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Ergodic type theorems via statistical convergence

Gencay Oguz?

?Department of Biomedical Engineering, Faculty of Engineering, Baskent University, Ankara, Turkey

Abstract. In the present paper we obtain some mean ergodic and uniform ergodic type theorems via
statistical convergence in a Banach space. We prove, in this case that, the mean ergodic decomposition
remains true. We also characterize statistical uniform ergodicity for an operator T € B(X) under the
TVI
i _,
n

condition st — lim
n

1. Introduction

The main idea of the ergodic theory is to investigate the convergence of the sequence given by M, (T) :=
1 n=1

- Y. T*, where T is a bounded linear operator on a Banach space X and the iterates of the operator T are
k=0

defined by induction T? = Iand T" = ToT""! . Anoperator T is called mean ergodic, respectively uniformly
ergodic, if its Cesaro averages {M,(T)} is strongly, respectively uniformly convergent in B(X). We denote by
P the strong limit in B(X) of {M,(T)}, it is a projection onto the kernel of the operator I — T, corresponding

to the ergodic decomposition X = N(I — T) @ (I — T)X. Recall that an operator T € B(X) is called power
bounded if sup [|IT"|| < co.

n
Initially, the mean ergodic theorem of von Neumann was proved for unitary operators in a complex
Banach space X [17]. Afterwards, this theorem was given by Riesz [18] for power bounded operators on
L,,1 <p < oo, by Kakutani [8] and Yosida [19] (independently) for power bounded operators in a reflexive
Banach space.
In the present paper, using statistical convergence we prove some mean and uniform ergodic type
theorems. We show, among other things that the mean ergodic decomposition remains true.
Now we give some basic notation concerning the concept of statistical convergence. The notion of
statistical convergence was introduced by Fast [5] and developed by many authors (see, e.g, [2], [3], [7], [9],
[10], [13]). Let K be a subset of the natural numbers IN, then K,, denotes the set {k € K : k < n} and |K,,| denotes

the cardinality of the set K,,. The natural (asymptotic) density of K is given by 6(K) := lim %IK,,I whenever

the limit exists. Kis said to be statistically dense if 5(K) = 1 [2]. A sequence (xx) of (real or complex) numbers
is said to be statistically convergent to some number L, if for every ¢ > 0, theset K = {k € N : |[x; — L| > ¢}
has natural density zero; in this case, we write st — lim x; = L.
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The real number sequence x is said to be statistically bounded if there is a number B such that o({k :
lxx — L| > B}) = 0 [7].
It is well-known that st — lim x; = L if and only if there exists a subset K = {n; < np < ...} with 6(K) =1
such that liII(n x,, =L (e, lkan1 xe = L), (see, e.g, [3], [6], [10], [13]). Note that a convergent sequence is also
€.

statistically convergent to its limit value and the theory of statistical convergence differs from ordinary
theory of convergence in at least one important way: a statistically convergent sequence need not be
bounded [6].

Throughout the paper we will call an operator T € B(X) a statistically mean ergodic operator, respectively
a statistically uniformly ergodic operator, if the statistical limit of {M,(T)x}, respectively the statistical limit
of {M,,(T)} exists.

2. Mean ergodic theorems via statistical convergence

In this section, using the concept of statistical convergence we give some extensions of the mean ergodic
type theorems. Our main result is motivated by that of Theorem 3.6.9 in [1].

Let X be a Banach space and let U C X, [ € X. Then we say that [ is in the st-hull of U if there is a
sequence (x,) of elements in U so that st — limx, = I. The set U is st-closed if it contains all of the elements

in its st-hull. By T we denote the st-hull of U. Observe that U ¢ U c ESt, and U is st-closed if and only if
U =u

In the proof of the main theorem we will make use of the following lemma which is essentially proved
in [4].

Lemma 2.1. Let X be a Banach space and let U C X. Then U = .

We now present the main theorem of this section.

Theorem 2.2. Let X be a Banach space and T € B(X). Assume that there are a constant ¢ > 1 and a set E C IN with
O(E) =1and foralln € E, ||T"|| < c. For n € N define the linear operator M, : X — X by

1
My = Mu(T) = = Z T,

Then the following assertions hold:

(i) Let x € X. The sequence (Myx)qeN statistically converges if and only if it has a statistically dense subsequence
which is weakly statistically convergent.

(ii) The set
Z := {x € X : the sequence (M, x),eN statistically converges}

is a (statistically) closed T-invariant linear subspace of X and

Z=N(I-T)®oR(I-T)
Furthermore, if X is reflexive, then Z = X.

(iii) Define the bounded linear operator P : Z — Z by P(x + y) .= x, for x e NI = T) and y € R(I — T). Then for
allz € Z,
st —lim M,z = Pz
n

and TP = PT =P = P, ||P|| < c.
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Proof. For convenience, we will examine the proof in eight steps.

Step 1. Let E € IN. Then [|M,|| < c and ||M,(I - T)|| < %, for all n € E such that 6(E) = 1.
Since ||T"|| < c for all n € E such that 6(E) = 1, we have

1 n-1 1 -1
1 Kl o L d
Ml = ||~ YT nZ”T|<C (neE)
k=0 k=0
and
1. 1 1+c¢
IM, (I = T)|| = n,;;T(I Dl < (Ul +IT") < —=, (n<E).

Hence the proof of Step 1 is completed.
Step 2. Let x € X such that Tx = x. Then M,,x = x for all n € N and

[lxl| <cllx+&—TE||, forall & e X.

1
From Step 1, we have ||M,(I - T)|| < % Applying the operator lil’i_l to both sides of the inequality, we
ne
get that
st —lim|M,(I-T)E|| =0, (forall & € X).
Hence we obtain
llxl| = st = lim [lx + M, (I = T)E|| = st — lim |M,,(x + & = TE)|
< (st = lim [|My[Dllx + & = T<ll
<dlx+<&-TE].

This proves Step 2.

——st

Step3.lfxe NI-T)and y € R - T) then |x|| < cllx + yl|.

From Lemma 2.1, we know that R(I = T) = R(I — T) . If we apply the same technique as in [1, page 150],
the proof of Step 3 holds.

Step 4. N(I - T) N R(I-T) = {0} and the direct sum Z = N(I - T) ® R(I - T) is a (statistically) closed
subspace of X.

As in the proof of the Step 3, first assumption clearly holds from [1, page 150]. In order to show that
Z is closed, take z, € Z. Hence z,, = x, + ¥, such that x, € N(I = T) and y, € R(I - T) and (z,) statistically
converges to some element z € X. Then (z,) is a Cauchy sequence and hence (x,) is a Cauchy sequence from
Step 3. This implies that y,, = z,—x, is a Cauchy sequence and hence z = x+y, where x := st-lim x,, € N(I-T)

and y := st — limy, € R(I — T). This concludes the proof of Step 4.
Step 5. Ifze€ Zthen Tz € Z.

Letz € Z. Thenz = x + y such that x e N(I - T) and y € R(I — T). Similar to the proof of Step 4, the proof
of Step 5 is observed from [1, page 151].

Step 6. Letx € NI —T) and y € R(I — T). Then x = st — lim M,,(x + ).
Since x € N(I = T), we get M,,x = x. So we have

st —lim M, x = x. 1)
n
On the other hand, since y € R(I — T), there exists y; € R(I — T) such that y; — y. For &; € X, we can write
yj = &j — T¢&;. From Step 1, we have for n € E with 6(E) = 1 that

1+c
IMuyill = [IMn(E; — TENN <

IS
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This implies that

st — Lim M, y;l| = 0. 2)
Furthermore, we can write, for y € R(I — T) that,
IMuyll < [IMu(yj — DI+ 1Myl

Given € > 0, there exist jo(€) so that for all j > jo(€) we have |ly; — y|| < g Hence we necessarily have, for
all j€ E, j > jo(e), that

n—-1 n—-1
1 1
M (y; = y)ll = ‘ S T =y < 2 ) I = il < ey~ wll < e
k=0 k=0

from which we immediately get
st = lim IM(y; = y)ll = 0. 3)

Hence, Step 6 follows from (1), (2) and (3).
Step 7. Let x, z € X. The following are equivalent:

(@ Tx=xandz—x € R(I - T).
(b) st —lim||M,z — x|| = 0.

(c) There is a sequence of integers 1 < ny < 1 < 113 < ... such that for all f € X' we have
st —lim || f(Mu2)ll = f(x)-

The implication (a) = (b) follows from Step 6.
We now prove (b) = (c) Since (M,,z) is statistically convergent, a statistically dense subsequence of it
also statistically converges. Hence the subsequence weak statistically converges to same limit.
(c) = (a) Let f € X . Then
T'f=foT:X->R

is a bounded linear functional and
flx=Tx)=(I-T) o f)(x)
= st —lim((I - T)" o f)(M,,2)
1
= st — lim(f o (I = T))(My2).
Let B := {n; : i = 1,2,...}, then we have 0(B) = 1. Moreover, from Step 1 we know that the sequence

M, (I - T)z statistically converges to zero. Recall that 6(E) = 1. Now let E := {n; : j = 1,2,...}. Then by Step
1, st =lim M,,,(I — T)z = 0. Hence we have
i

lim (1 = T)(Mz) = 0. 4)

So, we obtain for every f € X’ that f(x — Tx) = 0 by (4) which yields Tx = x. Following the similar
method as in [1, page 151] one can show thatz —x € R(I - T).
Step 8. Now we prove Theorem 2.2.
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(i) follows from Step 7. Combining Step 4 and Step 5, (ii) is obtained. We just prove (iii). Since the
operator P : Z — Z is defined by Pz = P(x + y) := x, we obtain from Step 6 that st — lim M,z = Pz. On the
n

other hand, Step 1 implies that

|IP|| = sup ||Pz|| = sup ||st —hmM wzll = sup st — hmIIM zll < sup cllzl| < c.

llzll<1 llzll<1 llzll<1 llzll<1

Finally we need to show that TP = PT = P = P2. We already know that Pz := st — limM,z = x, for
n
x € N(I = T). Therefore for all z € Z, we get

Tx=TPz=x=Pz
This directly gives us TP = P and T*P = P for all k € N. From this, we obtain

n-1
st—hmM Pz = st — lim — ZTsz—Pz
Ly

Hence for all z € Z we immediately have P2z = Pz which yields P? = P. By Step 1, we know for all z € Z
that st — lim ||M,,(I — T)z|| = 0. Hence we obtain

st —limM,z = st —1lim M, Tz
which yields P = PT. This concludes the proof. [
Fridy and Orhan [7] proved, for a real sequence (x,), that
liminfx, < st —liminfx, < st —limsupx, < limsup x,.

Hence our next result is sharper than that of Proposition 2.1 of [15].

Theorem 2.3. Let X be a Banach space and T € B(X). Assume further that

TVI
st — lim T = 0 (for all x € X) and there exists a set E C IN with 6(E) = 1 such that St := sup ||[M,|| < co. Let
n neE
Y = R(I = T). Then for all x € X, the following inequality holds:
1 n-1 1 n-1
dist(x, Y) < st — liminf|[— Z T*x|| < st — lim sup ||= Z T*x|| < S dist(x, Y),
n n " n
k=0 k=0
where dist(x, Y) stands for the distance of x to the set Y.
[IT" x| x|l _
Proof. Let x € X. Since st — 11 =0, we get a set F C IN with 0(F) = 1 so that hm = 0. On the
other hand by Step 1, we already know that
1 n—-1
2 k
i[5 >

with 6(E) = 1 and for all y € Y. Observe now that the set G := E N F has denstiy 1. Hence we can write for
all n € G that

n—-1 n-1

%ZT"x—%ZT"

k=0 k=0

y|| < Srllx = yll. (6)
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Combining this with (5) we obtain

< Srdist(x, Y)

1 n—1

- Z T'x
="

by (6). On the other hand let us take ¢ € X’ such that T"¢ = ¢ and ||p|| < 1 where T" is the adjoint operator
of T. This clearly gives ¢(T*x) = ¢(x). Then for all x € X, we obtain

1 n-1
— Z Trx
n k=0

st — lim sup
n

lp(x)| < st —liminf

7

which implies that

dist(x, Y) < st — liminf
n

1 n—1
k
; Z T x
k=0
because of the fact that dist(x,Y) = sup{lp(x)| : T'¢ = ¢, llpll < 1} (see, e.g, [14]). Hence the proof is

completed.
0

As a result of this theorem we can easily obtain the following:

Corollary 2.4. The set Y = R(I — T) is characterized as follows:

1 n—1

— Z Tkx
"=

Remark 2.5. The proofs of Step 6 and Step 7 of Theorem 2.2 can also be achieved with the help of Corollary 2.4.

Y:={xeX:st—lim

n

=0}.

The next theorem is motivated by Lemma 4.2 in [16].

Theorem 2.6. Let X be a Banach space and T € B(X) be a power bounded operator. Assume that x € X. Then the
sequence {T"x} is statistically convergent if and only if st — lign IT"*1x — T"x|| = 0 and the sequence {% :g; Tkx} is
statistically convergent.

Proof. First assume that {T"x} is statistically convergent. Then {T"x} is strongly C;-convergent since {T"x}
is bounded [3]. Hence {T"x} is Ci-convergent. For the sufficiency, suppose that {% :g: Tkx} is statistically
convergent sequence. Now let

Vi={yeX:st— li£n||T"+1y —T"y|| = 0}.

The subspace V is T-invariant and closed. Since st — lim [|[T"*'y — T"y|| = 0 for all y € V and T is a power
n

bounded operator, we obtain
st =lim||[T"y|| = 0, forallye I-T)V. (7)

Now consider the set W := {x € V : st —limM,x exists}. By Theorem 2.2, x € W may be written as
n

X = x9 + yp such that xp € N(I = T) and yo € (I - T)V. Hence we have T"x = T"xy + T"yo which yields
T"x = xo + T"yo. This implies, by (7), that

st —lim ||T"x — x| = 0.
n

Hence the proof is completed. [
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3. Uniform ergodic theorems via statistical convergence

In this section, we give some extensions of the uniform ergodic type theorems via the concept of the
statistical convergence. First, we give a proposition which will be used in the proof of the main theorem of
this section.

] = 0. Then

Proposition 3.1. Let X be a Banach space and T € B(X) and N(I — T) = {0}. Assume that st —lim

n
the following assertions are equivalent:

(i) I — M, is surjective, (for all n € IN).
(ii) I— T is surjective.
(iii) st —lim ||M,|| = 0.
n

Proof. (i) = (ii) From the assumption there exists an x € X such that (I — M,)x = y. Thus we have

Ju

p

Z Tkx,

k=0

n—

y=(0-M)x=(-T)

|-
I
o

p

which yields I — T is surjective.

(if) = (iii) Because of the assumption that ker(I — T) = {0}, I — T is injective and onto by (ii). Furthermore
it is obvious that I — T is continuous. By the Open Mapping Theorem, the inverse operator (I — T)™! is
continuous as well. Let us denote by B the closed unit ball in X. Then C := (I — T)"'B is bounded. Let
K = sup||x||. Then we get

xeC

1
IMall = sup [|Myz]| = sup [[My(I = T)xl| = sup || (T - )|

z€B xeC xeC
1 n+1 1
< —sup||Tx|| + sup —— Tyl
xeC xeC +1

Applying the operator st — lim to both sides of the inequality given above, we get that
st — lim ||M,|| = 0.

(iif) = (i) Since st — lim [|[M,,|]| = 0 we have 6({n : [[M,|| < €}) = 1 for every € > 0. Taking € = 1 we conclude
n
that [|[M,,]| < 1 for an nyp € IN. Thus, we have that I — M, is invertible which yields I — M, is surjective. [

The next theorem is an extension of the Uniform Ergodic Theorem given by Lin [11].

Theorem 3.2. Let X be a Banach space and T € B(X). Assume further that
[

st —lim = 0. Then the following assertions are equivalent:
(i) T is statistically uniformly ergodic operator.
(it) (I - T)X is closed and X = ker(I - T)®R(I — T).
(iii) (I — T)>X is closed.
(iv) (I - T)X is closed.

Proof. Throughout the proof we assume that Y := R(I -T) = (I - T)X.
(i) = (i) Since T is statistically uniformly ergodic operator, there exists a P € B(X) such that st —

lim||M,, — P|| = 0. This gives that st — lim ||[M,x — Px|| = 0. Thus we have X = ker(I - T) & (I - T)X by
n n
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Theorem 2.2. Now we show that the subspace (I — T)X is closed. In order to do this, take x € X. Hence
T(I—-T)x=(I-T)Tx € (I - T)X. Thus we have,

TY)=T(I-DX)CTI-T)X=(I-T)X = Y.

Hence Y is T-invariant subspace and we can write S := Ty and S, := M,|y. We also know that kerP = Y
from Corollary 2.4 and so we get st — lim [|S,,|| = 0. Moreover it is clear that ker(I - T) N (I — T)X = {0} which
n

yields that YN (I — T)X = {0}. So we get ker(I — S) = {0}. Therefore, one can get by Proposition 3.1 that (I - S)
is onto. Thus,

I-S)Y=Y=(I-T)YC(I-T)XCY.

This implies that Y = (I — T)X which in turn yields that (I — T)X is closed.

We note that replacing “limit operator” by ”st-lim operator” one can prove as in [11] that (ii) = (iii) and
(iii) = (iv). So we omit the details.

(iv) = (i) Because of (iv), by the Open Mapping Theorem we find that there exists a H > 0 such that for each
y € Y there exists z € X with

(I-T)z=y and |zl <Hllyll.
Let y € Y. Now, we have, for n € N, that
1 n+1 H n+1
IMuyll = [IM(I = T)zl| < EIIT— T Izl < ;(IITII + T DIyl

"I

Hence taking supremum over ||y|| = 1 and using the fact that st —lim = 0 one can get st —lim ||M, || = 0.
n

noon
We conclude that I — M, is surjective by Proposition 3.1. This implies that
I-T)X=Y=(I-S5)Y=(1I-T)>X

Hence for all x € X there exists a y € Y such that (I — T)x = (I — T)y. Note that ker(I — S) = {0}. Hence (I - S)
is invertible. So we can write

y=(0-9(I-Tw). 8)
Since (I — S)7! is also continuous, one can obtain
Iyl < I = S)~M I = Tl
Since (I - T)(x — y) = 0, we observe that T(x — y) = (x — y) and for all m € N, T"(x — y) = (x — y) which yields,
for all n € IN, that M,,(x — y) = (x — y).
Now we define P : X — X by Px = x — y such that y is the unique element defined by (8). It is

easily checked that (I — S) is well defined and continuous. Thus, to complete the proof, we show that
st —lim [|[M,, — P|| = 0. To achive this, take x € X and define y by (8). Then we find, for n € IN, that

(M, = Pl = [IMyx = Px|| = [IMyx = (x = y)ll = IMauyll
= Mo (I = 8)7H(T = D))l < I = S M, (I = Tl

01
<II-S5) 1IIZ(IITII + Tl
Hence taking supremum all over x with [lx|| = 1, we get that

1 - n
My, = P|| < EII(I— ST+ 1T™H)
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and applying the operator st — lim to both sides of the inequality, we get that
st —lim|M, - P||=0

which concludes the proof. O
The following theorem motivated by Proposition 2.8 in [12] characterizes the statistical convergence of {T"}.

Theorem 3.3. Let T € B(X) be a power bounded operator. Then the following assertions are equivalent:

(i) {T"} uniformly statistically converges.
(ii) st —lm ||T"** = T"|| = 0 and T is a statistically uniformly ergodic operator.

(iii) st —Lim||[T"*' — T"|| = 0 and (I — T)X is closed.
Proof. (i) = (ii) Since {T"} uniformly statistically converges, as in the proof of Theorem 2.6 we immediately
get (ii). Clearly we have (ii) = (iii).

We now prove (iii) = (i) Since (I — T)X is closed, following the technique used in the proof of Theorem
3.2 we conclude by the Open Mapping Theorem that (I — S) is invertible on Y. Hence we observe that

I-T)X=Y=(1I-9Y=>1I-T)Y.

Thus, for all x € X, there exists a y € Y such that (I - T)x = (I - T)y then we may write y = (I - S)"}((I - T)x).
Since (I — S) is also continuous, we get

Iyl < 11 = S)7HIN = T)xl.

Since (I - T)(x—y) = 0, we observe that T(x — y) = (x—y) and forallm € N, T"(x — y) = (x — y). Let us define
P: X — X with Px = x — y, where y is the unique element defined by (8). It is easily checked that (I - S) is
well defined and continuous. In order to complete the proof we show that st — lim ||[T" — P|| = 0. Now take

x € X and define y by (8). Then one can get
I(T" = P)xll = IT"x = Pxl| = IT"x = (x = )l = IT"x = T"(x = y)ll = IT"yll
=TI = )™ = D))l < It = ) IT"(L = T)|
<= )7 T = T ]l

Hence taking supremum all over x with ||x|| = 1, we observe that
IT" = Pl < |I(T = )" T = T7|

and applying the operator st — lim to both sides of the inequality and using (iii) we find that
st—1lim||IT" - P|| =0,

which concludes the proof. O
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