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On the generalized Fibonacci and Lucas matrix hybrinomials

Sure Kome?, Sefa Yazan?

“Nevsehir Hact Bektag Veli University, Department of Mathematics, 50300, Nevsehir, Turkey

Abstract. Hybrid numbers, which are a generalization of complex, dual and hyperbolic numbers, are
widely used in a variety of fields. Through a novel approach, this study aims to obtain the generalized
Fibonacci matrix hybrinomials by virtue of the bi—periodic Fibonacci matrix polynomials. Moreover, we
give the definition of the bi—periodic Lucas matrix polynomials unlocking their specific properties. Then,
we obtain the generalized Lucas matrix hybrinomials via bi-periodic Lucas polynomials and leveraging

these findings. Ultimately, we give the generating function, Binet’s formula and a few summation formulas
for the generalized Fibonacci and Lucas matrix hybrinomials.

1. Introduction

A hybrid number is a mathematical concept that generalizes complex, hyperbolic, and dual numbers.
The topic of hybrid numbers, which arise in various fields such as mathematics, physics, computer science
and engineering, has received a great deal of attention in recent years. For example, Ozdemir defined a non-
commutative number system which is called as hybrid numbers. Moreover, he provided some algebraic
and geometric properties of this number set and examined the roots of a hybrid number based on its
type and characteristics [11]. Then, Szynal-Liana introduced the concept of the Horadam hybrid numbers
by combining the notions of Horadam numbers and hybrid numbers. The author derived the Binet
formula and generating function for these numbers and proved certain significant identities [12]. Szynal-
Liana and Wioch proposed the Fibonacci hybrid numbers and obtained certain properties using classical
Fibonacci identities [13]. Kizilates presented a new generalization of hybrid numbers which are called as
g—Fibonacci hybrid and g—Lucas hybrid numbers. Furthermore, he obtained certain algebraic properties
of these numbers [7]. Sentiirk et al. examined the Horadam hybrid numbers and provided exponential
generating function, Poisson generating function, Vajda, Catalan, Cassini, and d’Ocagne identities for
these numbers. Also, they investigated the Honsberger formula and some summation formulas for these
numbers [15]. Szynal-Liana and Wloch discussed the Fibonacci hybrinomials and the Lucas hybrinomials,
which are generalizations of the Fibonacci hybrid and Lucas hybrid numbers [14]. Then, Koger and
Aslan presented the generalized hybrid Fibonacci and Lucas p—numbers and gived some special cases
and algebraic properties of the generalized hybrid Fibonacci and Lucas p—numbers [8]. Tan and Ait-
Amrane introduced the bi-periodic Horadam hybrid numbers which generalize the classical Horadam
hybrid numbers [16]. Finally, Dagh et al. computed the Frobenius norm and established upper and lower
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bounds for the spectral norm of r-circulant matrices. They also presented explicit formulas for efficiently
calculating the eigenvalues and determinants of these matrices [5].

Fibonacci and Lucas numbers, which are one of the most interesting topics throughout history, are
used in many fields such as mathematics, geometry, physics and economics. So far, the generalization
and application of Fibonacci and Lucas numbers have been studied by several authors. For example,
Koshy obtained certain identities and significant applications of numbers such as Fibonacci, Lucas, Pell,
Pell-Lucas, Jacobsthal, Jacobsthal-Lucas, and so on [9]. Falcon and Plaza introduced and investigated
newly generalized k—Fibonacci sequences. They demonstrated many properties of these sequences using
elementary matrix algebra [6]. Civciv and Tiirkmen defined a new matrix generalization of Fibonacci
numbers. Also, they demonstrated certain properties of this matrix sequence using matrix approaches [2].
Nalli and Haukkanen introduced h(x)—Fibonacci and h(x)—Lucas polynomials, which are generalizations of
Fibonacci and Lucas polynomials, where k(x) is a polynomial with real coefficients [10]. Yazlik et al. defined
a new sequence that generalizes the (s, t)—Fibonacci and (s, t)—Lucas sequences. Also, they presented some
significant relationships between the (s, t)-Fibonacci and (s, t)—Lucas sequences and their matrix sequences
[18]. Coskun and Tagkara focused on the matrix polynomial obtained using the bi-periodic Fibonacci
matrix polynomial. In addition, they provided the Binet formula, generating function, certain properties,
and binomial sums of these matrix polynomials [3]. Then the authors introduced the bi-periodic Lucas
matrix sequence and presented some fundamental properties of this generalized matrix sequence. Also, the
authors investigated important relationships between the bi-periodic Fibonacci and Lucas matrix sequences
[4]. Verma and Bala defined the bi-variate bi-periodic Fibonacci polynomials. Furthermore, the authors
obtained the Catalan, Cassini, d’Ocagne, and Gelin-Cesaro identities for these polynomials and presented
their generating function and Binet formula [17]. Bala and Verma defined the bi-variate bi-periodic Lucas
polynomials. Additionally, they derived the well-known properties of these polynomials, such as the
Catalan, Cassini, and d’Ocagne identities [1].

Since hybrid numbers are a generalization of complex, dual and hyperbolic numbers, they are widely
used in many fields such as mathematics, physics, computer science and engineering. Our study aims to
investigate the field of generalized Fibonacci matrix hybrinomials using the bi-periodic Fibonacci matrix
polynomials. Also, we explore the fascinating area of bi-periodic Lucas matrix polynomials, defining them,
and proving their some identities. Later, we define the generalized Lucas matrix hybrinomials by utilizing
bi- periodic Lucas polynomials. Finally, we obtain the generating function, Binet’s formula and some
summation formulas for the generalized Lucas matrix hybrinomials. With the help of this study, we hope
to foster a deeper understanding of them, opening up new directions for research in a variety of fields of
science and engineering. Also, in this paper presents a significant contribution to the field of matrix theory
and its application in the study of bi-periodic Fibonacci and Lucas sequences.This innovative approach not
only deepens our comprehension of these sequences but also offers a potent mathematical tool for solving
challenging issues in other disciplines, including algebraic structures and number theory.

2. Preliminaries

In this section, we present some definitions and the preliminary facts which we use in this paper.
The set of hybrid numbers, denoted by K, is defined as

K={a+bi+ce+dh:abcdeRi®=-1¢=0h=1ih=-hi=¢+i}. 1)

The following table shows that the multiplication operation in the hybrid numbers is not commutative,
but associative [11].
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Table 1: Multiplication table with i, ¢, and h.

x |1 i € h
111 i I3 h
i -1 1-h e+i
ele h+1 0 —€
h|h -e-i € 1

Now, we give the Binet formulas, generating functions and some summation formulas of the bi-periodic
Fibonacci polynomials, bi-periodic Lucas polynomials and bi-periodic Fibonacci matrix polynomials.

In [19], any variable x and a,b nonzero real numbers, the authors gave the bi—periodic Fibonacci
polynomials and bi-periodic Lucas polynomials as

axqu-1(a,b,x) + gu—(a,b,x), if niseven

>2, 2
bxq,-1(a,b,x) + gu—(a,b,x), ifnisodd "= @

gn(a, b, x) = {

bxl,_1(a,b,x) + 1,_2(a,b,x), ifniseven

L,(a,b,x) = { nx2, 3)

axl,—1(a,b,x) + 1,_2(a,b,x), ifnisodd

where qo(a,b,x) = 0, gi(a,b,x) = 1 and lp(a,b,x) =2, ILi(a,b,x) = ax. Also, the authors presented the
generating functions of the bi-periodic Fibonacci polynomials and bi-periodic Lucas polynomials as

- t+axt? —
7 bl tn = 7 4
nzza L e P @

o0 , 2 +axt — (abx2 + 2) 2 + axt’
L(a,b,x)t" = . 5
é @6,%) - @2+ + £ ©)

In [17], Verma and Bala obtained the Binet’s formula for the bi-periodic Fibonacci polynomials as

CRACEY
(ubxz)l-ﬂ a-B |

gn(a,b,x) = (6)

2
the parity function. Furthermore, in [1], Bala and Verma presented the Binet’s formula for the bi-periodic

Lucas polynomials as

where a and B are the roots of the characteristic equation A2 — (ube) A—abx* =0and &n) =n—2 [EJ is

(ax)*™ (" + ")

L,(a,b,x) = —
(abx2)L7']

(7)

In [3], for any variable x and a,b nonzero real numbers, the bi-periodic Fibonacci matrix polynomials
Fu(a, b, x) are defined by

axF,-1(a, b, x) + F,-2(a,b,x), ifniseven
n 4 b/ = o . 2 2/ 8
Fu(@,b,x) {bxﬁl(a, b,x)+ Fyola,b,x), ifnisodd ®)

bx
1

O I

with initial conditions Fo(a, b, x) =( (1) (1’

) and F1(a, b, x) = ( ) Then the following equality is valid

forn € IN:

r n /b/ aY4n /b/
) g b ta.abx) ] o

(&
7:7!( /b/ ) = 571
v [ 4u(a,b, %) (8" gua(a,b,)
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Theorem 2.1. [3] The generating function of the bi—periodic Fibonacci matrix polynomial is defined by

f‘?( b 1 1+bxt— 1 L(t+axt? - P 10)
n a/ /x = .
p— 1—(@bx2+2) 2+t t+axt? -2 1- (abx2 + 1) 2 + bxt®
Theorem 2.2. [3] For n € IN, the Binet formula for the bi-periodic Fibonacci matrix polynomials is defined by

Fula, b, ) = Agen (" = B") + By (21312 — p2l3112), (11)
where

(F1(a,b, ) - bxFo(a, b, 9} [axFi (@, b, x) — Fola, b, x) - ab*Fo(a, b,0)
A n = n n
£ @b)L2) (o - gLzl
(&) Fo(a, b, x)
Bewy =

B (ab)L%J“(a _ ﬁ)xn+2£(n+1)’
where a, B are roots of the equation A> — (abx*)A — abx* = 0.

Corollary 2.3. [3] For k > 0, the following statements are true:

(i)
Y b ) = S OTu@ )+ OVOF (0, b,2) — aFi(a, b )
k=0 abx (12)
+ ﬂbx%(ﬂ, br x) B b%(ﬂ, br x)
abx !
(ii)
\ —k _ 1 7:71—1(”/ b/ x) _ ﬁ+1(a/ b/ x) ?Yl(a/ b/ x)
kzz;aﬂ(”’ baF = 1 — (abx® + 2)12 + t4( -1 P
Faio(a, b, x
L2004 a0 + PFa b) 13)
— £2{(abx? + 1) Fo(a, b, x) — axFi(a, b, v)]
— H(Fa(a, b, x) - bxFo(a,b,%)) ),
(iii)

t (t3+bxt2—t b2 4 bxt - & )

1—(abx2+2)2 + 14\ P +axt—-1 t3—(abx2+1)t+bx (14)

Z Fela, b, )t~ =
k=0
3. Generalized Fibonacci Matrix Hybrinomials

In this section, we define the generalized Fibonacci matrix hybrinomials by virtue of the bi-periodic
Fibonacci matrix polynomials. Furthermore, we give the Binet formula and generating function of these
hybrinomials. Finally, we obtain some newly identities.

Definition 3.1. For n € IN, any variable x and a, b nonzero real numbers, the bi—periodic Fibonacci matrix hybrino-
mial is defined by

Hﬂ(ﬂ, b/ x) = 7:Tl(a/ b/ x) + i7:n+1(a/ b/ x) + 87:7”_2([1, b/ x) + h7—-11+3(u/ b/ x)l (15)

where F,(a, b, x) is the bi—periodic Fibonacci matrix polynomial.
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Theorem 3.2. The following equality is valid for n € IN:

(16)

H¥,(a, b, x) :( Fr1(n;a,b,%) F1o(n;a,b,%) ),

Foi(n;a,b,x) Fap(n;a,b,x)

where

&(n+1)

. b &(n) b &(n) &(n+1)
ﬂ/l(?’l}ﬂ,b,x) = (E) %+1(‘1/b,x) +1(5) qu—Z(a/b/x) + s(E) Qn+3(a/b/x) +h(a) Qn+4(’1rb/x)/

3 b ,
F1(n;a,b,x) = - (gn(a, b, x) + iqus1(a, b, x) + €q,42(a, b, x) + hg,43(a, b, x)),

7~:2,1 (nl a, br X) = I]n(ﬂ/ br x) + iQn+1 (ﬂ, br x) + 5%+2(ﬂr b/ x) + h%+3(ﬂ/ br x)/
&(n+1)

) &) ) 1)
Fop(n;a,b,x) = (5) Gn-1(a,b,x) + i(a) qn(a, b, x) + 8(;) Gn+1(a, b, x) + h(;) Gn+2(a, b, x).

Proof. From (9) and (15), the proof can be clearly seen. [

Next, we give the generating function of the bi-periodic Fibonacci matrix hybrinomials.

Theorem 3.3. The generating function of the bi-periodic Fibonacci matrix hybrinomials is defined by

iHT(abx)tnz 1+i%+€tl2+ht% 1+bxt—t2 %(t+axt2_t3
=R 1= (abx®> +2) 2 +#4 | t+axt> -1 1_(ﬂbx2+1)t2+bxt3

- i%?—‘o(a, b,x) - etlzﬁ(a, b,x) - s%ﬂ(a, b, %) (17)

1 1 1
- ht_?)%(a/ b/ x) - ht_zﬂ(a/ b/ x) - h;ﬁ(ﬂ, b/ x)'

Proof. From (10) and (15), we obtain

Y HFu@,b0)t" = Y (Fula,b,x) + iFa(@, b, X) + eFna(@,b,x) + hFpia(a, b, ) £
n=0 n=0

0o

Fola, b, " + iz Fra1(a, b, )" + & Z Fraa(a, b, )" + h Z Fras(@, b, x)t"
0 n=0 n=0 n=0

[1s

Fola,b, )" +is Z Fola,b, V" — i~ Fo(a, b, %)
t e t

=
(=}

1 - 1 1
+ Et—Z ZO Faula, b, x)t" — gt—zﬂ(a, b,x) - 8;7:1(11, b, x)
+ t_3 ;ﬂ(a/ /x)t - t—37:0(a/ ,X) - t—27"1(a, ,x) - ¥7:2((1, /x)
_ NI 1 1 = ; 1 1 1
= (1 tiz et ht—S); Fula, b, x)t" — 1;%(% b,x) — st—Z%(a, b,x) — S;ﬁ(ﬂ, b, x)

~ I Fo(a, b, = g (e, b, ) - hrTala, by ),
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and consequently,

l+it+er+ht ( 1+bxt-£ §(t+axt2—t3)
1—(@bx2+2)2+ 4| t+axt? -1 1—(11193(2+1)i,‘2+bx1f3

Z HF(a, b, )" =
n=0

- i%%(a, b, x) - Etlz%(ﬂ, b, x) - 5%7:1(”/ b, x)

1 1 1
- h—%(ﬂ, b/ x) - h-ﬁ(ﬂ, b/ X) - h—%(ﬂ, b/ x)'
B 2 t
Thus, the proof is completed. [J
In the following theorem, we give the Binet formula of the bi-periodic Fibonacci matrix hybrinomials.
Theorem 3.4. For n € IN, the Binet formula of the bi—periodic Fibonacci matrix hybrinomials is defined by

Hﬂ(ﬂ, b, X) :Aé(n) (0(”6_[ _ ‘Bnﬁ) + Bé(n) (DKZL%J-QQ _ ‘B2L%J+2ﬁ)
) (18)

atl il
+ Agu) (amg - ﬁ"“ﬁ) + Beuen) (azL 342, g2t

where, Agy and Be,y are given in Theorem (2.2). Also, a, B, a and p are given by

a=1+ea?, B=1+¢ep*, a=i+ha®, B=i+hp

Proof. For k € N, we will consider the theorem in two different cases.
Case n = 2k:

H¥ 5(a,b, x) = Fax(a, b, x) + iFo1(a, b, X) + €F242(a, b, X) + hF 243(a, b, x)
= A (aZk _ ﬁZk) +B, (a2k+2 _ ﬁ2k+2) " i(A1 (a2k+1 _ ‘sz+1) +By (a2k+2 _ ﬁ2k+2))
t+e (Ao (a2k+2 _ ﬁ2k+2) + By (a2k+4 _ ﬁzk+4)) +h (A1 (a2k+3 _ ﬁ2k+3> + By <a2k+4 _ ﬁ2k+4))
= A (1 + socz) — App* (1 + 852) + Boa?*? (1 + socz) — Byp**? (1 + eﬁz)
+ A1a®* (i + ha?) — A2 (i 4+ hp?) + Bia®*2 (i + ha?) - By g2 (i + hp?).
By defining a, 3, a and B as follows:

g:1+ea2, ﬁ:1+sﬁ2, g:i+ha2, ﬁ:i+hﬁz,

we have,

Hﬁk(ﬂ, b, x) =AO (a2kg _ ﬁZkE) + BO (a2k+2g _ ﬁ2k+ZE) + A1 (a2k+1C:Y _ ﬁ2k+1§) + B1 (a2k+2g _ ﬁ2k+2é) . (19)

Casen =2k +1:
H¥ 541(a,b,x) = Foxs1(a, b, x) + iF 2124, b, X) + F 213, b, X) + hF244(a, b, x)
= A; (0(2k+1 _ ﬁ2k+1) + By (a2k+2 _ ﬁ2k+2) + i(AO (a2k+2 _ ‘32k+2) + By (a2k+4 _ ﬁ2k+4))
+e (A1 (a2k+3 _ ﬁ2k+3) + By (a2k+4 _ ﬁ2k+4)) +h (Ao (a2k+4 _ ﬁ2k+4) + By <a2k+6 _ ﬁ2k+6))
= Aja%*1 (1 + wzz) - Alﬁz"” (1 + sﬁz) + Bya2+? (1 + sozz) - Blﬁ2k+2 (1 + EﬁZ)
+ Aoa®*2 (i + ha?) — Aop™*? (i + hp?) + Boa™** (i + ha?) — Bop™** (i + hp?).
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Then, we have
Hﬁk+1(a/ b, x) :A1 <a2k+1g _ ﬁ2k+l§) + Bl (a2k+2g _ ﬁ2k+2é)

4 AO (a2k+zg _ ‘82k+2‘8) + BO ((sz+4c_¥ _ ‘82k+4‘8

) (20

Finally, from the (19) and (20), we have,
HF,(a, b, %) =Asen) (a"a = B"B) + Begny (31720 — B372B) + g (04"“2 - ﬁ"“ﬁ)

+ Beuan) (az“?“zg - ﬁz“z”“zﬁ) .

Hence, the proof is complete. [

Theorem 3.5. For k € IN, the following statements are true:

(i)
n-1 E(n),1-E&(n) 1-&(n) ,é(n) —
HF(a,b,x) =(1+i+¢e+ h)[a S a:x e
k=0
+ abx¥o(a, b, Z)b; b¥o(a, b, x)] —(i+ &+ h)(Fo(a,b,x) — Fula,b,x))
— (E + h)(?i(a, b/ x) - ﬂ+1(€l, b, x)) - h(?’z(a/ b, x) - ﬂ+2(a/ b/ x))/
(ii)

(1 +it + & + ht?) (ﬂ_l(a, bx) Fun@bx)  Fulabx)
1 — (abx? + 2)t2 + 4

_ 7:1’1+2(a/ b/ x)

fn+2

~ H(F1(a,b, %) = bxFo(@, b, ) ) (it + ef” + he) (Fo(a, b, x) = Fusa (a,b, )t *)
~(ef? + 1) (10,0, )" = Fusala, b, )6 D) = b (Fa(a,b, 0> = Fras(a, b0 "),

-1 tn—3 m

Y HFila, b, )t =
k=0

+ B Fo(a, b, x) + PFi(a, b, x) — 1 [(abx2 + 1) Fola, b, x) —axFi(a,b, x)]

(iii)

t(1+it+£t2+ht3)(t3+bxt2—t b2 4 pxt - b )

-k _
kZ_O‘HT"(“'b'x)t TI-@+2) P+ B\ Paaxt—1 £ —(abx®+1)t+bx

— (it + e + 1) Fo(a, b, x) — (et + h*) F1(a, b, x) = htFa(a, b, x).

Proof. Firstly, we proof the case (i). For convenience, the notation F(a, b, x) = ¥ is used only in this proof.
From the definition of the bi-periodic Fibonacci matrix hybrinomial and doing some calculations, we have

n—1 n-1 n-1 n-1
HFa,b,x) =) Fi+i) Fia+e) Fro+h ) Fres
k=0 k=0 k=0 k=0

—_

n—

=~
1l

0

n—-1

n-1 n=1
= Tk+i[2ﬁ—%+ﬂ]+£(2"ﬁ<—%—ﬂ+ﬂ+ﬂ+1]

k=0 k=0 k=0

n-1
+h[ ﬂ—ﬁ—ﬁ—ﬁ+ﬁ+ﬂ+l+ﬂ+z]

k=0

n-1
(L +i+erh) ) Fim(+e+h) (o F2) = (e + ) (7 - Fonr) = (F2 = Fa)

k=0
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Then, from Eq. (12), we have the proof of (i). Now, we proof the (i7). From the definition of bi-periodic
Fibonacci matrix hybrinomials, we have

n n n n n
Z HF(a, b, )t~ = Z Fet* + iZ Frort * + ¢ Z Frsat ¥+ 1 2 Fraat ™
k=0 k=0 k=0 k=0

k=0

n n n
=Y Fut it (2 Fit ™ — Fo + 7—',1+1t‘(”+1)] + e (Z Fit ™ = Fo = Fab ™ + Fraat™ D
= =

k=0
n
+ P Friat D 4 [Z Fat ™ —Fo - Fit ! — %t‘z]
k=0
+ ht3 (7_"n+1t—(71+1) + ﬂ+2t—(7t+2) + 7_"1’1+3t—(71+3))

= (1 +it + et® + ht3) (Zn: ﬂt‘k] - (it L e 4 ht3) (7:0 _ 7_~n+1t—(n+1))

k=0

- (st2 + ht3) (ﬁt‘l = Fraat ") = (9’—'2t—2 — Fast ).

Also, by virtue of Eq. (13), we prove (ii). Now, we need to proof the case (iii). From the definition of
bi-periodic Fibonacci matrix hybrinomials, we obtain

Y HFu@, b0t = Y (Fi+ i + eFin + hFia) £
k=0 k=0

=Y Attt [Z Fat ™ — %] + ef? [Z Fit ™ — Fo — ﬁt‘l]
k=0 k=0

k=0

+ht? [Z Fit ™™ = Fo - Fat ™! - "fzt—z]
k=0

= (1 it +ef? + ht3) i Frt ™k — (it P ht3)% - (st + htz)"ﬁ — hiF.
k=0

Finally, by using Eq. (14), we prove (iii). Hence the proof is completed. [J

4. Generalized Lucas Matrix Hybrinomials

In this section, we define the generalized Lucas matrix hybrinomials by virtue of the bi-periodic Lucas
matrix polynomials. Furthermore, we give the Binet formula and generating function of these hybrinomials.
Finally, we obtain some newly identities.

Firstly, we start with the following definition. The next definition presents the bi—periodic Lucas matrix
polynomials.

Definition 4.1. For any variable x and a, b nonzero real numbers, the bi—periodic Lucas matrix polynomials are

defined by

bxL,-1(a,b,x)+ L,(a,b,x), ifniseven

, 21
axLy1(a,b,x) + Ly 2(a,b,x), ifnisodd "= @1)

-Ln(ar b/ X) = {
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with initial conditions Ly(a, b, x) = ( gﬁ Eax )and Li(a,b,x) = (
b

is valid for n € IN:

a’x? +2%  ax

2y Iy ) Then the following equality
b b

e [ (%)é(n) Lii(a, b, %) 5 (l:)(a, b, x) J . )
@by (§)7 hea(abx)
Here, 1,,(a, b, x) is bi-periodic Lucas polynomial given in (3).
Next, we give the generating function of the bi-periodic Lucas matrix polynomials £,(a, b, x).
Theorem 4.2. The generating function of the bi—periodic Lucas matrix polynomial is defined by
i Ly(a,b,x)t" = 1
— 1—(abx2 +2)t2 +t4
ax + (a*x? +2§)t+axt2—2§t3 2 + axt — (abx? + 2) £ + axt® (23)
% ( 24 + ”ZTXt - (azx2 + 2%) 2+ ”ZT"P —ax + 28t + (3ax + aszS) 2 — (a2x2 + 2%) I ]

Proof. Assume that F(t) is the generating function for the polynomial {£,(a, b, x)},cn. Then, we have
F@) = i Li(a,b,0)t' = Lo(a,b,x) + L1(a, b, x)t + i Li(a, b, )t
i=0 i=2
Thus, we can write
(1—axt - ) F(t) = Lo(a,b,x) + (L1(a,b,x) = axLo(a, b, x)) t + i (Li(a, b, x) —axLi1(a, b, x) — Li_a(a, b, x)) t'.
i=2
Since Lyis1(a, b, x) = axLyi(a, b, x) + Lri1(a, b, x), we get
(1 —axt — tz) F(t) =Lo(a, b, x) + (L1(a, b, x) —axLo(a, b, x)) t

+ ) (Lai(a,b,x) = axLoia(a,b,x) = Laio(a, b, ) 1
i=1

= Lo(a, b, %) + (£1(a, b, x) — axLo(a, b, X)) t + (b — a)xt Z Loi1(a, b, x)2 L.
i=1

Now, let

f® =Y Loiala, b,
i=1

Since
~£2i+1(a/ b/ x) = ax~£2i(ar b/ x) + -£2i—1 (ll, b/ x)

= ax (bxLsi-1(a, b, x) + L2i2(a, b, x)) + Loi-1(a, b, x)

= (abx® + 1) Lai1(a,b,x) + axLai 5(a, b, x)

= (abxz + 1) Loi1(a,b,x) + Loi1(a, b, x) — Lri_3(a,b,x)
= (abx2 + 2) Loi1(a,b,x) — Li-3(a, b, x),
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we have
(1= (abo® +2) 2 + #4) f(t) = La(a, b, )t + La(a, b, x)F* = (abx® + 2) L1(a, b, ).

Therefore,
Li(a,b, )t + Ls(a,b,0)> — (abx? +2) L1(a, b, )
f = 1— (abx? +2)2 + t4
_ Li(a,b,x)t + (axLo(a, b, x) — Li(a,b,x)) £
B 1—(abx? +2)t2 + t4

and as a result, we get

Lo(a,b,x) + Li(a, b, x)t + (bx.& (a,b,x) — Lo(a, b, x) — abx* Lo(a, b, x)) 2 + (axLy(a, b, x) — L1(a,b,x)) t3

0 = T- @b +2) 2+ 4
2 24
where Ly(a, b, x) = ( ;Dgc —ix )and Li(a,b,x) = ( (ax)uzzr b ;if ) Thus, the proof is completed. [
b N b

In the following theorem, we give the Binet formula of the bi-periodic Lucas matrix polynomials.
Theorem 4.3. For n € N, the Binet formula of the bi—periodic Lucas matrix polynomials is defined by

a"Asi + P Begn)

L, b,x) = -
(abx?)L]

, (24)

where

e (g ("
(%) (%)5(") a (ax)sn+D) (%)9(”)

_ (ax)0r+D) (a2 o g e é(n)ﬁ
Bewy =[ (i)(%b))g(n) ﬁ”bx2 (ax()gﬁﬂ) (%>£(n) .

Proof. For k € N, we will prove the theorem in two different cases.

and

Case n = 2k:
. g(zk) (ax)§(2k+1)(a2k+1+ﬁzk+l) (ax)é(zk)(a2k+ﬁzk)
Lu@by | B Ea@bD  mGbx) ) | w5
2k\i, Uy (5)1 (a b x) (Z)g(zk)l (a b x) (Z) (ax)é(zk)(a2k+ﬁzk) (ax)5@=D azkfl_*_ﬁzk—l)
b 2K\, U, b 2k—1\4, Y, b (ubxz)l_%J (abxz)I.ZTkJ
(ax)(aZk” +}32k+1) (a2k+52k) N >
k— (a2 2k—1 (ax),
| T | = ( e - ]+ - ( W - J
(o) o) |7 pap | (taax )T aer | (2)p o

By defining Ay and B as follows:

i (ax)a? o _ (ax)p? ﬁ
Ay = abx? and By = abx? ,
(%) o ax (%)ﬁ ax

we have

a2k—1ZO + ﬁ2k—1§0

Lo(a,b,x) =
2%( ) )

(25)
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Casen =2k +1:
. §(2k+1) (2 (ax)é(2k+2)(a2k+2+ﬁ2k+2) (ax)é(2k+1)(a2k+1+ﬁzk+l)
Lon(@bx) = (5) lok+2(a, b, x) lok+1(a, b, x) N\ @)L %] @)L %]
+ Yy - 5(2k+]) - E(2k+1) (o 2k+1 4 a2k+1 E(2k) ( 2k 4 p2k
(O @by () e b || () Q) () @)
(abe)I-TJ (abxz)l-TJ

) (a2k+2+ﬁzk+2) (ax)(a2k+l+ﬁzk+l)
(ax

a 2% a) o (@xa g a\_f_ @p
b ug?czl k+12k 1) alexZZkkHZk) — ( b (axz abx? J + b (ahagz abx?

g a*+p k a) a a k a) @p a
e (1) @ (¢) 5 (¢) ) @\ ()5 ()

(
(5

(abx2)k

By defining Zl and B as follows:

(ﬂ) a2 (@ _ (z) e
Ar = [ e () )and Bi = (Z w5 (a)
b) abx

(5) % (2)

we have,

2kA + ZkB
Lanla by = TP (26)
(abx2)F

Finally, from the (25) and (26), we have,

2"V Agn) + B Bew)
(abx?)L

Ln(a/ b/ x) =

Hence, the proof is complete. [

Theorem 4.4. For k € IN, the following statements are true:

(i)
¥ Li(a,b,x) = a*Mp' = L, 1(a, b, x) +a' =" L,(a, b, x) = bLi(a, b, x) + abxLo(a, b, x) — aLo(a, b, x)
- K\a,0,X) = abx '
(i1)
- -k _ 1 Ln—l (11, b/ x) -Ln+1(a b x) Ln(a/ b’ x) _ LVH—Z(a/ b’ x)
Z -Ek(a/ b/ x)t - 1— (abx2 + 2)t2 + t4( tnfl -3 tn 2
+ Lo(a, b, )t + L1(a, b, )P = [(abx® + 1) Lo(a, b, x) - bx Li(a,b,%)|
— (L1(a, b, x) —axLy(a, b, x)) t),
(iii)
0 t
-k _
kZ_OLkll b X)t —(abx2+2)t2+t4

axt’ + a2x2 +24 )t2 +axt — 24 28 + axt? — (abx2 + 2) t+ax
28 + 8 "t2 (azxz + 2%) P+ “ZT" —axt® + 241 + (3ax + asz3) t— (a2x2 + 2%)
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Proof. Firstly, we proof the case (/). From the definition of the bi—periodic Lucas matrix poynomials and
doing some calculations, we have

n—-1

Z Li(a, b, x) =Lo(a,b,x) + La(a,b,x) + La(a,b,x) + - - + Lu2(a,b,x) + Ly-1(a, b, %)

-EZ(a/ b/ x) - Lo(a/ b/ x) + L3(ﬂ, b/ .X') - Ll (ll, b/ x) +

=Lo(a,b,x) +
bx ax
Ln 1(” b x) Ln 3(ﬂ b x) + .En(ﬂ, brx) - Ln—Z(a/ brx)
al=smpém) x asmpl-&m) x
_ Loa,b,x)  Li(a,b,x)  Lia(abx) L b x)
=Lo(a,b,x) - bx - ax al=EMpEm)y  gEMPL1-E@m)y
_af P10 £, 1(a, b, x) + a b £, (a,b,x) — bLi(a,b,x) + abx Lo(a, b, x) — aLo(a, b, x)
- abx '

Thus, the proof of (i) is completed. Now, we need to proof the case (iii). From the definition of bi-periodic
Lucas matrix hybrinomials, we define

Eo(t) = ), Lala,b)t™ and Ei®)= ) Locn(a b x>

So that
E(t) = Eo(t) + E1(b).
We have

Eo(t) = 2 Lo, bt
= Lo(a, b, )° + Lo(a, b, )t 2 + Z.&k(a b, x)t %
= Lo(a,b,x) + Lo(a, b, x)t > + Z abx + 2 -Ezk 2(a,b,x) — Lor_4(a,b, x)] 2k
k=2

= Lo(a,b,x) + Lo(a, b, )2 + (abx2 + 2) 2 Z Lojo(a, b, )42 — Z Loy(a, b, )t 2+
k=2 k=2
= Loa,b,x) + Lo(a, b, x)t?

+ (abx® +2) 72 Z Loea(a, b, )22 4 £o(a, b, )t° — Lo(a, b, )| — 4Eo ()
k=2

= Lo(a, b,x) + La(a,b,x)t2 + (abx® + 2) £ 2Eq(t) — Lo(a, b, x) (abx® + 2) t72 — 7 Eq(f)
Eo()[1 - (abx® +2) 72 + t-4] = Lo(a,b,x) + La(a,b, )t > = Lo(a,b,x) (abx® +2) 2.
Thus, we get
Lo(a,b,x) + La(a, b, )2 = Lo(a, b, x) (abx® + 2) 2

- 27)
Eol®) —(abx® +2)t2 + t4
Similarly, we find
Li(a, b, )Y + L5(a,b,x)t73 — L1(a, b, x) (abx? + 2)+73
by < D0 3(a, b, x) 1(a, b, %) (. ) 28

— (abx2 +2)+72 + 4
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By virtue of (27) and (28), we can obtain
E(t) = Eo(t) + E1(t)
= i Li(a, b, x)t*
k=0

(£a(a, b,x) = L1(a,b,x) (abx? +2)) t + (La(a, b, x) = Lo(a, b, x) (abx? +2)) 2 + Li(a, b, )P + Lo(a, b, x)t*
1—(abx2 +2)t2 + t4 '

Hence, the proof of (iii) is completed. Finally, the proof of (ii) can be done in a similar way to the proof of
(). O

The next definition presents the bi—periodic Lucas matrix hybrinomials.

Definition 4.5. For n € IN, any variable x and a, b nonzero real numbers, the bi—periodic Lucas matrix hybrinomial
is defined by

H‘Ln(a/ bl x) = -En (al br x) + iLl’H—l(a/ bl x) + €.£n+2(ﬂ, br x) + h£n+3(ﬂ, br x)l (29)
where L,,(a, b, x) is the bi—periodic Lucas matrix polnomial.
Theorem 4.6. The following equality is valid for n € IN:

HL(a,b,x) = ( Li1(m;a,b,x)  Lip(n;a,b,x) )’

-Z:Z,l (n/ a, b/ x) -Z:Z,Z (7’1, a, b/ x)

where
i 2\Em) @\ 2\E0) 2\E0+1)
Taab ) =(3) @b +i(3) he@bd+e(f) ha@b+n(3) T b,
21,2(71; a,b,x) =1,(a,b,x)+1il,.1(a,b,x) + &l12(a,b,x) + hl,3(a, b, x),
-Z:Z,l (7’1, 11, b/ x) = l% (li’l(a/ b/ x) + iln+1(a/ b/ x) + 'gli’H-Z(a/ b/ x) + hln+3(a/ b/ x)) 7
i 27\Em) @\ 2\E0) 2\E0+1)
Toaia b =(3) ha@bo+i(3) L@bo+e() ha@by+h(3) he@by.

Proof. From (22) and (29), the proof can be clearly seen. [J

Next, we give the generating function of the bi-periodic Lucas matrix hybrinomials.

Theorem 4.7. The generating function of the bi—periodic Lucas matrix hybrinomials is defined by

< o l+it+ep+hg
;;HL”(”’ b = e+ P+ B
ax + (a2x2 + 2%) t+axt? — 248 2 +axt — (abx2 + 2) t2 + axt?
( 20 4 2xf— (a2x2 + 2%) P+ Tip gy +20f+ (Sax + asz3) 2 — (a2x2 + 2%) £ (30)

- i%.&)(a, b,x) - st%zo(a, b,x) - e%.&(a, b, )

- ht%LO(ar b/ x) - ht12:£1 (ﬂ, b/ x) - h%£2(a/ b/ x)'



S. Kome, S. Yazan / Filomat 38:28 (2024), 9779-9794 9792

Proof. From (23) and (29), we obtain

0o

Z HZL,(a,b,x)t" = Z (Ln(a, b,x)+iL,1(a,b,x)+ eLy0(a,b,x) + hL,53(a,b, x))t”
n=0

n=0

=Y Lu@ b +i ) Loa@ b0 + &Y Lua@, bt +h Y Lys(a, b, 0)t"
n=0 n=0 n=0 n=0

gk

n 1 . n 1 1 . n
Lo, b, +i7 ;Ln(a, b —i7 Lo@,b,x) + e Z:(; L(a,b, Xt

Il
(=}

n

1 1 1+« |
~e5L0(a,b,0) ~ €5 L1(a,b,0) + hog Z:(") L4(a,b,0)t" = 5 Lo(a,b, )

_ htlz&(a, b,x) - h%ﬁz(ﬂ, b,%)

1

1 1 - .1 1 1
- (1 rig s+ hg);ﬁn(a, b8~ i Lofa,b, ) — €35 Lo(a,b,2) - e L1(a,b, )

s £0(a,b, )~ hog £2(a,b,%) ~ e £(a,b, ),
13 2 t
and consequently, from Eq. (23), the proof is completed. [
In the following theorem, we give the Binet formula of the bi—periodic Lucas matrix hybrinomials.

Theorem 4.8. For n € N, the Binet formula of the bi—periodic Lucas matrix hybrinomials is defined by

Az '@ + B 'p N Aoy @ + Beguin) BB

H-En {Il, b/ X) = n + 31
( ) (aba2)L3] (abe)L%J (1)
where, Ag(yy and Bey are given in Theorem (4.3). Also, @, B, aand E are given by
_ ea? = e = . ha® = . hp?
a=1+abx2’ ﬁ=1+abx2' T b ﬁ=l+abx2'
Proof. For k € IN, we will consider the theorem in two different cases.
Case n = 2k:
H-EZk(al b/ x) = LZk(a/ b/ x) + i£2k+1 (ll, b/ x) + £~£2k+2 (El, b/ X) + h£2k+3(ar b/ x)
Apa® 1+ Bop 1 Aja® + Bipr  Apa?l + BopPHl A2k 4 By
= K +i v T s K
(abx?) (abx?) (abx?) (abx?)
Ay 2k—1 ) Bog2k-1 2 A 2k 2 B, B2 hp?
_ Aoa 1+ <2+ b 1+£ﬁ +A1a i+ha + 1P i P
(abx2)k abx* ] (apx2)F abx® | (apx2)* abx* ] (abx2)f abx?
By defining @, 3, a and E as follows:
—_ ea®? - e = . ha® = . hp?
a:1+abx2' ﬁ:1+abx2' T ﬁ:H-abxz'
we have,
20217 + BaB% 1B + A a7 + B BB
HLZk(a/ b/ x) = ot a Oﬁ ﬁ @ 1ﬁ ﬁ . (32)

(abx2)*
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Casen =2k +1:
H£2k+1 (ul b/ x) = -£2k+1(a/ b/ x) + i.£2k+2(ﬂ, b/ x) + £'£2k+3(a/ b/ x) + h-£2k+4(ar b/ x)

Al a2k + ElﬁZk _A0a2k+1 + §0ﬁ2k+1 A1a2k+2 + §1‘32k+2 A00(2k+3 + Eoﬁ2k+3
= +

(abx2)k (abx2)*! (abx2)**! (abx2)*+?
B Zlazk - a2 .\ §1ﬁ2k - Eﬁz .\ Zoa2k+1 ; ha2 .\ §0ﬁ2k+1 . hﬁz
- (abx2)k abx* ] (gpx2)F abx? | (gpy2y*H! abx? | (gpx2yt! abx?
By defining @, , aand E as follows:
_ ea? = B> = . ha® = . hp?
0(=1+ab7, ﬁ=1+w, 0(=l+ab?, ﬁ=l+w,
we have,
1. 02T + B BB AT 4+ B.g2+t1g
HLy1(a,b,x) = ot BipTp T o (33)

(abx2)* (abx2)F*!

Finally, from the (32) and (33), we have,

Ag@ '@+ Bef'p Agran@@ + BB
(abx2)|.%J (abe)L%J ’

HZL,(a,b,x) =

Hence, the proof is completed. [J

Theorem 4.9. For k > 0, the following statements are true:

(i)
n-1 &) 1-E(n) 1-&(n) E(n)
HLia,bx)=(1+i+e+ h)[a b Lia@bx) +a b L@, b, )
pani abx
—b.[:l(a b,x) + abxLy(a,b,x) —aLy(a,b, x)]
abx
- (i + &+ h)(-ﬁ()(ﬂ, b, x) -Ln(ar b/ X))
- (E + h)(-[:l (ﬂ, b/ x) - £n+1(ﬂ/ b/ x)) - h(£2(a/ b/ x) - £n+2(ar b/ x))/
(ii)

;H Laa b = 1(1_ +(aibt; itzz ;zhft)4 (1:”_152 bx) Lw;(z bx) Ln(t; bx) L"fﬁf’z b, x)

+ £ Lo(a,b,x) + £ L1(a,b,x) — £ [ (abx® + 1) Lo(a, b, x) — bxL1(a, b, v)]

— t(La(a, b,x) — axLo(a,b,x)) ) - (it + & + ht*) (Lo(a, b, x) = Lusa(a, b, )t D)

— (e + 1) (L1(a, b, )t = Losa(a, b, 2)t7"2) = b (Lo(a, b, 1)t = Lyia(a, b, x)t "),
(iii)
(1 +it + &t + ht3)

— (abx? +2) 2 + t4

i H/Ly(a,b, x)t
k=0

uxt3+ ax +2Z)t2+axt—2§ 283 + axt? — (abx® + 2)t + ax
288 + ¢ "tz (a2x2 + 2%) t+ “ZT" —axt> + 2417 + (3ax + asz3) t— (a2x2 + 2%)
— (it + &f*> + ht®) Lo(a, b, x) — (et + ht*) L1(a, b, x) — ht Lo(a, b, x)

Proof. This proof can be done in a similar way to the proof of bi—periodic Fibonacci matrix hybrinomials. [
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5. Conclusion

Research on hybrid numbers has been increased in recent years, indicating a growing interest and
importance of this mathematical concept. Studies on Fibonacci and Lucas matrix hybrinomials, which
combine properties of Fibonacci and Lucas sequences with matrix polynomials and hybrid numbers, have
provided valuable insight into the interplay of these mathematical structures. In this paper, we focused
on the study of bi—periodic Fibonacci matrix hybrinomials using the existing literature on bi-periodic
Fibonacci matrix polynomials. Additionally, by virtue of the concept of bi-periodic Lucas polynomials,
the work is extended to define bi—periodic Lucas matrix polynomials, revealing their generating functions,
Binet formulas, and some summation formulas. These definitions and properties obtained contribute to a
deeper understanding of hybrid numbers and their applications in various fields. Also, as research in this
area continues to evolve, the possibilities for further exploration and practical application are endless.

6. Acknowledgment

This study is a part of the second author’s Master Thesis.

7. Declarations

Conflict of interest The authors declare no conflict of interest.

References

[1] A.Bala and V. Verma, Some properties of bi-variate bi-periodic Lucas polynomials, Annals of The Romanian Society for Cell
Biology, (2021), 8778-8784.
[2] H. Civciv and R. Tiirkmen, On the (s, f)—Fibonacci and Fibonacci matrix sequences, Ars Combin., 87 (2008), 161-174.
[3] A. Coskun and N. Tagkara, Bi-periodic Fibonacci matrix polynomial and its binomial transforms, ArXiv Preprint
ArXiv:1705.05128, (2017).
[4] A. Coskun and N. Tagkara, A note on the bi—-periodic Fibonacci and Lucas matrix sequences, Appl. Math. Comput., 320 (2018),
400-406.
[5] M. Dagly, E. Tan and O. Olmez, On r—circulant matrices with generalized bi-periodic Fibonacci numbers, J. Appl. Math. Comput.,
(2022), 1-12.
[6] S.Falcén and A. Plaza, On the Fibonacci k—numbers, Chaos Solitons Fractals, 32 (2007), 1615-1624.
[7] C.Kizilates, A new generalization of Fibonacci hybrid and Lucas hybrid numbers, Chaos Solitons Fractals, 130 (2020), 109449.
[8] E.G. Koger and H. Alsan, Generalized hybrid Fibonacci and Lucas p—numbers, Indian J. Pure Appl. Math., (2021), 1-8.
[9] T.Koshy, Fibonacci and Lucas Numbers with Applications, Volume 2. John Wiley & Sons, 2019.
[10] A. Nalli and P. Haukkanen, On generalized Fibonacci and Lucas polynomials, Chaos Solitons Fractals, 42 (2009), 3179-3186.
[11] M. Ozdemir, Introduction to hybrid numbers, Adv. Appl. Clifford Algebr., 28 (2018), 1-32.
[12] A.Szynal-Liana, The Horadam hybrid numbers, Discuss. Math. Gen. Algebra Appl., 38 (2018), 91-98.
[13] A.Szynal-Liana and I. Wioch, The Fibonacci hybrid numbers, Util. Math., 110 (2019).
[14] A.Szynal-Liana and I. Wioch, Introduction to Fibonacci and Lucas hybrinomials, Complex Var. Elliptic Equ., 65 (2020), 1736-1747.
[15] T.Sentiirk, G. Bilgici, A. Dasdemir and Z. Unal, A study on Horadam hybrid numbers, Turkish J. Math., 44 (2020), 1212-1221.
[16] E. Tan and N. R. Ait-Amrane, On a new generalization of Fibonacci hybrid numbers, Indian J. Pure Appl. Math., 54 (2023),
428-438.
[17] V. Verma and A. Bala, On properties of generalized bi-variate bi—periodic Fibonacci polynomials, International Journal of
Advanced Science and Technology, 29(2020), 8065-8072.
[18] Y. Yazlik, N. Tagkara, K. Uslu and N. Yilmaz, The Generalized (s, )—Sequence and its Matrix Sequence, AIP Conference Proceed-
ings, 1389 (2011), 381-384.
[19] N. Yilmaz, A. Coskun, N. Tagkara, On properties of bi-periodic Fibonacci and Lucas polynomials, AIP Conference Proceedings,
1863 (2017), 310002.



