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Gadient Ricci soliton on Schwarzschild black hole and Ricci-Hessian
type space-time warped product

Buddhadev Pal?, Ram Shankar Chaudhary®*

?Department of Mathematics, Institute of Science, Banaras Hindu University, Varanasi-221005, India

Abstract. In this article, we study gradient Ricci soliton on generalized Schwarzschild black hole. Then
we discuss Ricci-Hessian type space-time warped product and obtain Bochner-Weitzendck formula for
space-time. We also provide the existence results of gradient Ricci soliton space-time warped product.

1. Introduction and preliminaries

The Ricci flow on a Riemannian manifold (M, g) is an one parameter family of the metric g(t) which
satisfies the following equation,

FTi 2Re,  g(0) = g0,

where Rc is the Ricci curvature tensor and gy is the initial metric. R. Hamilton [19], introduced the concept
of Ricci flow in 1982. A self similar solution of Ricci flow is called Ricci soliton which can be described by
the following equation,

Rc+ %Lxg = Ay,

becomes,

where X is a vector field on M and A is some real number. If we consider a smooth function ¢ on M such
that X = V¢, then the manifold is said to be gradient Ricci soliton and then the corresponding equation

Re+ V?p = Ag.

A gradient Ricci soliton is shrinking if A > 0, steady if A = 0 and expanding if A < 0. Gradient Ricci soliton
is natural generalization of Einstein manifold. In the above expression if we take function ¢, as a constant
function, then it becomes Einstein manifold. In 2020, H. Alodan proved the necessary and sufficient con-
dition for a submanifold of Euclidean space to become Ricci soliton. Nicolas Ginoux et. al. [16], studied
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and partially classified some manifold which satisfy V2f = — fRc, where f is non-zero smooth function and
Rc is Ricci curvature tensor. V. Borges and K. Tenenblat [23], discussed the behavior of Ricci soliton on
a warped product whenever the warping function depends on the fiber manifold. In 2011, G. Catino[9],
introduced the notion of generalized quasi-Einstein manifold and this notion generalizes the concepts of
Ricci soliton. S. Guler and S. A. Demirbag [22], investigated the relationshps between generalized quasi
Einstein warped product and Ricci-Hessian type manifold and obtained some rigidity condition. S. Desh-
mukh and H. Alsodais [21], characterized the trivial Ricci soliton and studied the role of energy function
in this characterization. In 2017, EE.S. Feitosa et. al. [7, 8], proved that if a warped product is a gradient
Ricci soliton, then its base manifold is a Ricci-Hessian type manifold and the fiber manifold is an Einstein
manifold.

Mathematically, space-time is the union of space and time interpreted by product manifold of space with an
closed interval of R. It was first introduced by Hermann Minkowski in 1908. In the currect scenerio, space-
time is torsionless, time-oriented Lorentzian manifold. Grisha Perelman [10], discussed the concept of
potentially infinite metric. Also, he discussed “Ricci flow as a gradient flow.” In 1920, Friedmann-Lemaitre
and Robertson-Walker introduced a space time assuming the space homogeneous and isotropic. Sun-Chin
Chu [1], gave the concept of space-time connection and modified Ricci flow for degenerate metrics. In
2002, B. Chow and Sun-Chin Chu [2], gave the space-time formulation for Ricci flow and linearized it.
Further they showed the variation of 2-parameter family of metrics. In 1916, Einstein presented his the-
ory of general relativity. In this theory, first time the existence of black hole was predicted. Then, German
physicist and astronomer Karl Schwarzschild obtained the first modern solution for general relativity theory.

In the coordinate (t,7, 6, ¢), the Schwarzschild metric has form

-1
ds? = — (1 - Sf)czdtz + (1 - %) ar’ +r* [d62 + sin? ngi)Z] ,

2
where s, = G2/\4 represent Schwarzschild radius.

The generalisation of above leads us to Schwarzschild metric for n-dimension as follow:

ds® = —f(ndt* + f(r)~'dr* + r*day, _,,

where f(r) =1 - m represent geometric mass.

m
In2003, R. A. Konoplya[18], studied the characteristic (quasinormal) modes of a D-dimensional Schwarzschild
black hole. E. Darabi et. al. [5], showed that the entropy of generalized BTZ black hole can be described by
Cardy-Verlinde formula. They also discussed the thermodynamics of generalized BTZ black hole. In 2019,
J. P. d. Santo and B. Leandro [14], obtained all the solutions of reduced system of differential equations,
where classical Schwarzschild solution behaves like a particular solution.

Warped product is a product manifold of two Riemannian manifolds (B, gz) and (F, gr) along with a warping
function f which is a positive smooth function on the manifold B with the metric gg + f>gr. The manifold B is
called base and F is called fiber manifold. It is a generalization of Riemannian product. If warping function
f is constant, then warped product becomes Riemannian product. In 1908 Bishop and O’Neil [17], first
introduced warped product during constrcution of some examples of manifold with negative curvature.
Study of warped product is not limited to Riemannian manifold. Khalid Ali Khan et. al. [15], proved results
on the non-existence of warped product submanifolds of certain types in cosymplectic manifolds. Chenxu
He et. al. [4], discussed behaviour of the warped product when it is an Einstein manifold. Recently, J.
Meléndez and M. Hernindez [12] proved that the warping function of a warped product with non-negative
sectional curvature and parabolic base manifold is constant. In [4, 6, 24], author studied geometric flows
and some classifications on warped product.
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Let (M, g) be a complete Riemannian manifold of dimension greater than two and let h : M — R be a
smooth function on M. Then k-Bakry-Emery Ricci tensor is given by

Rcf =Re+H" - %dh ®dh, 1)

is an extenstion of Ricci curvature tensor, where k is a positive integer and A is some real number. An
oo-Bakry-Emery Ricci tensor is known as Bakry-Emery Ricci tensor and is given by

Rep, = Re + H". (2)
The function & is called potential function. Yasemin Soylu [25], used k-Bakry-Emery Ricci tensor to prove
Myers-type compactness theorem.

Definition 1.1 (Ricci-Hessian type equation:). Let (M, g) be a Riemannian manifold, with Ricci curvature tensor
Rc. Then, the following equation

Rc +aVi¢ = yg, 3)

is called Ricci-Hessian type equation, where o,y and ¢ are the smooth functions on M. The manifold on which this
equation is satisfied is called Ricci-Hessian type manifold.

If warped product BXF is gradient Ricci soliton then the base manifold B satisfy the following Ricci-Hessian
type equation [7]:

Rc+ V*p = Ag + ;vz f. (4)
Let (B x I) X F with metric gg + (R + 3)dt*> + f>gr be space-time warped product with potentially infinite
metric, where R is the scalar curvature of the manifold (B, gg) and N is a large number such that (R + %) > 0.
Let ®’Rc and Re are the Ricci curvature tensors on B X I and B, respectively. Now, we consider the space-time
B x I satisfy the above Ricci-Hessian type equation (4). Let V and V be the connection on B X I and B
respectively. Then, we have

BIRc + V2 = Ag + §vz f. (©)

Let(Bx I, gp+ (R+ %)dtZ) be n-dimensional space-time manifold. The Ricci-curvature tensors on B X I are
given by the lemma (1.2).

Lemma 1.2 ([3]). Let B X I be a space-time with metric g = gp + (R + %)dt2 and X,Y,7Z € T'(B), di(= %) e I'(D).
Then

HR(X,Y) _ XRYR )

(l) BIRC(X, Y) :B RC(X, Y) - (Z(R + N 4(R + N)2
5 2t

(i) B'Rc(X, ) = 0,
(iii) B'Rc(d;, 9y) = Lar- ;WRF
’ 2 4R+ Y

where BRe denote Ricci curvature of B.

7

So, the equation (5) becomes:

R
BRe— (-t - SRR )| AR+ T VRP|d + %
2R+ %) 4R+ |2 4R+ ©
=Ag+ 562]‘.

f
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Equations (5) and (6) are equivalent.

The organization of this paper is as follow. In section 2, we write generalized Schwarzschild black hole in
the form of space-time warped product. Then, we find conditions under which generalized Schwarzschild
black hole become gradient Ricci soliton. We also show that if warping function reaches to maximum
and minimum value then generalized Schwarzschild black hole becomes Riemannian product space. In
section 3, we discuss space-time manifold when it satisfy Ricci-Hessian type equation. We also obtain the
Bochner-Weitzenbdck formula for space-time manifold. Next, we discuss some results which insures the
existence or non existence of gradient Ricci-soliton space-time warped product. In section 4, we obtain the
components of Ricci curvature tensor of space time manifold B X I, when it satisfy a Ricci-Hessian type
equation and then approximate them upto O(N~!). Further, we compute Potentially gradient Ricci soliton
identities.

2. Generalized Schwarzschild Black hole

In [18], R. Konoplya defined the metric for Schwarzschild black hole as follows:

ds? = —f(?‘)dfz + f(r)‘ldr2 + erwi_Z, )

where f(r) = (1--5) and m is geometric mass. Now, assuming that f(r) > 0let us consider a transformation

dv = /f(r) dr,

this gives,

V= fr A f()dr = F(r).
0

From this we have, r = F1(v), then we get

m
0= FEwr
Then, equation (7) becomes
ds? = 2 + (# - l)dtz + (F' W) da?_,.

The above expression looks like the metric of space-time warped product with potentialy infinte metric, i.e.
of the form

g=gp+ (R + g)dﬁ + f2gr.

After comparision, we get to know that dimension of the base manifold B is 1, so the scalar curvature R = 0.
Thus, metric of some space-time warped product with potentialy infinte metric with 1 dimensional base
becomes,

g =dx*+ (g—;)dtz + f2gr.

Here, we consider that the base manifold possesses Ricci flow, which means the geometric mass of the black
hole depends on t. Therefore, the comparison of the metrics gives us

(L 1) _N
(Flw)=3 )~ 2t
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i.e. N
(+1)
(F(v))r3

Hence, whenever geometric mass of black hole m satisfies

m(t) =

N1
ity = 22
(F)"=
n-dimensional Schwarzschild black hole becomes a space-time warped product with potentially infinite
metric.

In this section, we discuss the property of generalized Schwarzschild black hole gradient Ricci soliton.
We represent generalized Schwarzschild black hole as a space-time warped product M = (R X I) X F with
the metric

ds? = dx® + ( df* + (F ' (x))*da? . (8)

m
wlmr3‘q

The components of the connections on generalized Schwarzschild black hole are given in the following
lemma.

Lemma 2.1. Let M = (R X I) X F be the Schwarzschild black hole with metric

ds? = dx* + ( df* + (F'(x))*da?_,. 9)

_om
(F1()) 3
Then, for the vector fields X, Y € I'(R), T, T1, T, € I'(I) and V, W € I'(F), we have

(i) DxY is lift of VxY on B,

(if) DrX = DxT = }2(—51

(iii) D1, T = —Z—Sg(n, Ty) +/ V1, Ts,

(iv) DxV = DyX = Xva,
(WDVW=—JO?me#WWW

where p = (W - 1) and f(x) = F1(x).

Let (M, g) be a Riemannian manifold and D is the Levi-Civita connection, then the Riemannian curvature
tensor is given by

RxyZ = —DxDvyZ + DyDxZ + D[X,y]Z. (10)
Let ¢; be the orthogonal basis for tangent space of the manifold (M, g), then the Ricci curvature tensor
n
Re(X,Y) = ) g(Rx, Y, ). (11)
i=1

Now, the components of Ricci curvature tensor on generalized Schwarzschild black hole is given by
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Lemma 2.2. Let M = (R X ) x ¢ F be the Schwarzschild black hole with metric

ds? = dx® + ( 2 + (F7 (x))de’_,.

m
Fx)=3 1)

Then, the components of Ricci curvature tensor on Schwarzschild black hole are:

(i) Re(X, Y) = —ipHP(X Y)+ 7dp@dp(x g 7 =2 ),
. 3 dp 1P (-2 df dp
Rttt = ({2 - 355 - o T

(iii) Re(X, V) = 0,

(iv) Re(V, W) = FRe(V, W) — ( azf La_fa_p N (n—3)(8f 2

fox2 pr Jx dx f?
f(x) = F'(x).

Note: To prove these Lemma 2.1 and Lemma 2.2, the readers are refered to see [3].

a) )g(V, W), where p = (

10104

In [20], Richard Hamilton proved that if (M, g, V¢, A) is gradient Ricci soliton. Then, one has

2A¢ — Vo> + A = c.

(12)

m
—(F—l(x))"—3 - 1) and
(13)

In the discussion of Schwarzschild black hole gradient Ricci soliton, first we prove the above result for

Schwarzschild black hole.

Proposition 2.3. Let M = (R X I) x ¢ F be generalized Schwarzschild black hole with the metric

ds? = dx® + ( 1) df* + (F'(x))*da?_,.

_m
(F ()3

(14)

If ¢ be smooth function on R X I so that the Schwarzschild black hole is gradient Ricci soliton, then we have

a¢>)

26— (ax (8@5) Pp 1dpdp 1 dpdp 1%

o) T2 T2paxoxn EEE*EE* f

Proof. For a smooth function ¢, we have

w2 )
and

PO 199 1909 109 (1-29f09
AP = ax2 Zp dx dx 2p* dt dt  p If? f odxox’

Using equations (16) and (17) into equation (13), we get the required result.
|

=c. (15)

(16)

(17)
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Proposition 2.4. Let the generalized Schwarzschild black hole with the metric

ds? = dx® + ( £ + (F7 (x))2da?_,

_om
(F1(x)y3
be a gradient Ricci soliton with potential function ¢. Then

2 2 2 2
1% (8_p)+8_qb_/\+(n—2)&_f

()_EW 02\ ox o2 foox?

2 2
()_(8_;3)_la_p_(n—Z)&_Jfa_p+l8_¢8_p+18¢ 1 9pdp _

ox p o 2020t ot

200x2  2pf Jdxdx 2pdxdx p I 2p2 9t It

(iii) "Re = pdw?_,, where y is given by following equation:

2 2
o= S - 3(3) 5

along with p = (W - 1) and f = F71.

Proof. 1f Schwarzschild black hole is a gradient Ricci soliton with potential funtion ¢, then we have

Re+ V2p = Ag,

10105

(18)

(19)

(20)

where A is some constant and Rc is Ricci curvature tensor on Schwarzschild black hole. For the vector fields

X, Y corresponding to metric dx?, we have

1 (n—2)
—EH (X, Y) + dp®dp(X Y) - 7

or equivalently,

2 Jx?

9? 90\2 —2)0? 92
]'hi*ﬂ_mml+£:k 900 ) = 1.

ox foox2 ox2

Now, for the vector fields Ty, T corresponding to the time space with metric dt2, we have

. _ (L9 192_¢_L9_¢‘9_P)
Ve T) = (Zp dxdx  por 207 9t o p(Th, T2).

Using this value of Hessian of ¢ and part (ii) of the lemma (2.2) , the equation (20) becomes:

dp 1 Pp n-29fdp 10dpdp 1% 1 9 dp
(p( )_ T 20f )(1'T2) (2p8x8x+5at2 202 9t ot

ox 2002 2pf dx dx

HA (X, Y) + V2p(X, Y) = Ag(X, Y)

(21)

(22)

(23)

o T2) = Ag(Tu, Ta). 24
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Simplifying and rearranging the above equation, we achieve

dp\? 9 -29dfd o d 9? o 9
ox 200x*  2pf dxdx 2pdxdx p It 2p? dt ot

Further, for the vector fields V, W corresponding to the metric dw? _,, the Hessian of potential function ¢ is
as follows

96 f

V(Y W) = gDV, ) = 5 5 da?

(26)

Now, using part (iv) of lemma (2.2) and hessian of ¢, V2$(V, W), also using the fact g(V, W) = f2dw? , into
the equation (20), we have

. 1Pf 1 9fdp  (n—3)(df\ I 9 p 2 21 2
RC(V/ W) - (?E + Hag + fz (%) )f f d Af da)n—Z'
(27)
Rearranging the terms in above equation, we obtain
92f S 9fop of\ _ (90 9f
) 2
Re(V, W) = (Af +f 2p x Ix +(n _3)( ) f&x 8x)
(28)

Hence the proof. [
In next proposition, we prove that p is constant. For this we will use following some well known results.
divV2¢ = Re(V, ) + d(Ag)

and

SANGP = V9(V, ).

Proposition 2.5. Let the (R X I,dx* + (W — 1)dt?) be space-time manifold with two smooth functions f

and ¢, where f > 0 be function of ‘x" only and ¢ be function of ‘x” and 't such that f and ¢ satisfies

P Ip\:  PPp  1dpdp 1 Ipdp  1p (n—2)9f dp
2A¢ - (ax) (at)+axz+zpaxax 2P oI F oxax C @9)
P VY (-2 Pf P
_1o%p L(_P) _ 2)_f+_¢:/\ (30)
20x*  4p*\ox f ox2  ox?

and

Lf AP o2k 1ddp 170 1k o
4p2\0x) 2p0x2  2pf Jxdx 2pdxdx pIt2 2p2dt At
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Then, p given by the equation (47), is constant.

Proof. On the space-time (IR X I,dx* + ( - 1)dt2), we have

L
(F1 ()2

Po  19dpdp 1 dpdp 1%
2 —— — —_——
A¢ = trace(V') = a2 2p 2p Jx ox 202 9t ot " p ot? (32)

and
0? f 1 df dp
— 2 ) F
Af = trace(V"f) = 2 2p 3% %" (33)
We can write equations (30) and (31) in combined form as follows:
Re+ V2% = Ag+ j: 2y (34)
Taking trace of above equation, we get
s=24+ =D pr_no
o OZAPL 10800 (Po 10000 1 2000 1) >
- f \ox* 2pdxox ox2  2p0dxdx 2p%dtdt  p o)
Thus,
(- 2)(82f i&_f&_p) (n-2) (32]‘ 1 a_fa_p)
as = f% \ox? " 2p dx dx af + f a ox*  2pdx dx 36)
- d(az_qb + ia_(;ba_p — La_(Pa_p + — 1 ach)
dx*  2pdxdx 2p? ot It  p of?
Now, taking the divergence of both side of the equation (34), we get
divRe = 0+ (1 — 2){ %div(w - f—2v2 FVF, -)} — div(V?¢)
(37)
-2
= 2 Re(vf, )+ d4D) - 35VP) - RV, ) = d(do).
From equation (34), we have
n—2
Re(Vf,) = Adf + ¢ o7 )4 ( f) —V2$(VF, ") (38)
and
IPp\?  1(dp\?
2 —(ZZ
Re(Vb, ) = Adep + f M =2 g2 v, - {(ax) +p(at)}‘ (39)
Using equations (38) and (39) into the equation (37), we achieve
, (n-2) k af) ) 82f 1 9fdp (n-2)
divRe = Ad _V2H(VS, ) + d( )) =2 v ) - Ad
f ( fe 2f ( f 2p ox Ix 2f2 f ¢ (40)

+(n

2 2
oo W] U A2 12
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Since,
ince oy 2 2
dVO(f) = d(5-57) = VOV, ) + ViV, ).
Thus, we get
oo _(1=2) af Pf 19fdpy| (-2
divRe = f {Adf f d(&x) d(ax2 ZE%)} 272 d(IVf| ) — Ado

(41)

SlE) G g m R aat pae)

Then, using second contracted Bianchi identity

—%ds + divRc = 0,

we obtain

n-2)(*f 1 dfdp (n-2) 82f 1 df dp a2¢ 1dpdp 1 dpdp
G e PG ) M R

dx?  2pdx dx Ix? Zp dx dx  2p? dt It
120V D 2y T g

*f 1 9fdp (n-2)
p ot? f 2f “\ox (axz 2p3x8x)}_ 2f2

d{(a¢) +p( cp)} (n-2) 8¢9_f _d(az_<p+ 1dpdp 1 a¢ap+182_¢):

) T o\ G NG ke e T e

d(VfF) - Adgp  (42)

Multiplying whole equation by %, we get

ox?  2p dx dx (n—=2) \dx2  2pdxdx 2p* dt ot

158 w3 )

4&;L%@%Mu( ()} 2{ﬂ>L%@_L%@
p ot? 2fd ox ox

Now, using the hypothesis (29), we have

f d{fﬁ)+19¢99 L2900 19 )\ (¢) (8_¢)2}_fd(8_¢3_f) 299f |

-2\ t2paxor 2 atar T par 7 axax) ™ " ax ox ) (aa)

Thus, we obtain
92f f dfdp af d¢ dp
A0+ S+ gt 035 ) ~Foe ) =0 )
Therefore, p is constant. [J

Theorem 2.6. Let the Schwarzschild black hole (M, ds?) with metric

ds* = dx* + ( - 1) df* + (F'(v)dw)_, 4o

_m
(F ()3
be a expanding or steady gradient Ricci soliton with potential function ¢. Also, if the dimension of Schwarzschild
black hole is atleast 4 and f = F~1 attains its maximum and minimum values, then Schwarzschild black hole is a
Riemannian product space, i.e. f is constant.



B. Pal, R. S. Chaudhary / Filomat 38:28 (2024), 10099-10122 10109

Proof. By proposition (2.5), we have

92
2, f fofdp («9f) 9<Pf9f)
47
(/\f f 2p xox (= ox f&x ox “7)
is constant.
Let x1 and x; be the points at which f attains its maximum and minimum values, respectively. Then
of of Pf P’f
2| =0== —| <0< ==
axh, =07 5l ™ 52,2053,
Since f > 0 and A < 0, because space is steady or expanding gradient Ricci soliton. Then we have
“Af(x1)? 2 =Af(x)%
Combining these results with equation (47), we obtain
_ 2 Pf
= Afa)” = flx) 55 ()
and
_ 2 Pf
= Af)” = fx) 55 ()
Thus, we have
Pf 2 2f
0> fr) 35 (1) = = Afxa)? = = AfGea)? = fxa) 35 (x2) 2 0.
This leads us to the following
p—Af(x1)* =0=p—Af(x)>
Now, we have two cases
Case 1:(A < 0) In this case, we obtain
fla) = fx).
Hence f is constant.
Case 2:(A = 0) In this case, pt = 0, so the equation (47) gives us
Pf  fofdp I\ _ 99 9f
=== -3) = 4
(f8x2 2poxax T 3)(83() RE ax) (48)

Then

2
e+ gy~ 3em) =0 -3(5)-

The above expression can be rewrite as follows:
3-n(df\?
Lf=> (5) <0,
82 2L 1dpd 9P o
20 9x 0x  Jx Ix’

Therefore using strong maximum principle, we conclude that f is constant. In both the cases, we ob-
tain that Schwarzschild black hole is a Riemannian product space. [

where £ :=
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Next, we show that the compactness criterion of Schwarzschild black hole M = (R x I) X ¢ F when the base
R x I is compact.

Theorem 2.7. Let M = (R x I) x ¢ F be Schwarzschild black hole with metric

ds* = dx® + ( df* + (F'(x))*da?_,, (49)

m
EER 1)

and ¢ be smooth function on R X I so that (M, ds?, V¢, A) be shrinking gradient Ricci soliton. If R X I is compact and
n > 4, then Schwarzschild black hole M is compact.

k
Proof. Let us assume that the Schwarzschild black hole is a gradient Ricci soliton with V¢ = Ag + }Vz f

and FRc = ugr, where p is constant and given by

Pf fofdp I\ 99 If
_(rp2,. %) T OJOP _a(9) _ fPeS
H= (Af R~ 2p dx dx + 3)(89() f&’x ox ) (0)
The equation (50) can be written as,
s 2]
p=Af2+ fLf + 7 \ax) (51)

? 1dpd 9P I
where £ := E + E%% St
On integration of both side of equation (51), we obtain

fB LePdB = fB Af2e0dB + fB FLfe"dB + fB ”];3(%)25%3. (52)

Therefore, we get

2
ivolyB = A fB PedB + (n - 3) fB %(g—i) ¢ 9dB. (53)

Since A > 0 and n > 4, we conclude that 4 > 0. Then, by Bonnet-Myers compactness theorem, the
fiber manifold corresponding to the metric dw? , is compact and hence the Schwarzschild black hole is
compact. [

The next result is the necessary and sufficient condition on generalized Schwarzschild black hole to become
gradient Ricci soliton.

_m

(E-H ()3

functions on R and R X I respectively, satisfying the followings
10%p

. I\, P _ L (1=2)Pf
0356 * 3l P o =M

Theorem 2.8. Let [R x I,dx* + ( 1) dtz) be complete Riemannian space and f and ¢ be the smooth

2 2 2
(ii)i(a_p) _1Pp (n-2)9fdp 19¢dp 1¢ 1 dpdp

4p2\9x) 2p9x>  2pf Jxdx 2pdxdx p o 2029t It
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along with equation (15). Take a complete Riemannian manifold (F,dw?_,) such that FRc = pda?_,, where y,

given by equation (47), is constant. Then the Schwarzschild black hole (R X I) X ¢ Fwith metric

ds? = dx® + ( 1) dar* + (P‘l(x))zda)i_z,

_m __
(FiGy=
is gradient Ricci soliton.

Proof. We prove this theorem in three cases.

Case 1:(For X, Y € I'(R) )

For the vector fields X, Y € I'(R), the Hessian of ¢ is

: P
VO(X,Y) = 259X ).

and the Hessian of f is

: >f
VX, Y) = T30 ).

Using these values and part (i) of lemma (2.2) into the hypothesis (i) of this theorem, we obtain

Re(X,Y) + V2H(X, Y) = Ag(X, Y).
Hence, in this case, the gradient Ricci soliton equation is satisfied.
Case 2:(For Ty, T, € IT'(I) )

In this case,

2 _(L1%% 170 _ 1999
Ve, To) = (Zp ax x p o2 2p2 dt ot ) (1, T2)

and

_(199dp
V2f(Ty,Ty) = (Zpé’ e )g( 1, 12).

Again, by the hypothesis (i) of this theorem and part (i7) of lemma (2.2), we have

Re(Ty, Ta) + V2P(T1, Ta) = Ag(T1, Ta).
Thus, the gradient Ricci soliton equation is satisfied.
Case 3:(For V, W € I'(F) )

From part (iii) of the lemma (2.2), we have

9 af o —3)/9f\2
RC(V,W)=PRC(V,W)_(%&_XJZC+%££+(nf23)( f

For this case, we have u given by equation (47) satisfying

FRe = pda? .

g) )g(V, W).

(54)

(55)

(56)

(57)

(58)

(59)
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Thus, the above equation reduces to

B 82f 1 dfdp (n-3)(df\*
Re(V, W) = el (VW) = (155 + 525050 + P2 (51) Jovw)

(60)
B 19df dp
= (1~ 755)9“ w).
For the vector fields V.W € I'(F), we have
2 _ _ 9Pof 19f d¢
VOV, W) = gDy, ) = 5050 0 = 555000V, W. (61)
Using the above value, we obtain
Re(V, W) + VZH(V, W) = Ag(V, W). (62)

Therefore, the gradient Ricci soliton equation is again satisfied and hence the proof is complete. [

3. Ricci-Hessian type space-time manifolds

Let (Bx L gp + (R + %)dtz) be space-time manifold with Levi-Civita connection V and V on B X I and B,
respectively. Then, for any smooth function h on B, we have

1 Jha

Vh=Vh+ ————,
(R + &) ot ot

where Vi and Vi are the gradient of B X I and B, respetively. Hessian of the smooth function  on B is

denoted by V2.
On space-time manifold B X I, the Bakry-Emery Ricci tensor is

Rey, =P Re + V2. (63)

Using Lemma (1.2), the above equation becomes

2
2R+Y) 4R+ 1) 27 4R+ (64)
+ V2h.
Then, k-Bakry-Emery Ricci tensor on space-time manifold is given by:
2
+V2h - %dh ®dh,
for some positve integer k. If we take f = e/% with 0 < k < oo, the above equation reduces to:
2
Ref =PRe - (R - DROAR ) (—% - IVRlz]dtz

- 7?2]‘,
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k— quasi Einstein metric on a smooth manifold satisfies Rc’]; = Ag. Therefore, for space-time k-quasi Einstein
metric satisfies:

2
BRC_( VR __ dR@dR) L R—;WRF dt2+vzh—1dh®dh:Ag.
2R+ 5 4R+ D)2 2 4R+ Y k

5t) (67)

Now, we consider a complete weighted space-time manifold (B X I, g + (R + 3)dt?,e¥duvol), where ¢ is a
smooth function so that ¢ = ¢ — kln f, with 0 < k < co. Hence, we have

2
Rey =P Re - ( VR__ dR@‘fVRz) ; (—%AR ;wkﬁ]dtz + 70— 5v2ps Karear
2R+%) 4R+ 4R+ Dy f f (68)
We define a modified k-Bakry-Emery Ricci tensor for space-time by:
Rcy,, = Rej, + V2. (69)
If Riemannian metric for space-time gp + (R + %)dt2 satisfies
Rcf, = Ag, (70)
then, this leads us to the following:
2
BRC—( \Y RN _ dR®¢z]R )+ 1 ;vamz 4 + T2 Evzf _ g,
2R+ a®+ M) 27 R+ D f (71)
or equivalently
BI o2, Ken
Rc+ng—]—(Vf=Ag. (72)
In [8], Feitosa et. al. showed that (72) can be reduced to a Ricci-Hessian type equation.
R. Hamilton [20], proved that if (M, g, ¢, A) is gradient Ricci soliton then,
20 — [VoI* + Adp = ¢, (73)

for some constant c. For space-time manifold (B X I), we compute this equation and obtain in following
form:

1 9 1 ¢ 1 JdpN
2A¢ — [V - R+ E (57 + ¢+ R+ )P AR+ Npor2p
(74)
V(R b J
PR) +EV¢(f) s

AR+ T f fR+Xyorar
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for some constant c. Also, for smooth functions ¢ and f > 0, we have

SVIR) f( f _Nof, _f 9f
HEASfAf 2R + —Ivem 2R+ X228 3 T R+ M) or
f9fd¢ 1 9f (75)
" aﬁ(" DV e G )2]
Therefore,

Proposition 3.1. Let M = (BXI)XsF with metric gg+(R+ 5)dt> + f>gr be gradient Ricci soliton space-time warped
product and ¢ be the potential function. Then, space-time manifold B X I holds equation (71) or equivalently (72) and
(74) and fiber manifold F is Einstein manifold with fRc = pgr, where u is given by equation (75). Conversely, let
B X I be complete Riemannian space-time manifold with two smooth function f > 0 and ¢, which satisfies equations
(72) and (74) and constant i given by (75). Let F be a complete Riemannian manifold such that fRc = pgr. Then, we
can construct gradient Ricci solitn space-time warped product.

Let (M, g) be a complete Riemannian manifold. Then, for any smooth function w € C*(M), the Bochner-
Weitzenbdck formula is given by:

—A|Vw|2 IV2w* + g(Vw, VAw) + Re(Vw, Vw). (76)

For any smooth fuction ¢ € C*(M), we say Ayw = Aw — g(Vi, Vw) be ¢— Laplacian. In [13], ]. N. V. Gomes
et.al. mention the Bochner-Weitzenbdck formula with respect to the 1)— Laplacian given by:

1
§A¢|Vw|2 = V2wl + g(Vw, VAw) + Rey(Vw, Vw). (77)
Here, if we combine equations (68) and (69), we obtain

Rey = Rejy, + df®d f. (78)

f2

Then, we have

Lemma 3.2. For space-time manifold B X I, the Bochner-Weitzenbock formula becomes

1 k 1 P
SRVl = [V + (Y, VAw) + Rek, (Yoo, Vo) + Ao VR ® N)z( ~ ) ( ;tb) ] (79)

Now, we consider that the space-time manifold B X I satisfy Ricci-Hessian type equation (5), which is a
necessary condition to construct a gradient Ricci soliton warped product and this implies that the equation
(74) is satisfied on B x I. Using equations (72), (74) and (75), we have the following lemma.

Lemma 3.3. Let B X I be a Ricci-Hessian type space time manifold which satisfies equation (74), then

A =t — 2, k(Y
Ap = nd—S+KVinfl +f2(R+%)(at), (80)
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Ay = c-2A¢, (81)

Rolnf = —(u=Af), (82)

7
where, S is scalar curvature of B X I.

Now, lemma (3.2) and lemma (3.3) leads us to the following result.

Lemma 3.4. Let the space-time manifold B X I be Ricci-Hessian type manifold which satisfies equation (74). Then,
following holds

1 SRR = V9P ~ ANGP - X - %)(i—f)z + f%[g(w, VoY + - %)z(g)z(i—f)z]- (53)
2 %Awlvm FP =[¥21n fP +( - )(|v1n P+ @(%)2)

iy 89
e plomsvn (5 )

The following Lemma is an immediate consequence of the lemma (3.4) and well-known Kato’s inequality.

Lemma 3.5. Let B X I be space-time Ricci-Hessian type manifold satisfying (74). Then, following identities hold

918 901 2 ~A(Vof + f(Rl+ 5 (5))+ el vor + N)z(%)(%q:)] >

and

2

)+ oo (2 o

¥1n fIRy/VIn fl 2 (A - %)(WmﬂZ + ;M(af) R

fAR+3)

Proof. For a smooth function ¢ on B X I, we have

- 1 9 (9

Vo =V 7
Also, we have the following result

1. - I .

§A¢|qu|2 = [VolAy [Vl + VIVl (88)

The Kato’s inequality for the smooth function ¢ is given by:

VoI > [VIVIgP. (89)
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Combining equations (88) and (89), we obtain

IVolAy V| > %A¢|V¢|2 - V29l (90)

Using part (1) of lemma (3.4), we get

Y 1~ - .
IVlA, V| > EAI,U|V<;>|2 —[V2¢|

= -A(1vor + — (2] Kfoevs vor
fR+ M\ ot A (91)
(e (5)
R+ Np\or) \or ]
For second part, if we replace ¢ by In f in equation (90), then we get
- -~ 1. = -
IVIn fIAy|VIn f| > EAwln fI? = IV*1n f]. ©2)
Therefore, part (2) of the lemma (3.4) leads us to the following;:
. e 2u 1 IfV\  k 1 If\\?
V1n flA,91 Z(A——)(Vl 2 —(—)) —( Vinf,V —(—) )
i BV (A= 5 [V P+ s (G) )+ om0+ 2 (5 )

Hence the proof. [J

4. Some results on space time warped product

Let M = (B x I) X; F be space-time warped product with metric § = (g5 + (R + })dt?) + f2gr. In the next
lemmas, we assume that the base manifold B X I satisfy the Ricci Hessian type equation (5). For fiber
manifold, we consider two different cases.

Case :1(Fiber manifold F possesses Ricci flow )

In this case we have

Case :2
In the second case, we consider that the fiber manifold F satisfy

Re = ugr,
where 1 is given by the equation (75).
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In both the cases, first we investigate whether the space-time warped product become potentially Ricci
flat i.e. all the components of the Ricci tensor are equal to zero O(N~!). Here, in the lemmas (4.1) and (4.3),
we establish that space-time warped product is not potentially Ricci flat. In the lemmas (4.2) and (4.4), we
discuss potentially gradient soliton for space-time warped product. Here we also show that space-time
warped product is not potentially gradient soliton in both the cases.

Lemma 4.1 (Space-time warped product Ricci curvature upto O(N™1)). Let B x I satisfies Ricci-Hessian type
equation, and (B X I) X¢ F is space-time warped product so that F possesses Ricci flow. Then the components of
space-time warped product Ricci curvature tensor are

(i) Rij = Agij — (V2)ij,

y P 1

(ii) Rip = =575 + O(N™),

N, ¢ 1
(iii) Rop = A(R + 27) s —VR(qb) —5 ON7Y,

. _ Af 10f IVfI? =l
(lv) Raﬁ = f ?E - (k - 1) f2 gaﬁ + O(N )

Proof. Here, B x I satisfies Ricci-Hessian type equation,

]—Ijvz f.

Also for vector fields X, Y € T'(B x I), we have

BIRic + V2 = Ag +

Ric(X,Y) =B Ric(X,Y) - ?vz fXY).

Therefore, for X, Y € I'(B X I), we obtain
Ric(X,Y) = Ag(X,Y) = V2o(X, Y). (94)

(i) For X = — cand Y = j equation (94) becomes

Rij = Agij — (V29)ij.
(ii) Now, for X = ax, and Y = g, we get

d

Rc(a N

Ji qb 95
) A [ (9 9 t ( )
Since, we know that

d I, _ 0 9P 99
Z %= —rk =L 0= 96
Pox a0 = avar ~ o ~ Ty 6)

Using the values of l"fo and 1"?0 and from equation (96), the equation (95) becomes

Po 1R

Rip = —=— i
0 axl8t+2(R+%)axl ot
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Approximating upto order O(N~!), we obtain

Pa0)

Rip = —= N7.
"= "gear TON)
(iii) In the same manner, for X =Y = %, we have
) »,,0 0
- zZ Z 97
Roo RC(at 81‘) Agoo (p(at'&t)' (97)
Since,
d d. ¢ _dp _ Ip
MR S SN KU 98
qb(&t ) = or T ~Twg %)
then we have 1"’60 = - %k el and FO = Z(R}r 5 (th ), also we have goo = R + ;- Using these values in equation
(97), we have
N, ¢  g"0R P 1 N
R = MR+ 5= S + S0+ 2R+ 5 %)(E)‘ ©9)
Approximating upto order O(N™!), above equation reduces to
P
Roo = AR + N) - at(f —VR(qb) TR OWN™). (100)
(iv) In space-time warped product M = (B x I)¢F, the Fiber space F possess Ricci flow. So, we have
FRc = ! &f
fot
Also, for V, W € I'(F), we have
A s
Re(V, W) =F Re(V, W) - (Tf - (k- 1)| f’:' )g(v, W). (101)
Putting V = 9 zand W = ,; and using FRc = %% g, the equation (101) becomes
_(Af, 19f VP
= —= — (k- . 102
Since, the gradient and Laplacian of a function on B X I has following property
IVfP = IVfP + ONT, (103)
and
Af = Af + O(N7H. (104)
Thus, we obtain
__(AfL19f IV =
Rap = ( o -k-1)—=— 7 Gap + O(NT). (105)
Again, approximating up to O(N~!), we obtain
__(Af, 19f 25 -1

O
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Lemma 4.2 (Potentially gradient Soliton). Let B X I satisfies Ricci-Hessian type equation, and (B X I) X¢ F is
space-time warped product so that F possess Ricci flow. Define h(t) so that

Mh_N
ot~ 2t

Then for any c,b € R, b # ¢, we have

(i) Rl‘]‘ + cVith = /\g,‘]‘ - V2¢,‘]‘,

(106)

5 % ¢ dR 1
(ii) Rjo +cV;Voh = —m - %5 + O(N ),
B N 2qb 1 ¢R N 1
(iii) Roo + cVoVoh = AR + 2t) 8t2 VR((p) T v c— +O(N™),
| (A 10 VfP »
(w) Raﬁ + vaﬁh = —( f ?E — (k — ) f2 gaﬁ + O(N )
Proof. To prove this lemma, we use lemma (4.1).
. 5 d
(I)Ri]' + CV{V,‘(P = Agi]’ - (V (P)i]' + CV,(@]’I)
= Agij = (V)i +0
= Agij = (V).
Thus, we have
R,‘j + CViVj¢ = Rij = Agij - (qub)i]‘
()R + cV;Vop = — 7¢ +OWN™) = cr? J
DRio +ViVop = =5 551 0 5¢®
PP » 1 OJRN
= —& ot +O(N )_C—Z(R+ l’z—lj)%i
92
B qb 1dR bN 1N N
T oxiot +OIN™) 28’( )
92
3 ¢ 1 ¢ JdR
= ~5agr FOWN™) — 557 +ONT)
92
© R, on.

T oxiot  2boxi
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2
(iii)Roo + cVoVod = A(R + % — a_t(f ~VR(¢) — — -+ OINYH—-c¢ at2¢
P
- Crgoat(P
2
= AR+ ;\;) a_t(f —VR(q)) +ONY = o(=— 2t2
1 R+ZHN
a CZ(R + h_ ot 2t
2
=)\(R+N)—a—t(f —VR(qb)——+O(N 1)——Rt
+ONY —o(=— th
2
:A(R+N)—a—tz)+—VR(¢)—2lt—;—;
+ONY - o(=— th
A P) V2
(iv)Rap + Vo Vg = — (Tf }a—f; — (k- 1)| f]j ) Jap + O(NT)
P
-~ crgﬁat¢
Af 1df IVfP? 1
( 7 fat —(k-1)—7 I )gaﬁ+O(N )
1 Jf N

— Cf—(R A %) Egaﬁz.

O

In next two lemmas, we consider that fiber manifold is an Einstein manifold satisfying fRc = pgr.

10120

Lemma 4.3. Let B X [ satisfies Ricci-Hessian type equation and (B X I) X F is space-time warped product so that
FRe = pgr, where u is given by equation (75). Then the components of space-time warped product Ricci curvature

tensor are

(i) Rij = Agij — (V*¢)ij,

0]

(W Ro =5 an

+O(NT,

N, ¢
(iii) Roo = A(R + Z_t) s —VR(¢) —5 ON7Y,

(iv) Raﬁ = Agaﬁ-

Proof. Since, B x I satisfies Ricci-Hessian type equation

BIRic + V2 = Ag + ;Vz f
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and
FRe = ugr.

Then, by proposition (3.1), space-time warped product (BxI) X f F becomes gradient Ricci soliton. Therefore,
Re+ V%) = Ag.

Thus, proof of first three part of this lemma is same as that of lemma (4.1).
(iv) For the last part, we have
V2as = 0.
Thus, we obtain
Raﬁ = /\_l]aﬁ.
0

Lemma 4.4. Let B X [ satisfies Ricci-Hessian type equation, and (B X I) X F is space-time warped product so that
FRc = ugr, where w is given by (75). Define h(t) so that

oh N

5 "o (107)

Then for any c,b € R, b # ¢, we have

(i) R,‘]‘ + CviV]‘h = /\g,‘]‘ - VZQD,‘]‘,

g ”¢ ¢ IR i
(ii) Rl‘0+CV,‘V0h = _8xiat - Z_bﬁ +O(N ),
(i) R +cVVh—/\(R+N)—aZ—¢+1VR( oL RN o
00 T EVO TR = 2t) " o T VRO T o T ’

(iv) Raﬁ + cVaVﬁh = /\_l]aﬁ.

Proof. First three part of this lemma is same that of lemma (4.3), so we directly move to last part.
(iv) Since,
Raﬁ = /\gaﬁ/

and
Vo Vgh = 0.

Therefore, we obtain
Raﬁ + cVaVﬁh = /\ga}g.

O
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