and p = m +2in Eq. (6). Then, we have
bimk—m+pu—3)=2b ik —m+pu—1) + bk —m+pu+1)=0. (8)

Casel. u=0.

Obviously, from Eq. (7), we have

b = bam(k —m + 1) = bo(m — 1)(k —m — 1)
o= k+m-1

, m#* —k+1. )

Again taking m = —k + 1 in Eq. (7), we have (b1 — bxo)k(k — 1) = 0.
Subcase 1. k # 0, 1.
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It is easy to see that bx; = byo. Then, Eq. (9) becomes by, = by, m # —k + 1. Taking m = —k in Eq. (8)
gives that by _x+1 = bro. Hence, by, = bro, ¥V m € Z.

Subcase 2. k = 0.

Eq. (9) can be written as by, = —bo1m +bop(m+1), m # 1. Putting m = 1 into Eq. (8), we obtain by = bop
easily. Hence, by, = boo, ¥V m € Z.

Subcase 3. k = 1.

It is obvious that Eq. (9) becomes by, = b1,1(2 — m) + b1o(m — 1), m # 0. Let m = 1in Eq. (8). Then, we
have by = b1o. Hence, b1, = b1, YV m € Z.

Case 2. u ¢ Z.

Eq. (7) becomes

_bgm(k=m+ p+1) = beo(m — Dk —m+p—1)
- k+m+u-1

bk,m , VYmeZ.

So, one immediately gets

Zbk,l(k +U— 1) - bk,O(k +U-— 3) by~ = 3bk/1 (k + U= 2) — Zbk,o(k + U= 4)
k3 —

biz = k+u+1 ’ k+p+2

Letm = 1in Eq. (8). Then, we obtain by 1 (k+p—4)—2by »(k+ 1 —2)+by 3(k+u) = 0. Put the expressions of by, and
by 3 into the equation above. By a simple calculation, we get by1 = by. Hence, we have by, = bxo, V m € Z.
Claim 2. ¢k, =0, dicyyy = ax, Y m,n € Z.
Forany m,n,p € Z, take x = Ly, y = L,, z = Wy, and ¢ = 74 in Eq. (1). Then, by Claim 1, we have

ckm(n—p)p+n—k—-m)=0,

(dim —axo)n—p)k+m+pu—p-n)=0. (10)
From Lemma 3.2, we have ¢y, =0, V m € Z. Letn = -1 and p = 1 in Eq. (10). Then, we have

(dk,m - lefo)(k +m + y) = 0, YmeZ. (11)
Again letn = 0 and p = 1 in Eq. (10). So,
(dim —ako)k+m+pu—-1)=0, ¥V meZ. (12)

It is obvious from Eqs. (11)-(12) that d ,, = axo for any m € Z.
From Claims 1-2, we have

k(L) = akoLiem + beoWism,  Te(Win) = a0 Wiem,
where gy, by € C. Let ax = aro and by = byo. Therefore, by Lemma 3.4, we obtain 74 = a0, + byor. [0

Theorem 3.7. For the linear map af{ on L_y, defined in Lemma 3.4, where i = 1,2, we have

HS(L.1,) = @(Ca; ®Co?).
keZ

Proof. From Lemmas 3.1, 3.4 and 3.6, this theorem is obvious. [
Corollary 3.8. Any multiplicative Hom-Lie structure on £_y , is trivial, that is MHS(2-1,,) = {0, ide_, ,}.

Proof. Obviously, {0, idgil/“} C MHS(£_1,). Conversely, from Theorem 3.7, we may assume that for any
T € MHS(L_,,) € HS(2-1,,),

=) (@0} + bod),

kez
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where a, b, € C.
If {k € Z|ax # 0} = 0, we have by = 0 for any k € Z, thatis, T = 0. In fact, for any n € Z*, we have

(Lo, Lal) = ) beod (Lo, LaD) = 1) biod(La) =1 Y bWiss,

keZ keZ kez

[t(Lo), T(L)] = [}, beot(Lo), Y beat (L)l = [Y_ bW, Y beWiesn] = 0.

keZ k'eZ keZ k'eZ

Hence, it is obvious that by = 0 for all k € Z. B
If {k € Z|a, # 0} # 0, take ] € {k € Z]a, # 0} such that [ is minimal and / is maximal. For any n € Z*,

i i i
t((Lo, Lu]) = () aio} + Y beoD)([Lo, Lu]) = n() @i} + Y beoD)L) = n() " ailien + Y BeWirn),  (13)
I=1 ]

1=l keZ keZ 1=l keZ

1 1

[t(Lo), TLa)] =[() a0} + Y beo?)(Lo), (Y avoh + ) beo?)(Ly)]

= ez = ez
1 1

Z[Z L+ Z bWy, Z apLpin + Z b Wi 4]
= kez. = ez

=l r

1 1
may (" =1+ n)Lyypin + Z Z abe (K" + 1+ = DWigpr 4
= = ez

i
- Z Z arbe(k + p =" = )Wi i (14)

V=l keZ
It follows from Egs. (13)-(14) that

_ 2 T 27
ailiin = aiLopn,  aly,, = a;Ly, .

1

These imply that [ = I =0and ap = 1. Then, it is easy to compute that by = 0 for all k € Z. Hence, 7 = 0,

thatis, T = idg_w.
Therefore, we obtain MHS(£_; ;) € {0,id¢ , ,}. The proof is finished. [

Remark 3.9. When p = 0, Corollary 3.8 is consistent with [3, Theorem 4.1]. The proof of [3, Theorem 4.1] is to
determine all endomorphisms of £_1 first, and then to characterize MHS(2_1). However, we start from HS(£_1 )
for any u € C, and then use the multiplicative property to obtain MHS(L_1,,).

3.2. The case for A =1
By the definition, ¢; , has the following Lie brackets

[Lnr Lm] = (I’}’l - 1’1) Lyin, [Lnr Wm] = (m t+u+ n)wm+nr [Wnr Wm] =0, YmmneZ.

Lemma 3.10. For any k,m € Z., suppose that ty is a Hom-Lie structure on L1, satisfying Tc((£1,u)m) S (L1,)k4m-
Then, 1 = axo, + byo} + cxo?, where ay, by, cx € C and the action of of{ (i=1,2,3) on &4, is defined in Lemma 3.4.

Proof. For any m € Z, we may assume that

Tk(Lm) = k,m Lism + bk,m Witm, Tk(Wm) = Ck,mLk+m + dk,m Witm,
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where Ay bk,m/ Ckms dk,m eC.
Forany m,n,p € Z,letx = L, y = L,, z = L, and 0 = 71 in Eq. (1). Then, we obtain

am(p — )k +m—n—p)+ag,(m—p)k+n—p-m)+a,n-m)k+p-m-n)=0,

(bkm(p — 1) + b u(m — p) + by py(n —m))(k + m+ p+n+p)=0. (15)

From the proof of Lemma 3.6, we have ay,,, = aio for any m € Z.
Taking n =1 and p = 0in Eq. (15) gives us that for any m € Z,

(=bim + bam + bro(1 —m))(k+m+p+1) =0. (16)

If u ¢ Z, it is obvious that by, = by1m + bro(1 —m) = (b1 — bro)m + bro, YV m € Z. If u € Z, Eq. (16) can be
written as by, = bgam + beo(1 —m), m # —k — 1. So, we have

by, k2 = b1k +2) + brok +3), b = —bx1k + bro(k +1).

Letm = -k—-2,n = -k -1, p = —k and put two equations above into Eq. (15). Then, by _x-1 = —=br1(k + 1) +
bo(k + 2). Hence, we have

bk,m = bkrlm + bk,O(l - m) = (bk,l - bklo)m + bk/(), Y meZ.
Similar to the proof of Lemma 3.6, we easily get cx,, =0, dx = aro, ¥ m € Z. Then, we have

k(L) = AgoLiem + (D1 = bio)m + b)) Wi, Tc(Win) = a0 Wi,
where ax, bio, b1 € C. Let ax = axo, by = bro and ¢ = bxy1 — bxo. Therefore, by Lemma 3.4, we obtain
Tk = oy + byt + oy, O
From Lemmas 3.1, 3.4 and 3.10, we easily get the following theorem.

Theorem 3.11. For the linear map a;( on Ly, defined in Lemma 3.4, where i = 1,2,3, we have

HS(¢1,) = P(Co} @ Ca? & Ca}).
kezZ

Corollary 3.12. Suppose that T is a linear map of £1,,. Then T € MHS(Ly,,) if and only if T is 0 or possesses the
following form © = ide,, + Yrez cx((k + p)of + ), where ¢y € C and the actions of o} and o} on &y, are defined in
Lemma 3.4.

Proof. It is obvious that the linear maps 0 and ide,, + Yez ci((k + p)o7 + 07) are multiplicative Hom-Lie
structures on ¢, where ¢, € C. Conversely, by Theorem 3.11, we may assume that for any r € MHS(¢, ;) C
HS(¢4,,,),

T= Z(akai + bkaf + ckaz),
keZ

where ay, by, c; € C.
Iffke Z|ar #0} =0, thenby = ¢, =0forallk € Z,i.e, 7 = 0. Indeed, for any n € Z*, we have

(Lo, Lal) = 1Y (b + 1) Wi,
kezZ

[T(Lo), T(Ln)] = [Z bWy, Z(bk’ + ncp )Wy ] = 0.

keZ. kez
We easily get by + nc = 0 for all n € Z*, which deduces that by = cx = 0.
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If {k € Z|a, # 0} # 0, take l,i € {k € Z|a, # 0} such that [ is minimal and ] is maximal. Similar to the
proof of Corollary 3.8, it is easy to see [ =/ = 0 and a9 = 1. So, for any n € Z*, we have

T([Lo, Lu]) = m(Ly + Y (b + 1) W),
kez

[t(Lo), T(La)] = 1Ly + Yk + 11+ )i Wisn).
keZ

We obtain by = (k + p)cg. Then, © = idg,, + Yez ck((k + p)o} + 07). The proof is completed. [

3.3. The case for A # 0, £1

Lemma 3.13. For any k,m € Z, suppose that the actions of o}, o7 on L, are defined in Lemma 3.4 and 7y is a
Hom-Lie structure on £, , satisfying Tx((£2,1)m) S (£a,)kem- Then, Ty = 6k,0a00(1) + bkai, where ay, b, € C and 6,
is the Kronecker delta.

Proof. For any m € Z, assume that
T(Lin) = amLicem + bigmWicem,  Te(Wm) = comLicem + diomWicsm,

where ai ., b, Ckmy Ak € C.

Claim 1. ai,, = axo, bewm = bro, ¥V m € Z.

From the proof of Lemma 3.6, we have ay,, = aio for any m € Z. Forany m,n,p € Z,letx = L, y = Ly,
z =1L, and 0 = 7 in Eq. (1). Then, we obtain

bem(p —n)(k+m+p+Am+p)) + by n(m—p)k+n+u+Alp+m))+bg,(n—m)k+p+u+A(m+n)) =0. (17)
Foranym e Z,letn =m+1and p = m + 2 in Eq. (17). Then, we have
bk +m+u+A2m+3)) = 2bg 1 (k+m+1+u+A2m+2)) + by aa(k +m+2+ p+A2m+1)) = 0. (18)

Case 1. u ¢ Z and there exists 1y € Z such that y + Any € Z.
It is easy to see g # 0 and A ¢ Z. Taking n = np and p = 0 in Eq. (17) gives us that for any m € Z,

—brmto(k +m + u + Ang) + by, m(k + 1o + p + Am) + b o(ng — m)(k + p + A(m + ng)) = 0. (19)
This implies that
_ bengm(k +no + p + Am) + b o(ng — m)(k + p + A(m + no))
bim = no(k T m + 11+ Am) , m# =k — - Ang. (20)
Letm = —k — u — Ang in Eq. (19). Then,
by = bio)(A = D)(k + p + 1o + Ang)(k + p + Ang) = 0. (21)

Subcase 1. k # —y — ng — Ang, —p — Ang.
From Eq. (21), we have by, = bio. Eq. (20) becomes by, = byo, m # —k—u—Ang. Letm = —k—u—Ang—1
and m = —k — u — Ang in Eq. (18), respectively. Then, we have

(i —~k—p=any — bro)(mo + 2(k + p + Ang)) =0, (b —k—p-1n, — bro)(mo + 2(k + p + Ang) — 3) = 0.

These two equations above show that by, -1, = bxo. Hence, by, = bro, ¥ m € Z.
Subcase 2. k = —u — 1y — Any.
Eq. (20) becomes

b*‘u*}’lo*/\no,?’lo Am — b*[.l*?lo*/\?lo,o(/\m - no)
b—y—ng—}lng,m = ” , m #* ny.
0
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Taking m = ng + 1 in Eq. (18) gives us that A(A — 1)(b-—ny-Angn — b—p—ng-Anp,0) = 0, which implies that
b—y—no—)\no,ng = b—y—no—/\nu,o- Hence, b—y—no—/\no,m = b—y—nu—/\nU,OI YmeZ.

Subcase 3. k = —u — Ang.

Eq. (20) becomes

by rng g (—=Ang + no + Am) + by, 0A(ng — m)
b*[.l*ﬂno,m = n , m i 0
0

Let m = 1in Eq. (18). Then, we obtain A(A — 1)(b—y—Anyny = b—y—rnp,0) = 0, thus by ny = b-p—an0- Hence,
b—y—)\no,m = b—y—/\n(),O/ VYmeZ.

Case2. y¢ Zand u+ An ¢ Zforanyn € Z.

Taking n = 1 and p = 0 in Eq. (17) shows that for any m € Z,

bk +m+p+A)+beymk+1+ p+ Am) + bo(1 —m)(k + u + A(m + 1)) = 0.
Then, we have

_bgam(k+ 1+ p+ Am) = bo(m = 1)(k + p + A(m + 1))

Z.
k+m+p+A Vme

k,m

So, one can immediately get

20k 1(k+ 1+ p+2A) = bro(k + p + 3A) 3br1(k + 1+ p+3A) = 2bko(k + p + 4A)
7 bk,3 = .
k+2+u+A k+3+u+A

by =

Let m = 1in Eq. (18). Then, we obtain by 1(k + 1+ i +5A) = 2byo(k + 2 + u + 4A) + bra(k + 3 + u +34) = 0. Put
the expressions of by, and by 3 into the equation above. By a simple calculation, we get by, = byo. Hence, we
have by, = by, ¥ m € Z.

Case3. uy=0and A € Z\ {0, +1}.

Taking n =1 and p = 0in Eq. (17) gives us that for any m € Z,

—bim(k+m+A) +bam(k + 1+ Am) + bo(1 —m)(k+ A(m + 1)) =0, (22)
which implies that

I byam(k + 1+ Am) — bro(m — 1)(k + A(m + 1))
k= k+m+A

Taking m = —k — A in Eq. (22), we have (bx1 — bro)(A = 1)(k+ A + 1)(k+ A) = 0.

Subcase1. k # —-A -1, —A.

It is easy to see that bx1 = brg. Then, Eq. (23) becomes by, = bro, m # =k — A. Takingm = -k — A —1in
Eq. (18) gives that by ¢y = bxo. Hence, by, = b, ¥V m € Z.

Subcase 2. k= —-A —1.

Eq. (23) can be written as b_j_1,, = b_j_11Am —b_ _19(Am — 1), m # 1. Put m = 1 into Eq. (18). It is easy
to compute that b_)_11 = b_1_1. Hence, we obtain b_j_1,, = b_j_19, ¥V m € Z.

Subcase 3. k = —A.

It is obvious that Eq. (23) becomes b_j,; = b_11(=A + 1+ Am) —b_yoA(m — 1), m # 0. Let m = 1 in Eq.
(18). Then, by a simple calculation, we have b_); = b_, . Hence, b_; ,, = b_p0, ¥V m € Z.

Case4. y=0and A ¢ Z.

Taken =1and p = 0in Eq. (17). For any m € Z, we have

,m# —k— A (23)

—bemk+m+A)+bamk + 1+ Am) + b o(1 —m)(k + A(m + 1)) =0,
which implies that

b = bam(k + 1+ Am) = bro(m — 1)(k + A(m + 1))
fom = k+m+A

,YmeZ.
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Similar the proof of Case 2, we easily get by, = bro, ¥V m € Z.
Claim 2. Ckm = 0, dk,m =akp = 6k,0a0,0, YmeZ.
For any m,n,p € Z, takex = Ly, y = Ly, z = Wy, and ¢ = 74 in Eq. (1). Then, we have

cmm—p)p+n—-k—-—m)=0,

(n = p)dimk +m + u+ Ap +n)) — ago(A*k + m + p + A(p +n))) = 0. (24)
From Lemma 3.2, we have ¢y, =0, Vm € Z. Letn = —1 and p = 1 in Eq. (24). It is obvious that

dimk +m + p) —ao(A’k +m+p) =0,V meZ. (25)
Againletn = 0and p = 1in Eq. (24). So,

dimk+m+p+A) —apAk+m+p+21)=0,VmeZ. (26)

From Egs. (25)-(26), it is obvious that (di, — axo)A = 0, which implies that di,, = axo for any m € Z.
Moreover, note that Eq. (25) or Eq. (26) can be written as dj k(A —1)(A +1) =0, V m € Z. Hence, if k # 0,
we have dy,, = axo = 0.

From Claims 1-2, we get

T(Lm) = Ok,00,0Licsm + bicoWiem,  Te(Win) = 61c000,0 Wism,
where ag, bro € C. Let ag = agp and by = byg. Therefore, by Lemma 3.4, we obtain 74 = 6k,0aoaé + bkai. O
From Lemmas 3.1, 3.4 and 3.13, the following theorem is easy to obtain.
Theorem 3.14. For the linear maps oy and o7 on £, ,, defined in Lemma 3.4, we have
HS(21,) = P (Cbp000 @ Ca?).
kez

Corollary 3.15. Any multiplicative Hom-Lie structure on £, , is trivial, that is MHS(, ) = {0,idg, , }.

Proof. 1t is clear that {0,id¢, ,} € MHS(£, ). Now, for any © € MHS(£, ) € HS(£, ,,), from Theorem 3.14,
we may assume T = ay0, + ez bkoy, where ag, by € C.

If ayp = 0, it is easy to compute that T = 0.

Ifap # 0, we have T = idg, . In fact, for any n € Z*, we have

(Lo, Lal) = (a0l + Y biWien),
keZ

[7(Lo), T(L)] = n(@3Ln + ) agbe(1 = \Y W),
kez

Wehavegy =1land by =0forallke€ Z,ie., 7 =id¢

¢,,- Hence, we obtain MHS(£, ;) € {0,idg, ,}. The proof is
completed. [

3.4. The case for (A, u) = (0,0)
By the definition, £y has the following Lie brackets

[Ly, L] = (m — 1) Lyen, [Lo, Wil = mWoin, [Wy, W] =0, YV m,n € Z.

Lemma 3.16. For any k € Z, suppose that the actions of oy, o7 on Lo are defined in Lemma 3.4. Let ty be a Hom-Lie
structure on L satisfying t((Lo,0)m) S (Lo,0)k+m for any m € Z. Then,

T = 6kr0aoa(1) + bkai + up toa central Hom-Lie structure,

where ay, by € C and Oy, is the Kronecker delta.
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Proof. For any m € Z, one may assume that
Tk(Lm) = ak,mLk+m + bk,m Witm, Tk(Wm) = Ck,mLk+m + dk,m Wietm,

where ay , b, Ckm, Ak.m € C. From the proof of Lemma 3.6, we have ai,, = axo for any m € Z.
Foranym,n € Z,letx =L,y = Ly, z = L.y and 0 = 74 in Eq. (1). Then, we obtain (b », — bk ) (k+m)(k+n) =
0, which deduces that by ,, = bx,, m # —k, n # —k. Then, we have by, = b _+1 + 0 —k(bk -k — bk —k11), ¥ m € Z.
Forany m,n,p e Z,letx = Ly, y=Lyz=Wy and o = 7 in Eq. (1). Then,

ckm(n—p)p+n—-k-m)=0,

(n = p)(dym(k +m) = agom) = 0. (27)

From Lemma 3.2, it is easy to see cx,, =0, ¥V m € Z. Forany m € Z,letn =1, p = =1 in Eq. (27). Then,
(k+m)dy, = axom, ¥ me Z.1fk =0, we have dy, = agp + 0mo(doo — aop). If k # 0, it is easy to compute that
axo = 0 and dy = Oy —kdy, k-

Hence, we obtain

T0(Lm) = a00Lm + boa Wi + 6m0(boo — bo1)Wo,  To(Wi) = a0,0Wi + dm,0(do,0 — d0,0)Wo,
and fork #0

Tk(Lim) = b —kt1 Wiem + O~k —k = bi—k+1)Wo,  Te(Win) = O~k Wo.
Now, for any k € Z, define the linear map px : £o0 — C such that

Po(Lm) = 0mo(boo = bo1),  Po(Wi) = Omo(doo — a00),
and for k # 0

k(L) = O~k (b —k — bi—k41),  Px(Win) = Oy -

Obviously, o,, is a central Hom-Lie structure on £9o. Let agp = agp and by = by, x41. Then, 74 = (Sk,OrJOGé +
2
byoi + 0p. O

Theorem 3.17. For any k € Z and the linear maps o, o7 defined in Lemma 3.4, we have
HS(200) = P (Cbr004 © Co?) ) CHS(L0y).
kez

Proof. By Lemmas 3.1, 3.3-3.4 and 3.16, this theorem is obvious. [J

Corollary 3.18. For any k € Z, suppose that the action of a7 on Lo is defined in Lemma 3.4. Then, t € MHS(2¢,)
if and only if T is 0 or possesses the following form T = ide,, + Y4z bxoy. where by € C.

Proof. Obviously, the linear maps 0 and ide,, + Yz bkai are multiplicative Hom-Lie structures on £y,
where by € C. In addition, from Theorem 3.17, we may assume that for any = € MHS(£0) € HS(%,),

T= aoa(l) + Z bkai +0p,
keZ

where ag, by € C and 0, is a central Hom-Lie structure on £ defined in Lemma 3.3.
If ay = 0, we have t = 0. More specifically, for any n € Z*,

(Lo, Lul) = 1) biWicen + p(L)Wo),
keZ
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[T(Lo), (L)l = Y biWi + p(Lo)Wo, ), b Wi + p(Ly)Wol = 0.
kezZ k'ez

We have ) e biWiiy + p(Ly)Wo = 0 for any n € Z*. If we take ny, 1, € Z* such that ny # np, then
by=0, k#-m,

by =0, k# —n,.

Hence, by = 0 for any k € Z. This deduces that p(L,) = 0 for any n € Z*. By the multiplicative property, it is
easy to see that p(x) = 0 for any x € £gp. This shows that 6, = 0. Hence, 7 = 0.
If ay # O, for any n € Z*, we have

w(Lo, Lu]) = n(@oL + Y bxWicen + p(L)Wo),  [7(Lo), T(L)] = n@3Ly + a0 Y biWisn):
keZ. kezZ

We have ag = 1 and p(L,) = 0 for any n € Z*. Because of the multiplicative property, it is easy to compute
that p(x) = 0 forany x € €9, which deduces that o, = 0.S0, T = idg,, + Y.xez bx0}. We complete the proof. [

Remark 3.19. Using the endomorphism of Lo, multiplicative Hom-Lie structures on this algebra are also determined
in[12, Theorem 4.1]. Corollary 3.18 contains the result in [12, Theorem 4.1] and gives a more complete characterization
OfMHS(QO,()).

Now, we give two examples of multiplicative Hom-Lie structures on .
Example 3.20. Let 62 be a linear map on Lo, where the action of o3 is defined in Lemma 3.4, i.e.,
05(Lm) = Wi, 05(Wy) =0, Y meZ.

Obviously, T = id,, + 05 is a multiplicative Hom-Lie structure on Lo, which is contained in both [12, Theorem 4.1]
and Corollary 3.18.

Example 3.21. Assume that 6>, 0% are linear maps on L, where the actions of o>, and o> are defined in Lemma
34, ie.,

Ggl(Lm) = Win-1, Ggl(wm) =0,
02(Ly) = Wis1, 03(Wy) =0, Y meZ

It is easy to verify that T = idg,, + 0>, + o7 is a multiplicative Hom-Lie structure on Lo, which is included in
Corollary 3.18, not in [12, Theorem 4.1].

3.5. Thecasefor A =0,u ¢ Z
By the definition, £y, has the following Lie brackets

[Ln/ Lm] = (m - 1’1) Lysn, [Ln/ Wm] = (m + [J)Wm+n/ [Wn/ Wm] =0, YVmneZ.

Lemma 3.22. For any k,m € Z, suppose that ty is a Hom-Lie structure on Lo, satisfying Tc((Lo,u)m) S (Lo )ksm-
Then, T = ayo} + byo?, + cxa?, where ay, by, ¢y € C and the action of o, (i = 4,5,6) on L, is defined in Lemma 3.5.

Proof. For any m € Z, assume that
Tk(Lm) = ak,mLk+m + bk,m Wiesm, Tk(wm) = Ck,mLk+m + dk,mwk+m1

where ai, b, Cimy Ak € C.
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From the proof of Lemma 3.6, we have ay,, = aio for any m € Z. Forany m,n,p € Z,letx = L, y = Ly,
z =L, and 0 = 74 in Eq. (1). Then, we obtain

bm(p — n)(k +m + ) + by y(m = p)(k +n + u) + by ,(n —m)(k +p + u) = 0. (28)
Takingn = 1 and p = 0in Eq. (28) gives us that for any m € Z,

Cbgam(k+ 1+ p) + bo(L—m)(k+p) — (bea(k+ 1+ p) = bro(k + w))m + bo(k + 1)
- k+m+p - k+m+pu '

bk,m

Forany m,n,p € Z,letx=1L,, y = L,,z= W;, and 0 = 7; in Eq. (1). Then, for any m € Z, we have
ckm(n —p)p+n—k—-m)=0,
(n = p)dim(k +m + p) — ago(m + p)) = 0. (29)
By Lemma 3.2, ¢, =0, ¥ m € Z. Taking n = 1 and p = 0 in Eq. (29) shows that

+
dk,m = il

= — Y meZ.
k+m+pak’0’ "

Hence, we have

(bratk +1 4 p) = bolk + p))m + bro(k + p) m+
p Witm, T(Wp) = ————
+m+u k+m+p

Tk(Lin) = agoLiem + k0 Wiem,

where aig, bro, by,1 € C. Let ax = ayp, by = bo(k + u) and ¢ = by (k+ 1+ p) = beo(k + ). So, T = o} + bro; +
CkO}E. O
From Lemmas 3.1, 3.5 and 3.22, we determine all Hom-Lie structures on )30,#.
Theorem 3.23. For the linear map of{ on Lo, defined in Lemma 3.5, where i = 4,5,6, we have
HS(20,) = D (Cot © Co} & Cof).
kezZ

Corollary 3.24. Suppose that the actions of o7, o8 on Lo, are defined in Lemma 3.5. Then T € MHS(R,,) if and
only if T is 0 or possesses the following form T = idg,, + Yrez ck((k + p)o7 + 6°), where ¢, € C.

Xou
Proof. The proof is similar to Corollary 3.12. [

We summarize the results concerning (multiplicative) Hom-Lie structures on £, , (A, u € C) in the
following theorem and corollary.

Theorem 3.25. For k € Z, assume that the actions of o,, o;'( (i=1,2,3)and ai (j = 4,5,6) on L, , are defined in
Lemmas 3.3, 3.4 and 3.5, respectively. Then

P, (Co; & Co?), ifA=-1,
B,.,(Ca} ©Co? & Co), ifA=1,
HS(21,) = | €D, (Coppids,, & Ca?), ifA#0,+1,
@keZ(Cék,Oidﬁo,o @ Coi) B CHS(Lo0), ifA=0,u=0,
D, (Co} @ Co} & Co?), ifA=0,u¢Z,

where O, is the Kronecker delta.
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Corollary 3.26. If A # 0,1, any multiplicative Hom-Lie structure on £, , is trivial. Moreover, for any k € Z,

suppose that o;'( (i=2,3)and a]]( (j = 5,6) are defined in Lemmas 3.4 and 3.5, respectively. Then, any T € MHS(%o,,)
or MHS($1,,,) if and only if T is 0 or possesses the following form

idg,, + Xiez bkai ifA=0,u=0,
T ={ide,, + Ypez ok + oy +07)  ifA=0,u¢Z,
idg,, + Lpez cr((k + oy +0y),  ifA=1,

where by, ¢, € C.

Observing [14, 18, 19], there is a common phenomenon that Hom-Lie structures on these given Lie
algebras g are closed with respect to Jordan product. More specifically, HS(g) forms a Jordan algebra with
respect to the usual multiplication 0 o 7 = %(GT + 10), where 0,7 € HS(g). It should be noted that in [20],
when Hom-Lie structures form a Jordan algebra was studied, which is also valid for the algebra ¥, ,, as the
following conclusion.

Corollary 3.27. HS(L, ;) is a Jordan algebra with respect to the multiplication o o T = %(a’c + 10), where 0,7 €
HS(L) ).
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