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Abstract. In this paper, we focus on investigating the existence and multiplicity of nontrivial weak
solutions for a class of Choquard–Kirchhoff type equations. These equations involve a variable s(x, ·)-order
fractional (τ1(x, ·), τ2(x, ·))-Laplacian operator with a real parameter and a continuous variable parameter.
The main challenges lie in the Choquard nonlinearities and Kirchhoff functions, along with the presence of
double Laplace operators involving two variable parameters.

1. Introduction

In recent times, considerable emphasis has been directed towards examining issues related to the non-
local fractional Laplacian or more broadly, integro-differential operators. These operators naturally emerge
in various applications, including continuum mechanics, phase transition phenomena, population dynam-
ics, minimal surfaces, and game theory. They represent a common result of the stochastic stabilization
of Lévy processes, see [7, 8, 25]. Moreover, recent research has delved into the regional fractional Lapla-
cian, limiting the operator’s scope to a variable region near each point. For example, the authors in [22],
investigated the presence, symmetry features, and concentration phenomena of solutions in the nonlin-
ear Schrödinger equation with non-local regional diffusion. The distinct characteristics of these regional
operators make them particularly interesting in the mathematical theory of non-local operators. Also
finds diverse applications and research applications in physical systems, particularly in non-homogeneous
Kirchhoff-type equations [29], where the authors studied a Schrödinger-Kirchhoff-type equation with frac-
tional p-Laplacian in Rn of the form:

M
(∫ ∫

R2N

|κ(x) − κ(y)|τ

|x − y|N+sτ dxdy
)

(−∆)s
τκ + V(x)|κ|τ−2u = f (x, κ) + 1(x) x ∈ RN,

where 0 < s < 1 < τ < ∞, τs < n, f and 1 are two continuous functions.
In the setting of Kirchhoff problem involving the variable-order fractional τ(·)-Laplacian operator, the

authors in [31] established the existence of at least two distinct solutions for the aforementioned problem
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using the generalized abstract critical point theorem. Furthermore, they demonstrated the existence of one
solution and an infinite number of solutions by employing the mountain pass lemma and the Fountain
Theorem. The equation is as the form:M

(∫ ∫
Q2

|κ(x) − κ(y)|τ(x,y)

τ(x, y)|x − y|N+s(x,y)τ(x,y)
dxdy

)
(−∆)s(·)

τ(·)κ + |κ|
τ(x)−2κ = µ1(x, κ) x ∈ RN,

κ ∈Ws(·),τ(·)(RN).

where N > p(x, y)s(x, y) for any (x, y) ∈ RN
× RN, M represents a continuous Kirchhoff-type function,

1(x,u) is a Carathéodory function, and µ > 0 serves as a parameter. In the context of Kirchhoff-Choquard
equations incorporating the variable-order fractional τ(·)-Laplacian, reference [5] details the authors’ work
establishing the existence of weak solutions, ground state solutions utilizing the Nehari manifold, and
the existence of infinitely many solutions using the Fountain Theorem and Dual Fountain Theorem. This
investigation concentrated on a class of doubly nonlocal Kirchhoff-Choquard type equations, where the
variable-order fractional p(·)-Laplacian operator takes a specific form.

m
(∫ ∫

Q2

|κ(x) − κ(y)|τ(x,y)

τ(x, y)|x − y|N+s(x,y)τ(x,y)
dxdy +

∫
Q

V(x)
|κ|τ(x)

τ(x)

)

×

[
(−∆)s(·)

τ(·)κ + V(x)|κ|κ(x)−2κ
]
=

(∫
Q

F(y, κ(y))
|x − y|µ(x,y)

dy
)

f (x, κ) x ∈ Q,

u = 0 Rn
\Q.

where m : R+0 → R
+
0 , V : Q → R+0 , µ : RN

× RN
−→ (0,N), f : Q × R → R, τ : RN

× RN
→ (1,∞),

s : RN
× RN

→ (0, 1) are continuous functions, τ := τ(x, x), Q ⊂ RN is a smooth bounded domain and F is
the primitive of f .
After this, many authors have looked into the problem using Laplacian, p-Laplacian, and fractional N-
Laplacian operators. They used either the technique presented in this paper or critical point methods.
Some notable references include: [1, 3, 9–18, 26–28, 30].

Inspired by the aforementioned studies, our objective in this article is to examine the Choquard–Kirchhoff
type equations. These equations involve the variable s(x, ·)-order fractional (τ1(x, ·), τ2(x, ·))-Laplacian oper-
ator with both a real parameter and a continuous variable parameter:

K1

(
[κ]s(·),τ1(·)

)
(−∆)s(·)

τ1(·) κ(x) +K2

(
[κ]s(·),τ2(·)

)
(−∆)s(·)

τ2(·) κ(x)

= ξ|κ(x)|µ(x)−2κ(x) +
(∫
Q

H(y, κ(y))
|x − y|α(x,y)

dy
)

h(x, κ(x)) + 1(x), in Q,

κ = 0 in RN
\Q,

(1)

where

[κ]s(·),τi(·) :=
∫
Q×Q

|κ(x) − κ(y)|τi(x,y)

τi(x, y)|x − y|N+s(x,y)τi(x,y)
dxdy, i = 1, 2 (2)

and Q represents a bounded smooth domain in RN, K1 and K2 denote models of Kirchhoff coefficients, ξ
is a real parameter, and s, τ1, τ2, µ, α,H, h, 1 are typically continuous functions. The specific assumptions for
these functions will be introduced in the subsequent discussion. The operators (−∆)s(·)

τi(·)
are referred to as

variable s(·)-order τi(·)-fractional Laplacians, where τi(·) : Q̄× Q̄ −→ (1,+∞) for i = 1, 2, and s(·) : Q̄× Q̄ −→
(0, 1) with N > s(x, y)τi(x, y) for all (x, y) ∈ Q̄ × Q̄. These operators can be defined as

(−∆)s(·)
τi(·)
κ(x) = p.v.

∫
Q

|κ(x) − κ(y)|τi(x,y)−2(κ(x) − κ(y))
|x − y|N+s(x,y)τi(x,y)

dy, ∀x ∈ Q, (3)
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where κ ∈ C∞0 (Q) and p.p. stands for the Cauchy principal value.
In contrast, Fiscella and Valdinoci presented the initial concept of a stationary Kirchhoff variational

equation in [23]. This equation captures the non-local influence of tension resulting from fractional length
measurements of the string. In fact, represents a fractional adaptation of the Kirchhoff equation model
introduced by Kirchhoff in [24]. To be more specific, Kirchhoff formulated a model described by the
following problem:

ϱ
∂2Q

∂γ2 −

(P0

h
+

E
2L

∫ L

0

∣∣∣∣∣∂om
∂x

∣∣∣∣∣2)∂2Q

∂x2 = 0, (4)

which extends D’ Alembert’s wave equation. One notable feature of model (4) is that it contains a nonlocal

term P0
h +

E
2L

∫ L

0

∣∣∣∣∣ ∂om
∂x

∣∣∣∣∣2. The parameters L, h, E, m, P0 in model (4) represent different physical meanings,

which we will not cover here.
In this paper, we make the assumption that s(·) and τi(·) are uniformly continuous functions, while

α : Q̄ × Q̄ −→ (0,N) is a continuous function, and satisfies the following assupmtions:

(A1) : 0 < s− ≤ s+ < 1, 1 < τ−1 ≤ τ
+
1 , 1 < τ−2 ≤ τ

+
2 , 0 < α− < α+ < N,

where
s− := inf

(x,y)∈Q̄×Q̄
s(x, y), s+ := sup

(x,y)∈Q̄×Q̄
s(x, y),

τ−i := inf
(x,y)∈Q̄×Q̄

τi(x, y) and τ+i := sup
(x,y)∈Q̄×Q̄

τi(x, y) for i = 1, 2.

Let denote

τmax(·) := max{τ1(·), τ2(·)}, τmin(·) := min{τ1(·), τ2(·)}, s̄(x) = s(x, x), τ̄i(x) = τi(x, x)

and

τ⋆s(·)(x) :=
Nτmax(x)

N − s̄(x) ¯τmax(x)
.

(A2) : s(·), τi(·) and α(·)are symmetric function, i.e. s(x, y) = s(y, x), τi(x, y) = τi(y, x)

and α(x, y) = α(y, x) for any (x, y) ∈ Q ×Q.
(A3): h : Q̄ × R −→ R is a continuous function such that ∃C1 > 0 and r ∈ C+

(
RN

)
∩P with τ+max < r− <

τ⋆s(·)(x)such that

|h(x, t)| ≤ C1|t|r(x)−1, for any (x, t) ∈ Q ×R,

where P =
{
r(x) : ¯τmax(x) ≤ r(x)q− ≤ r(x)q+ < τ⋆s(·)(x) for all x ∈ RN

}
, with function q ∈ C+ (Q ×Q) such that

2
q(x, y)

+
α(x, y)

N
= 2 for any (x, y) ∈ Q ×Q,

(A4): There exists λ > τ+max such that 0 < λH(x, t) ≤ 2th(x, t), for any t ∈ R\{0} and for any x ∈ Q.
(A5): The Kirchhoff functions Ki : R+ −→ R+ (i = 1, 2) are continuous such that there are positive constants

βi ∈

[
1,
τ⋆s(·)

τ+max

)
, β = max{β1, β2} and ki = ki(υ) > 0 for all υ > 0 such that

tKi(t) ≤ βiK̃i(t), for any t ∈ R+,

k∗i ≥ Ki(t) ≥ ki, for all t > υ,
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where K̃i(t) =
∫ t

0 Ki(υ)dυ.
(A6): For any υ > 0, there are two positive constants ki and k⋆i = ki(υ) > 0 such that

ki ≤ Ki(t) ≤ k⋆i , for all t > υ,

(A7): The perturbation 1 satisfies 1 ∈ L2(Q) and 1 > 0 a.e. in Q,

All these assumptions lead us to consider the following two main results.

Theorem 1.1. Assuming that (A1)-(A7) are satisfied, and considering Q as a bounded smooth domain in RN with
µ ∈ C+(Q̄) such that 1 < µ+ < τ−max, then there exist ξ∗ and 10 > 0 such that for any ξ ∈ (−∞, ξ∗] and if ∥1∥2 ≤ 10,
problem (1) possesses at least one positive nontrivial weak solution.

Theorem 1.2. Assuming that (A1)-(A7) are satisfied, and considering Q as a bounded smooth domain in RN with
µ ∈ C+(Q̄) such that 1 < µ+ < τ−max, then there exist ξ∗ > 0 and 10 > 0 such that for any ξ ∈ (0, ξ∗] and if ∥1∥2 ≤ 10,
problem (1) possesses at least one negative nontrivial weak solution.

This paper is organized like this: In the second section, we discuss familiar properties and results related
to fractional Sobolev spaces with variable exponents. In the third section, we provide proofs for our two
existence results.

2. Preliminaries and Functional Analytic Framework

We begin by revisiting fundamental properties of variable exponent Lebesgue spaces and variable order
fractional Sobolev spaces.

Variable Exponents Lebesgue Spaces.

For any m ∈ C+(Q̄), let’s revisit the variable exponent Lebesgue space

Lm(·)(Q) =
{
κ : Q −→ R : κ is measurable and

∫
Q

|κ(x)|m(x)dx < ∞
}
,

equipped with the Luxemburg norm

∥κ∥m(·) = inf
{
ς > 0 :

∫
Q

∣∣∣∣∣κ(x)
ς

∣∣∣∣∣m(x)

dx ≤ 1
}
.

It is well known that
(
Lm(·)(Q), ∥ · ∥m(·)

)
is a separable reflexive Banach space, see [19]. Moreover, let m′ ∈

C+(Q̄) be the conjugate exponent of m, that is

1
m(x)

+
1

m′(x)
= 1, for any x ∈ Q̄

Lemma 2.1. [19] Assume that κ ∈ Lm(·)(Q) and υ ∈ Lm′(·)(Q). Then∣∣∣∣∣∫
Q

κυ dx
∣∣∣∣∣ ≤ (

1
m−
+

1
(m′)−

)
∥κ∥m(·)∥υ∥m′(·) ≤ 2∥κ∥m(·)∥υ∥m′(·).

Defining the modular function σm(·) : Lm(·)(Q) −→ R, by

σm(·)(κ) =
∫
Q

|κ(x)|m(x)dx.
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Proposition 2.2. [20][21] Assume that κ ∈ Lm(·)(Q) and {κn}n∈N ⊂ Lm(·)(Q). Then
(i) ∥κ∥m(·) < 1( resp. = 1, > 1)⇔ σm(·)(κ) < 1( resp. = 1, > 1),
(ii) ∥κ∥m(·) < 1 −→ ∥κ∥m

+

m(·) ≤ σm(·)(κ) ≤ ∥κ∥m
−

m(·),
(iii) ∥κ∥m(·) > 1 −→ ∥κ∥m

−

m(·) ≤ σm(·)(κ) ≤ ∥κ∥m
+

m(·),
(iv) limn−→∞ ∥κn∥m(·) = 0 (resp.∞)⇔ limn−→∞ σm(·) (κn) = 0 (resp.∞),
(v) limn−→∞ ∥κn − κ∥m(·) = 0⇔ lim j−→∞ σm(·) (κn − κ) = 0.

Proposition 2.3. [4][2] Let α(·) satisfy (A1) − (A2). Let m1,m2 ∈ C+ (Q ×Q) verify

1
m1(x, y)

+
α(x, y)

N
+

1
m2(x, y)

= 2 for any (x, y) ∈ Q ×Q.

Then, for κ ∈ Lm+1
(
RN

)
∩ Lm−1

(
RN

)
and υ ∈ Lm+2

(
RN

)
∩ Lm−2

(
RN

)
we have∣∣∣∣∣∣

∫
Q×Q

κ(x)υ(y)
|x − y|α(x,y)

dx dy

∣∣∣∣∣∣ ≤ C
(
∥κ∥m+1 ∥υ∥m+2 + ∥κ∥m−1 ∥υ∥m−2

)
,

for a suitable positive constant C independent of κ and υ.

Variable-Order Fractional Sobolev Spaces.
Henceforth, we will provide a concise overview of fundamental properties concerning fractional Sobolev

spaces with variable order. Additionally, we will introduce essential lemmas and propositions that will
serve as tools in proving our main results.
The fractional Sobolev space with variable order and variable exponent is given by

Ws(·)
m(·)(Q) =

{
κ ∈ Lm̄(·)(Q) :

∫
Q×Q

|κ(x) − κ(y)|m(x,y)

ςm(x,y)|x − y|N+m(x,y)s(x,y)
dx dy < ∞, for some χ > 0

}
with the norm ∥κ∥s(·),m(·) = ∥κ∥m̄(·) + |κ|s(·),m(·), where

|κ|s(·),m(·) = inf
{
ς > 0 :

∫
Q×Q

|κ(x) − κ(y)|m(x,y)

ςm(x,y)|x − y|N+m(x,y)s(x,y)
dx dy < 1

}
.

Let W0 :=
{
κ ∈Ws(·)

m(·)(Q) : κ = 0 on ∂Q
}

endowed with the norm ∥κ∥W0 = |κ|s(·),m(·).

Remark 2.4. Note that
(
W0, ∥κ∥W0

)
is a reflexive Banach space and W∗

0 denotes the dual spaces of W0.

Now, we introduce a compact embedding theorem for Ws(·),m(·)(Q).

Lemma 2.5. [4] Let s(·), τ1(·) and τ2(·) satisfy (A1) − (A2). Then, for any m ∈ C+(Q̄) with 1 < m(x) < τ̄∗s(·)(x) for
any x ∈ Q̄, there exists a positive constant Cm = Cm(N, s, τ1, τ2,m,Q) such that

∥κ∥m(·) ≤ Cm∥κ∥W0 ,

for any κ ∈W0. Furthermore, the embedding W0 ↪→ Lm(·)(Q) is compact.

Lemma 2.6. [5] (Hardy–Littlewood–Sobolev type inequality) Let s(·), τ1(·), τ2(·) and µ(·) satisfy (A1) − (A2), with
N > m+s+. Let q ∈ C+ (Q ×Q) be as in (A3). Let r ∈ C+

(
RN

)
∩P , where P is defined in (A3). Then, for any

κ ∈W0 we have |κ|r(·)
∈ Lq+

(
RN

)
∩ Lq−

(
RN

)
with∫

Q×Q

|κ(x)|r(x)
|κ(y)|r(x)

|x − y|α(x,y)
dx dy ≤ C

(∥∥∥|κ|r(·)
∥∥∥2

Lq+ (Q) +
∥∥∥|κ|r(·)

∥∥∥2

Lq− (Q)

)
,

where C is a positive constant and independent of κ.
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We define the fractional modular function σs(·)
m(·) : W0 −→ R, by

σs(·)
m(·)(κ) =

∫
Q×Q

|κ(x) − κ(y)|m(x,y)

|x − y|N+m(x,y)s(x,y)
dx dy.

Proposition 2.7. [4] Suppose that κ ∈W0 and {κn}n∈N ⊂W0. Then
(i) ∥κ∥W0 < 1( resp. = 1, > 1)⇔ σs(·)

m(·)(κ) < 1( resp. = 1, > 1),

(ii) ∥κ∥W0 < 1 −→ ∥κ∥m
+

W0
≤ σs(·)

m(·)(κ) ≤ ∥κ∥m
−

W0
,

(iii) ∥κ∥W0 > 1 −→ ∥κ∥m
−

W0
≤ σs(·)

m(·)(κ) ≤ ∥κ∥m
+

W0
,

(iv) limn−→∞ ∥κn∥W0
= 0 (resp∞)⇔ limn−→∞ σ

s(·)
m(·) (κn) = 0 (resp∞),

(v) limn−→∞ ∥κn − κ∥W0
= 0⇔ limn−→∞ σ

s(·)
m(·) (κn − κ) = 0.

Definition 2.8. We say that a function κ ∈W0 is a weak solution of 1, if

K1

(
[κ]s(·),τ1(·)

) ∫
Q×Q

|κ(x) − κ(y)|τ1(x,y)−2(κ(x) − κ(y))(φ(x) − φ(y))
|x − y|N+τ1(x,y)s(x,y)

dx dy

+K2

(
[κ]s(·),τ2(·)

) ∫
Q×Q

|κ(x) − κ(y)|τ2(x,y)−2(κ(x) − κ(y))(φ(x) − φ(y))
|x − y|N+τ2(x,y)s(x,y)

dx dy

= ξ

∫
Q

|κ(x)|µ(x)−2κ(x)φ(x)dx +
∫
Q×Q

H(x, κ(x))H(y, κ(y))φ(y)
|x − y|α(x,y)

dx dy +
∫
Q

1(x)φ(x)dx,

for any φ ∈W0.

Clearly, the weak solutions of 1 are exactly the critical points of the Euler Lagrange functionalEξ : W0 −→ R,
given as follow

Eξ(κ) = K̃1

(
[κ]s(·),τ1(·)

)
+ K̃2

(
[κ]s(·),τ2(·)

)
− ξ

∫
Q

1
µ(x)
|κ(x)|µ(x)dx

−
1
2

∫
Q×Q

H(x, κ(x))H(y, κ(y))
|x − y|α(x,y)

dx dy −
∫
Q

1(x)κ(x)dx,

where K̃i(t) =
∫ t

0 Ki(υ)dυ, i = 1, 2. Note that Eξ ∈ C1 (W0,R) and its Gâteaux derivative at the point φ ∈ W0
is the functional

⟨E′(κ), φ⟩ = K1

(
[κ]s(·),τ1(·)

) ∫
Q×Q

|κ(x) − κ(y)|τ1(x,y)−2(κ(x) − κ(y))(φ(x) − φ(y))
|x − y|N+τ1(x,y)s(x,y)

dx dy

+K2

(
[κ]s(·),τ2(·)

) ∫
Q×Q

|κ(x) − κ(y)|τ2(x,y)−2(κ(x) − κ(y))(φ(x) − φ(y))
|x − y|N+τ2(x,y)s(x,y)

dx dy

= ξ

∫
Q

|κ(x)|µ(x)−2κ(x)φ(x)dx +
∫
Q×Q

H(x, κ(x))H(y, κ(y))φ(y)
|x − y|α(x,y)

dx dy +
∫
Q

1(x)φ(x)dx,

3. Main result

Palais-Smale compactness condition.
The objective of this section is to demonstrate the fulfillment of the Palais-Smale condition, denoted briefly
as (PS). To achieve this, we revisit the fact that Eξ satisfies the (PS) condition at the level c ∈ R, if every
sequence {κn}n∈N ⊂W0 that satisfies:

Eξ (κn) −→ c and E′ξ (κn) −→ 0 in W∗

0 as n −→ ∞, (5)

has a convergent subsequence in W0.
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Lemma 3.1. Assuming that (A3) − (A4) hold. Then
(i) if 1 < µ+ < τ−max, then for any ξ ∈ R, Eξ fulfills the (PS) condition,
(ii) if λ < µ− < µ+ <

(
τ̄⋆s

)−, then for any ξ > 0, Eξ fulfills the (PS) condition.

Proof. Let ξ ∈ R and let {κn}n∈N ⊂W0 be a sequence satisfying (5).
Step 1: Let prove the boundedness of the sequence {κn}n∈N by employing a proof by contradiction. Subse-
quently, by passing to a subsequence, which is still denoted as {κn}n∈N, we have

lim
n−→∞

∥κn∥W0 = ∞ and ∥κn∥W0 ≥ 1,

for all n ∈N. From (A2) we have for any κ ∈W0

|κ(x) − κ(y)|τ1(x,y)

|x − y|N+τ1(x,y)s(x,y)
+
|κ(x) − κ(y)|τ2(x,y)

|x − y|N+τ2(x,y)s(x,y)
≥
|κ(x) − κ(y)|τmax(x,y)

|x − y|N+τmax(x,y)s(x,y)
for a.e. x, y ∈ RN. (6)

Therefore, using the Hölder inequality, Propositions 2.2 and 2.7, (A4), (A7), (5), (6), Lemma 2.5, ∃θξ > 0 such
that as n −→ ∞

c + θξ ∥κn∥W0
+ o(1) ≥ λEξ (κn) −

〈
E′ξ (κn) , κn

〉
= λK̃1

(
[κn]s(·),τ1(·)

)
+ λK̃2

(
[κn]s(·),τ2(·)

)
− λξ

∫
Q

1
µ(x)
|κn(x)|µ(x)dx

−
λ
2

∫
Q×Q

H(x, κn(x))H(y, κn(y))
|x − y|α(x,y)

dx dy − λ
∫
Q

1(x)κn(x)dx

−K1

(
[κn]s(·),τ1(·)

) ∫
Q×Q

|κn(x) − κn(y)|τ1(x,y)

|x − y|N+τ1(x,y)s(x,y)
dx dy

−K2

(
[κn]s(·),τ2(·)

) ∫
Q×Q

|κn(x) − κn(y)|τ2(x,y)

|x − y|N+τ2(x,y)s(x,y)
dx dy +

∫
Q

1(x)κn(x)dx

+ ξ

∫
Q

|κn(x)|µ(x)dx +
∫
Q×Q

H(x, κn(x))H(y, κn(y))φ(y)
|x − y|α(x,y)

dx dy

≥ k1

(
λ
β1τ+1

− 1
) ∫
Q×Q

∣∣∣κn(x) − κn(y)
∣∣∣τ1(x,y)

|x − y|N+τ1(x,y)s(x,y)
dx dy

+ k2

(
λ
β2τ+2

− 1
) ∫
Q×Q

∣∣∣κn(x) − κn(y)
∣∣∣τ2(x,y)

|x − y|N+τ2(x,y)s(x,y)
dx dy

− ξ

∫
Q

(
λ
µ(x)

− 1
)
|κn(x)|µ(x) dx

−

∫
Q×Q

H (x, κn(x))
[
λ
2 H

(
y, κn(y)

)
− h

(
y, κn(y)

)
κn(y)

]
|x − y|α(x,y)

dx dy

− (λ − 1)
∫
Q

1(x)κn(x)dx

≥ min{k1, k2}

(
λ
βτ+max

− 1
) ∫
Q×Q

∣∣∣κn(x) − κn(y)
∣∣∣τmax(x,y)

|x − y|N+τmax(x,y)s(x,y)
dx dy

− ξ+
(
λ
µ−
− 1

)
σµ(·) (κn) − (λ − 1)∥1∥2 ∥κn∥2

≥ min{k1, k2}

(
λ
βτ+max

− 1
)
∥κn∥

τ−max
W0
− ξ+

(
λ
µ−
− 1

)
Cµ

+

µ ∥κn∥
µ+

W0
− C1∥κn∥W0 ,
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where ξ+ = max{ξ, 0} and C1 > 0. From this, we can discern two situations:
Case 1: if 1 < µ+ < τ−max, then since λ > βτ+max and by (A4), from the aforementioned estimate, we promptly
encounter a contradiction.
Case 2: if λ < µ− < µ+ <

(
τ̄⋆s

)−, we consider ξ > 0 then, by the above estimate we have as n −→ ∞

c + θξ ∥κn∥W0
+ o(1) ≥ min{k1, k2}

(
λ
βτ+max

− 1
)
∥κn∥

τ−max
W0
− C1 ∥κn∥W0

,

which still gives a contradiction, since λ > βτ+max > βτ
−
max > 1. Thus {κn}n∈N is bounded in W0.

Step 2: {κn}n∈N has a strong convergent subsequence. Indeed, from Lemma 2.5, combined with the
reflexivity of W0, there exist a subsequence, still denoted by {κn}n∈N, and κ ∈W0 such that

κn ⇀ κ in W0,
κn −→ κ in Lβ(·)(Q),
κn(x) −→ κ(x) a.e. in Q.

(7)

Moreover, we have

|⟨E′ξ (κn) , (κn − κ)⟩| ≤ ∥E′ξ (κn) ∥
(
∥κn∥W0 + ∥κ∥W0

)
−→ 0, as n −→ ∞.

As {κn}n∈N is bounded in W0 and E′ξ (κn) −→ 0, one has

⟨E′ξ (κn) , (κn − κ)⟩ −→ 0, as n −→ ∞.

For simplicity, let us denote by Lτi : W0 −→W∗

0 as

〈
Lτi (κ), υ

〉
=

∫
Q×Q

|κ(x) − κ(y)|τi(x,y)−2(κ(x) − κ(y))(υ(x) − υ(y))
|x − y|N+τi(x,y)s(x,y)

dx dy,

for any κ, υ ∈W0 and i = 1, 2. By combining the boundedness of {κn}n∈N in W0 and (7), we derive that

o(1) = ⟨E′ξ(κn), (κn − κ)⟩

= K1

(
[κn]s(·),τ1(·)

) 〈
Lτ1 (κn), (κn − κ)

〉
+K2

(
[κn]s(·),τ2(·)

) 〈
Lτ2 (κn), (κn − κ)

〉
− ξ

∫
Q

|κn(x)|µ(x)−2 κn(x) (κn − κ) (x)dx

−

∫
Q×Q

H (x, κn(x)) h
(
y, κn(y)

)
(κn − κ) (y)

|x − y|α(x,y)
dx dy −

∫
Q

1(x) (κn − κ) (x)dx (8)

By employing Lemma 2.1 and (7), we get∣∣∣∣∣ ∫
Q

|κn(x)|µ(x)−2κn(x) (κn − κ) (x)dx
∣∣∣∣∣ ≤ 2

∥∥∥|κn|
µ(·)−1

∥∥∥
µ′(·)

∥∥∥κn − κ
∥∥∥
µ(·)
−→ 0,

as n −→ ∞. Therefore,

lim
n−→∞

∫
Q

|κn(x)|µ(x)−2 κn(x) (κn − κ) (x)dx = 0. (9)

Moreover, from (A7) and Hölder’s inequality, we deduce that:∣∣∣∣∣∫
Q

1(x) (κn − κ) (x)dx
∣∣∣∣∣ ≤ ∥1∥2∥κn − κ∥2 −→ 0,
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as n −→ ∞. Therefore,

lim
n−→∞

∫
Q

1(x) (κn − κ) (x)dx = 0. (10)

Now, let’s estimate the fourth term on the right-hand side of (8). So, using (A3), Proposition 2.2 and Lemma
2.5, for any κ ∈W0 one has

∥H(·, κn(·))∥q+ ≤ C1

(∫
Q

|κn(x)|r(x)q+dx
)1/q+

≤ C1 max
{
∥κn∥

r−
r(·)q+ , ∥κn∥

r+
r(·)q+

}
≤ C1 max

{
Cr−

r(·)q+∥κn∥
r−
W0
,Cr+

r(·)q+∥κn∥
r+
W0

}
, (11)

that is H(·, κn(·)) ∈ Lq+ (Q), and similarly

∥H(·, κn(·))∥q− ≤ C1 max
{
Cr−

r(·)q−∥κn∥
r−
W0
,Cr+

r(·)q−∥κn∥
r+
W0

}
. (12)

Therefore, with reference to (11), (12), and Proposition 2.3, we have∣∣∣∣∣∣
∫
Q×Q

H (x, κn(x)) h
(
y, κn(y)

)
(κn − κ) (y)

|x − y|α(x,y)
dx dy

∣∣∣∣∣∣
≤ C

(
∥H (·, κn(·))∥q+ ∥h (·, κn(·)) (κn(·) − κ(·))∥q+ + ∥H (·, κn(·))∥q− ∥h (·, κn(·)) (κn(·) − κ(·))∥q−

)
≤ C2 max

{
Cr−

r(·)q+∥κn∥
r−
W0
,Cr+

r(·)q+∥κn∥
r+
W0

}
∥h (·, κn(·)) (κn(·) − κ(·))∥q+

+ C2 max
{
Cr−

r(·)q−∥κn∥
r−
W0
,Cr+

r(·)q−∥κn∥
r+
W0

}
∥h (·, κn(·)) (κn(·) − κ(·))∥q− . (13)

Moreover, by using (A3), Lemma 2.1, Lemma and (7) we obtain as n −→ ∞

∥h (·, κn(·)) (κn(·) − κ(·))∥q
+

q+ ≤ Cq+

1

∫
Q

|κn(x)|(r(x)−1)q+
|(κn(x) − κ(x))|q

+

dx

≤ C3

∥∥∥∥κ(r(·)−1)q+
n

∥∥∥∥
r′(·)

∥∥∥(κn − κ)q+
∥∥∥

r(·)

≤ C4

(
∥κn∥

(r+−1)q+

r(·)q+ + ∥κn∥
(r−−1)q+

r(·)q+

)
∥(κn − κ)∥q

+

r(·)q+

≤ C6 ∥(κn − κ)∥q
+

r(·)q+ = o(1), (14)

and similarly as n −→ ∞

∥h (·, κn(·)) (κn(·) − κ(·))∥q
−

q− = o(1). (15)

Therefore, combining with (13), (14) and (15), we obtain∣∣∣∣∣∣
∫
Q×Q

H (x, κn(x)) h
(
y, κn(y)

)
(κn − κ) (y)

|x − y|α(x,y)
dx dy

∣∣∣∣∣∣ −→ 0, as n −→ ∞. (16)

Hence, according to (8)-(9) and (16), one has

lim
n−→∞

⟨E′ξ(κn), (κn − κ)⟩

= lim
n−→∞

[
K1

(
[κn]s(·),τ1(·)

) 〈
Lτ1 (κn), (κn − κ)

〉
+K2

(
[κn]s(·),τ2(·)

) 〈
Lτ2 (κn), (κn − κ)

〉 ]
= 0.
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From this, employing a similar argument as in (6) and using (A5), we have as n −→ ∞

o(1) = K1

(
[κn]s(·),τ1(·)

) 〈
Lτ1 (κn), (κn − κ)

〉
+K2

(
[κn]s(·),τ2(·)

) 〈
Lτ2 (κn), (κn − κ)

〉
≥ min{K1,K2}

〈
Lτmax (κn) , (κn − κ)

〉
. (17)

For any given (x, y) ∈ Q ×Q, applying the Young inequality yields

| κn(x) − κn(y)|τmax(x,y)−1
|κ(x) − κ(y)|

≤
1

τ′(x, y)

∣∣∣κn(x) − κn(y)
∣∣∣τmax(x,y)

+
1

τ(x, y)
|κ(x) − κ(y)|τmax(x,y)

≤
1

(τ′)−
∣∣∣κn(x) − κn(y)

∣∣∣τmax(x,y)
+

1
τ−
|κ(x) − κ(y)|τmax(x,y), (18)

such that

min{K1,K2}
〈
Lτmax (κn) , (κn − κ)

〉
≥

∫
Q×Q

∣∣∣κn(x) − κn(y)
∣∣∣τmax(x,y)

|x − y|N+τmax(x,y)s(x,y)
dx dy

−

∫
Q×Q

∣∣∣κn(x) − κn(y)
∣∣∣τmax(x,y)−1

|κ(x) − κ(y)|

|x − y|N+τmax(x,y)s(x,y)
dx dy

≥C7


∫
Q×Q

∣∣∣κn(x) − κn(y)
∣∣∣τmax(x,y)

|x − y|N+τmax(x,y)s(x,y)
dx dy

−

∫
Q×Q

|κ(x) − κ(y)|τmax(x,y)

|x − y|N+τmax(x,y)s(x,y)
dx dy

)
. (19)

By utilizing (7) and the Fatou lemma,

lim inf
n−→∞

∫
Q×Q

∣∣∣κn(x) − κn(y)
∣∣∣τmax(x,y)

|x − y|N+τmax(x,y)s(x,y)
dx dy ≥

∫
Q×Q

|κ(x) − κ(y)|τmax(x,y)

|x − y|N+τmax(x,y)s(x,y)
dx dy,

this, combined with (17) and (19), results in

lim
n−→∞

∫
Q×Q

∣∣∣κn(x) − κn(y)
∣∣∣τmax(x,y)

|x − y|N+τmax(x,y)s(x,y)
dx dy =

∫
Q×Q

|κ(x) − κ(y)|τmax(x,y)

|x − y|N+τmax(x,y)s(x,y)
dx dy. (20)

Nevertheless, employing (7) and the Brézis-Lieb type lemma for variable exponents, we obtain as n −→ ∞∫
Q×Q

∣∣∣κn(x) − κn(y)
∣∣∣τmax(x,y)

|x − y|N+τmax(x,y)s(x,y)
dx dy −

∫
Q×Q

|κ(x) − κ(y)|τmax(x,y)

|x − y|N+τmax(x,y)s(x,y)
dx dy

=

∫
Q×Q

∣∣∣κn(x) − κ(x) − κn(y) + κ(y)
∣∣∣τmax(x,y)

|x − y|N+τmax(x,y)s(x,y)
dx dy + o(1).

This, along with (20), results in

lim
n−→∞

∫
Q×Q

∣∣∣κn(x) − κ(x) − κn(y) + κ(y)
∣∣∣τmax(x,y)

|x − y|N+τmax(x,y)s(x,y)
dx dy = lim

n−→∞
σs(·)
τmax(·) (κn − κ) = 0.

Based on this and Proposition 2.7, we can conclude that κn −→ κ in W0 as n −→ ∞. This concludes the
proof.
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Mountain pass structure.

Lemma 3.2. Assume that (A1) − (A3) holds. Let µ ∈ C+(Q̄) such that 1 < µ+ < τ−max. Then, there exist a positive
constants ν, ξ∗ = ξ∗(ν), η0 = η0(ν) and α = α(ν) such that Eξ(κ) ≥ α > 0 for any κ ∈W0 with ∥κ∥W0 = ν, whenever
ξ ∈ (0, ξ∗] and ∥η∥2 ≤ η0.

Proof. Let κ ∈ W0 be such that ∥κ∥W0 = ν ( where ν ∈ (0,min
{
1, 1/Cµ

}
), with Cµ given in Lemma 2.5). using

(6), (11), (12), Lemmas 2.5-2.6, Propositions 2.2 and 2.7, one has

Eξ(κ) = K̃1

(
[κ]s(·),τ1(·)

)
+ K̃2

(
[κ]s(·),τ2(·)

)
− ξ

∫
Q

1
µ(x)
|κ(x)|µ(x)dx

−
1
2

∫
Q×Q

H(x, κ(x))H(y, κ(y))
|x − y|α(x,y)

dx dy −
∫
Q

1(x)κ(x)dx

≥
1
β1τ+1

K1

(
[κ]s(·),τ1(·)

) ∫
Q×Q

|κ(x) − κ(y)|τ1(x,y)

|x − y|N+τ1(x,y)s(x,y)
dx dy

+
1
β2τ+2

K2

(
[κ]s(·),τ2(·)

) ∫
Q×Q

|κ(x) − κ(y)|τ2(x,y)

|x − y|N+τ2(x,y)s(x,y)
dx dy

− ξ

∫
Q

1
µ(x)
|κ(x)|µ(x)dx −

1
2

∫
Q×Q

H(x, κ(x))H(y, κ(y))
|x − y|α(x,y)

dx dy −
∫
Q

1(x)κ(x)dx

≥
Kmin

βτ+max

∫
Q×Q

|κ(x) − κ(y)|τmax(x,y)

|x − y|N+τmax(x,y)s(x,y)
dx dy − ξ

∫
Q

1
µ(x)
|κ(x)|µ(x)dx

−
1
2

∫
Q×Q

H(x, κ(x))H(y, κ(y))
|x − y|α(x,y)

dx dy −
∫
Q

1(x)κ(x)dx

≥
Kmin

βτ+max
σs(·)
τmax(·) −

ξ+

µ−
σµ(·) −

C
2

(
∥H(·, κ(·))∥2q+ + ∥H(·, κ(·))∥2q−

)
− ∥1∥2∥κ∥2

≥
Kmin

βτ+max
∥κ∥τ

+
max

W0
−
ξ+
µ−
∥κ∥

µ−

µ(·) − C8∥κ∥
2r−
W0
− C9∥1∥2∥κ∥W0

≥
Kmin

βτ+max
∥κ∥τ

+
max

W0
−
ξ+C10

µ−
∥κ∥

µ−

W0
− C8∥κ∥

2r−
W0
− C9∥1∥2∥κ∥W0

= ντ
+
max

(
Kmin

βτ+max
− C8ν

2r−−τ+max

)
−
ξ+C10

µ−
νµ
−

− C9∥1∥2ν, (21)

with ξ+ = max{ξ, 0} and Kmin = min{K1,K2}. We have τ+max < 2r− and choosing ν ∈
(
0,min

{
1, 1/Cµ ,[

Kmin/2βτ+maxC8
]1/(2r−−τ+max)

})
, we get, for any κ ∈W0 with ∥κ∥W0 = ν, that

Eξ(κ) ≥
ντ
+
max Kmin

2βτ+max
−
ξ+C10

µ−
νµ
−

− C9∥1∥2ν. (22)

Moreover, set ξ∗ = ντ
+
max−µ

−Kminµ−/4βτ+maxC10. Thus, for any ξ ∈ (0, ξ∗], according to (22) one has

Eξ(κ) ≥
ντ
+
max Kmin

4βτ+max
= α > 0.

This complete the proof.

Lemma 3.3. Assume that (A1), (A2), (A4), (A5) and (A7) holds. Let µ ∈ C+(Q̄) be such that 1 < µ+ < τ−max. Then,
for any ξ ∈ R ∃φ ∈W0 with ∥φ∥W0 > ν, where ν > 0 is given in Lemma 3.2, such that Eξ(φ) < 0.
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Proof. Let ξ ∈ R. According to (A4) there exist two numbers z1, z2 > 0 such that

H(x, t) ≥ z1|t|λ/2, for any x ∈ Q and |t| ≥ z2. (23)

By utilizing the condition (A5), one has

K̃i(t) ≤ K̃i(1)tβ, for any t ≥ 1. (24)

Take ϕ ∈ C∞0
(
RN

)
, with ϕ > 0 and let t ∈ R such that tφ− ≥ d2. From (23) and (24) we obtain

Eξ(tϕ) = K̃1

(
[tϕ]s(·),τ1(·)

)
+ K̃2

(
[tϕ]s(·),τ2(·)

)
− ξ

∫
Q

1
µ(x)
|tϕ(x)|µ(x)dx

−
1
2

∫
Q×Q

H(x, tϕ(x))H(y, tϕ(y))
|x − y|α(x,y)

dx dy −
∫
Q

1(x)tϕ(x)dx

≤ K̃1(1)([tϕ]s(·),τ1(·))β + K̃2(1)([tϕ]s(·),τ2(·))β −
ξ
µ−

tµ
+

∫
Q

|ϕ(x)|µ(x)dx

−
z2

1tλ

2

∫
Q×Q

|ϕ(x)|λ/2|ϕ(y)|λ/2

|x − y|α(x,y)
dx dy − t

∫
Q

1(x)ϕ(x)dx

≤
K̃1(1)
(τ−min)β

(∫
Q×Q

|tϕ(x) − tϕ(y)|τ1(x,y)

|x − y|N+s(x,y)τ1(x,y)

)β
dx dy

+
K̃2(1)
(τ−min)β

(∫
Q×Q

|tϕ(x) − tϕ(y)|τ2(x,y)

|x − y|N+s(x,y)τ2(x,y)

)β
dx dy −

ξ
µ−

tµ
+

∫
Q

|ϕ(x)|µ(x)dx

−
z2

1tλ

2

∫
Q×Q

|ϕ(x)|λ/2|ϕ(y)|λ/2

|x − y|α(x,y)
dx dy − t

∫
Q

1(x)ϕ(x)dx

≤
tβτ+max

(τ−min)β
max{K̃1(1), K̃2(1)}

(∫
Q×Q

|ϕ(x) − ϕ(y)|τmax(x,y)

|x − y|N+s(x,y)τmax(x,y)

)β
dx dy

−
z2

1tλ

2

∫
Q×Q

|ϕ(x)|λ/2|ϕ(y)|λ/2

|x − y|α(x,y)
dx dy − t

∫
Q

1(x)ϕ(x)dx (25)

Since λ > βτ+max we obtain that Eξ(tϕ) −→ −∞ as t −→ ∞. Thus, given sufficiently high t, we may obtain
φ = tϕ such that ∥φ∥W0 > ν and Eξ(φ) < 0.

Proof of Theorem 1.1:
It can be deduced from Lemma 3.1 (i) and Lemmas 3.2-3.3 and taking into account that Eξ(0) = 0, because
of (A3), that for any ξ < ξ∗, Eξ meets all Mountain Pass Theorem requirements. Consequently, there exists
a Palais–Smale subsequence {κn}n∈N such that κn −→ κ0 as n −→ ∞ in W0. Thus, κ0 serves as a nontrivial
solution to problem (1) with positive energy Eξ(κ0) > 0.
To prove Theorem 1.2 we need the following lemma.

Proposition 3.4. Assume that (A1), (A2), (A4), (A5) and (A7) holds. Then, for any ξ ∈ (0, ξ∗], there exists κ1 ∈W0
such that

−∞ < Eξ(κ1) = inf
κ∈B̄ν
Eξ(κ) < 0,

where B̄ν := {κ ∈W0 : ∥κ∥W0 ≤ ν} and ξ∗ and ν are given by Lemma 3.3

Proof. Letω ∈ C∞0
(
RN

)
withω > 0, and let t > 0 sufficiently small such that ∥tω∥W0 < 1. Therefore, according
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to (A5) and (23), we have for any ξ > 0

Eξ(tω) = K̃1

(
[tω]s(·),τ1(·)

)
+ K̃2

(
[tω]s(·),τ2(·)

)
− ξ

∫
Q

1
µ(x)
|tω(x)|µ(x)dx

−
1
2

∫
Q×Q

H(x, tω(x))H(y, tω(y))
|x − y|α(x,y)

dx dy −
∫
Q

1(x)tω(x)dx

≤ k∗1([tω]s(·),τ1(·)) + k∗2([tω]s(·),τ1(·)) −
ξ
µ−

tµ
+

∫
Q

|ω(x)|µ(x)dx

−
z2

1tλ

2

∫
Q×Q

|ω(x)|λ/2|ω(y)|λ/2

|x − y|α(x,y)
dx dy − t

∫
Q

1(x)ω(x)dx

≤
k∗

τ−min

(∫
Q×Q

|tω(x) − tω(y)|τ1(x,y)

|x − y|N+s(x,y)τ1(x,y)

)
dx dy +

k∗

τ−min

(∫
Q×Q

|tω(x) − tω(y)|τ2(x,y)

|x − y|N+s(x,y)τ2(x,y)

)
dx dy

−
ξ
µ−

tµ
+

∫
Q

|ω(x)|µ(x)dx −
z2

1tλ

2

∫
Q×Q

|ω(x)|λ/2|ω(y)|λ/2

|x − y|α(x,y)
dx dy − t

∫
Q

1(x)ω(x)dx

≤
k∗tτ−min

τ−min

(∫
Q×Q

|ω(x) − ω(y)|τmax(x,y)

|x − y|N+s(x,y)τmax(x,y)

)
dx dy −

ξ
µ−

tµ
+

∫
Q

|ω(x)|µ(x)dx − t
∫
Q

1(x)ω(x)dx,

where k∗ = max{k∗1, k
∗

2}. By (A1), we deduce that Eξ(tω) < 0 as t −→ 0+. Hence, we get

−∞ < Eξ(κ1) = inf
κ∈B̄ν
Eξ(u) < 0. (26)

This end the proof.

Proof of Theorem 1.2:
According to Ekeland variational principle in B̄ν and Lemma 3.2, Proposition 3.4, ∃{κn}n∈N ⊂ B̄ν such that

Eξ(κ1) ≤ Eξ (κn) ≤ Eξ(κ1) +
1
n

and Eξ (κn) ≤ Eξ(κ) +
1
n
∥κn − κ∥W0 , (27)

for all κ ∈ B̄ν and n ∈ N. Let for all v ∈ ∂B1 := {κ ∈W0 : ∥κ∥W0 = 1
}
, and for any ε > 0 small enough that

κn + ευ ∈ B̄ν and using (26), one has

Eξ (κn + ευ) − Eξ (κn) ≥ −
ε
n

Since Eξ is Gâteaux differentiable in W0, we have

⟨E′ξ (κn) , υ⟩ = lim
ε−→0

Eξ (κn + ευ) − Eξ (κn)
ε

≥ −
1
n
,

for all υ ∈ ∂B1. Thus ∣∣∣⟨E′ξ (κn) , υ⟩
∣∣∣ ≤ 1

n
,

Hence, there exists a sequence {κn}n∈N ⊂ B̄ν such that Eξ(κn) −→ Eξ(κ1) < 0 and E′ξ (κn) −→ 0 in W∗

0 as
n −→ ∞.
By Lemma 3.1, {κn}n∈N has a convergent subsequence in W0, still represented by {κn}n∈N, such that κn −→ κ2
in W0 as j −→ ∞. Therefore, κ2 is a solution of (1), with Eξ (κ2) < 0. Theorem 1.1 yields two distinct
solutions: κ1 with positive energy and κ2 with negative energy. To summarize, the existence of the second
solution relies on ξ being positive. Thus, there exists ξ∗ > 0 such that for each ξ ∈ (0, ξ∗], problem (1) has
two separate nontrivial weak solutions. This finishes the proof.
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