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Law of large numbers and central limit theorem for independent and
non-identical distributed random variables under convex expectations
dominated by sub-linear expectations
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Abstract. Motivated by some interesting problems in mathematical economics, quantum mechanics and
finance, non-linear expectations have been used to describe the phenomena which have the stochastic
characteristic of non-additivity. In this paper, we study two limit theorems for random variables under
convex expectations, which are dominated by sub-linear expectations. Firstly, a central limit theorem
(Theorem 3.1) is proved for independent and non-identical distributed random variables with only finite
second order moments. Secondly, a law of large numbers (Theorem 4.1) is proved for independent and
non-identical distributed random variables with only finite first order moments. These results include and
extend some existing results. Furthermore, we give an example for the application of Theorem 4.1.

1. Introduction

The law of large numbers (LLN for short) and central limit theorem (CLT for short) as fundamental
limit theorems in probability theory play a fruitful role in the development of probability theory and its
applications. However, these kinds of limit theorems have always considered additive probabilities and
additive expectations. In fact, the additivity of probabilities and expectations has been abandoned in
some areas because many uncertain phenomena cannot be well modelled by using additive probabilities
and additive expectations. In objective setting, non-additive probabilities have been used especially in
Quantum Mechanics. Indeed, as a consequence of the famous wave-particle duality, the probabilities
that describe quantum phenomena are generally non-additive, even though a frequentist interpretation is
usually attached to them (see, e.g., [11]). In subjective setting, non-additive probabilities have been used
because additivity prevents an effective analysis of the degree of confidence that decision makers have in
their probability assessments.

Since the paper [1] on coherent risk measures, people are more and more interested in sub-linear
expectations (or more generally, convex expectations, see [7, 12-14]). By [25], we know that a sub-linear
expectation £ can be represented as the upper expectation of a subset of linear expectations {Eg : 0 € @}, i.e.,

E[]= sup Eg[-]. In most cases, this subset is often treated as an uncertain model of probabilities {Pg : 0 € O}
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and the notion of sub-linear expectation provides a robust way to measure a risk loss X. In fact, the
non-linear expectation theory provides many rich, flexible and elegant tools. Up to now, many researchers
have been working on this subject and related properties of the theory of non-linear expectation due to
the connection of this subject with stochastic analysis, stochastic control, mathematical finance, partial
differential equations, mathematical economics, and systems science (see, e.g., [8-10, 19, 20, 22, 27-31, 33]).

Motivated by modeling uncertainty in finance, Peng [23-26] initiated the notion of independent and
identically distributed (IID for short) random variables and the definitions of G-normal distribution and
maximal distribution under sub-linear expectations. He further obtained a new CLT and a new LLN under
sub-linear expectations. Chen [3] firstly obtained a strong LLN in this framework. Later, the limit theorems
such as LLN, CLT and the laws of the iterated logarithm (LIL for short) under sub-linear expectations have
been studied by many researchers (see, e.g., [4, 16,17, 21, 34-36]). In [18], the author firstly studied LLN and
CLT under convex expectations. He needs the following assumptions: (i) Random variables are IID under
a convex expectation. (ii) The convex expectation is dominated by a sub-linear expectation. (iii) Random
variables are IID, and their all order moments are finite under the sub-linear expectation. In this paper, we
also study LLN and CLT under convex expectations. Our results extend those that [18] yielded. We only
need the following assumptions: (i) Random variables are independent under a convex expectation. (ii)
The convex expectation is dominated by a sub-linear expectation. (iii) Random variables are independent,
and only their first order moments are finite for LLN, only their second order moments are finite for CLT
under the sub-linear expectation.

This paper is organized as follows: in Sec. 2, we recall some useful notions and propositions under
sub-linear expectations and convex expectations. In Sec. 3, we give one of our main results: central limit
theorem (Theorem 3.1). In Sec. 4, we give another main results: law of large numbers (Theorem 4.1) and
the application of Theorem 4.1 (Example 4.7).

2. Preliminaries

In this section, we present some preliminaries in the theory of sub-linear expectations and convex
expectations. For more details, we can see [18, 25, 26, 34].

Let (Q, ¥) be a given measurable space and let H be a linear space of real functions defined on (Q, 7).
We suppose that H satisfies ¢ € H for each constant c and |X| € H if X € H. The space H can be considered
as the space of random variables.

Definition 2.1. [25, 34] A sub-linear expectation E on H is a functional E: H + R := [—co, +0c0] satisfying the
following properties: for all X, Y € H, we have
(a) Monotonicity: If X > Y, then E[X] > E[Y];
(b) Constant preserving: Elc] = ¢, YceR;
(c) Sub-additivity: E[X + Y] < E[X] + E[Y], whenever E[X] + E[Y] is not of the form +o0 — oo or —co + c0;
(d) Positive homogeneity: E[AX] = AE[X], VA > 0.
The triple (QQ, H, E) is called a sub-linear expectation space.

In this paper, we consider the following sub-linear expectation space (QQ, H, E"): if X1,--+,X,, € H, then
P(X1,-++, Xy) € H for each ¢ € C;1,(R"), where C;1;,(R") denotes the linear space of functions ¢ satisfying

lp() =Wl < CA + X" + [yM)lx —yl, Yx,y e R",

for some C > 0, m € IN depending on ¢. Let Cy1;,(IR") denote the linear space of bounded functions ¢
satisfying
lp@) — Wl < Clx—yl, Vx,yeR",

for some C > 0 depending on ¢.



M. Gao et al. / Filomat 38:28 (2024), 9835-9849 9837

Definition 2.2. [25] Identical distribution: Let X; and X, be two n-dimensional random vectors defined in
sub-linear expectation spaces (Qq, H, E1) and (Qp, Ha, Ez), respectively. They are called identically distributed,

denoted by X; 2 Xy, if X X
Eilp(X1)] = Ex[p(X2)], Yo € Cirip(R"),

whenever the sub-linear expectations are finite.

Independence: In a sub-linear expectation space (QQ,H, E), a random vector Y = (Y1,---,Yy), Yi € H is
called independent to another random vector X = (Xq,--+ ,Xw), Xi € H under E, if for each test function ¢ €
CiLip(R™ X R"), we have

Elp(X, V)] = E[E[p(x, V)]:=x],
whenever p(x) = E[l(p(x, Y)I] < oo for all x and E"[@(X)] < oo.

IID random variables: A sequence of random sequence {X;}2, C H is called IID random variables, if X; 2 X3
and Xi4 is independent to Y := (Xy,--- , X;) foreachi=1,2,---.

Definition 2.3. (G-normal distribution) [25] A random variable X in a sub-linear expectation space (Q, H, E)
with 5 = E[X?], o = —E[-X?] is called G-normal distributed, denoted by X ~ N(0;[0%,5°)), if for each Y € H
which is independent to X such that Y 4 X, it holds that aX + bY 4 Va2 + b2X, Ya,b > 0.

Remark 2.4. [25] Let X ~ N(0; [gz,EZ]) under E. For each ¢ € C1ip(R), we define a function

o(t, x) == Elp(x + VEX)], (tx) € [0,00) X R.

Then v is the unique viscosity solution of the following parabolic partial differential equation (PDE for
short):
90— G(%0) =0, ©(0,%) = p(x),

where G(a) := 1E[aX?] = %(5201* —a’an).

Definition 2.5. (Maximal distribution) [25] A random variable 1) in a sub-linear expectation space (Q, H, E) is
called maximal distributed if

Elp(m] = sup ¢(y), Yo € Ciip(R),
usy<p

where 11 == E[n] and pi= —E"[—n].

Remark 2.6. [25] Let  be maximal distributed with & := E[n], u := —E[-7], the distribution of 1 is
characterized by the following PDE: B

dpu — g(é’xu) =0, M(O/ X) = (P(JC),
where u(t, x) := E[(p(x + )], (t,x) € [0,00) X R, g(x) := px* — ux.

Definition 2.7. [26] Let Q be a subset of [0, 00) X R, we denote by C (Q) all continuous functions V defined on Q, in
the relative topology on Q, with a finite norm

Vlle@= sup [V (£ x)].
(tx)eQ

Given a, § € (0,1), let C# (Q) be the set of function in C (Q) such that following norm is finite:

Vis,x)-V(ty)
IVllcas@) = Ve + sup | ﬁl'
(t,x),(s,y)eQ,(t,x):#(s,y) |s — t|a + )x - y)
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We also introduce the norms

IVIcrrarssqy = IV llcasq) + ”atVHCW(Q) + ||axV||CM>'(Q),
Vil = IVllctsarssigy + 0% V| cusoy-

The corresponding subspaces of C (Q) in which the correspondent derivatives exist and the above norms
are finite are denoted respectively by C1*%1*f (Q), C1+a2+F ((Q).

Definition 2.8. [26] A convex expectation E on H is a functional E : H + TR satisfying (a) and (b) of Definition
2.1 and the following property: for all X, Y € H, we have

(e) Convexity: E[AX + (1 — A)Y] < AE[X] + (1 — A)E[Y], VA € [0, 1], whenever AE[X] + (1 — A)E[Y] is not of
the form 400 — 0o or —o0 + 0.

The triple (QQ, H, E) is called a convex expectation space.

Remark 2.9. The definitions of identical distribution and independence of random variables under convex
expectations are similar to those of Definition 2.2 under sub-linear expectations and so we omit them.

Definition 2.10. [26] Let E be a convex expectation and E be a sub-linear expectation on (Q, H). E is said to be
dominated by E if

EX]-E[Y]<E[X-Y], VX YeH. 1)

Proposition 2.11. [18] Let E be a convex expectation on (Q, H), which is dominated by a sub-linear expectation E
in the sense of (2.1). I]‘E[X] = —E[-X], then we have E[X] = E[X] and E[X + Y] = E[X] + E[Y]forall Y € H.

Proposition 2.12. [18] Suppose that (Q2, H, E) is a convex expectation space. Let X € H, then
(1) There exist two constant 5°, o satisfying - > o > 0 such that

lim 57E[6x?] =77, lim 57 (-E[-6X?]) = 0%

(2) There exist two constant 1, u satisfying i > p such that
e Tl -7 lims (=TI -
1(%{515 E[oX] =1y, 1(%{516 ( E[ 6X]) i
(3) If a is bounded, then 6‘1E[§aX2] converges uniformly to G(a) := %(Eza’r —o%a7);
(4) If a is bounded, then 57VE [6aX] converges uniformly to g(a) := ua*™ — ua~.

Lemma 2.13 (Holder’s inequality) [26] Let X, Y be two random variables in sublinear expectation space (QQ, H, E),
then for 1 < p,q < oo, ’17 + % =1, we have

ENXY]] < ENXPY)? - (LY.

3. Central Limit Theorem

In this section, we present a CLT for independent random variables under convex expectations dominated
by sub-linear expectations.
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Theorem 3.1. Suppose that (QO, H, E) is a sub-linear expectation space, (Q, H, E) is a convex expectation space, and

E is dominated by E in the sense of (1). Let {Xi}2, € H be a sequence of random variables which satisfies the following
conditions:

(i) Each Xi4 is independent to (X, - - ,Xi) under E and E,fori =1,2,---;

(i) E[Xi] ——I:Z[ -X1=0,fori=1,2,-

(ili) Denote 5, := 11m6 IE [6X2] = hm6 ( E [—6Xl.2]), there exist two positive constants g and G such
that

mnila -d=0, 35130n2|“ -7 =0

(iv) Denote Gi(a) —hm(S 1E[‘3 X2] = %( ot —ara” ),

1E[gaxf] ~ Giw)| = 0;

lim sup |6
i1

(v) hm sup E [(X2 —-0) ] 0;

(vi) supE [XZ] < 0. Then for any continuous function ¢ satisfying lp(x)| < C(1 + x2), we have

i>1

lim E [(p( f/ﬁ)] Elp(&)], )

n—o0

where S, = ): Xi, &~ N(0;[0%,5 %)) under E. Furthermore, if p > 2 and supE [|X;P] < oo, then (2) holds for any

i>1
continuous functzon @ satisfying |p(x)| < C(1 + |x[P).

Proof. The main idea of our proof comes from the proofs of Theorem 2.4.11 in [18] and Theorem 3.5 in [35].
Let Yi = (- Vi)V (X; A Vi), T, Z Y;. In order to prove Theorem 3.1, we need the following facts:
(A1) Suppose that the condition (V) is satisfied, then

Zlﬁ[lxi - Yill

W

— 0 as n — oo.

(A2) Suppose that the conditions (v) and (vi) are satisfied, then

1 N
¥ ElY;*+2]
e —0 as n—>o0, VO<a<l.

(A3) Suppose that the conditions (i), (ii), (v) and (vi) are satisfied, then

4
2

ElT.F1< Cpnz, ¥p>2.

For (A1), note that
VRE[IX, = Y,ll < E[(X; = n)*] < sup E[(X] - n)*].

i>1

So (A1) holds.
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For (A2), note that
E[Yul**?] < EIXGIYl'T < E[(X5, = ¢+ Ol Yul"]
2 E[(X3 = )] + cE[1Yal"]
PE[(X; — o] + cE[1X,l*]

I/\

N\« N\

<n

I/\

niEI(X2 - o)1+ (B1x2))’
<n?-sup E[(X? - )] +c (sup ]3"[X1.2])2

i1 i>1

for any c > 1, where the fourth line of the right side is obtained by Holder’s inequality (Lemma 2.13). So
(A2) is true.
For (A3), by the Rosenthal’s inequality (2.4) in [34] and (A1), we have

ENT.P1<C, ) ENViP1+ G, [Z £V

i=1 i=1
n
Y B
i=1

< Cpn2 1 - sup E[Xz] +C (n sup E[Xz]) +GCy

P

2 n P
+Gy [2 [Eviy* + (E[—YJ)*]]

i=1

4
2

+ cp[ 2E[I1X; - Yil]

i=1
n P
Y 2E0X; - m]
i=1

p

=

<Gt Y EIXA1+ G,

XSRS

i1
< Cpng .
So (A3) is true.
Now, for a small but fixed /1 > 0, let V be the unique viscosity solution of the following equation:
AV +G@LV) =0, (%) €[0,1+h]XR, Ve = @), 3)

where G(a) := %(Echf —o%a)and ¢ € CpLip(R). According to the definition of G-normal distribution, we
have

Vit,x)=Elp(x+ Vi+h—t5)], V(i 0)=Elp@)], V(1 +hx) =g 4)
Since (3) is a uniformly parabolic PDE, by the interior regularity of V (see [32]), we have
IVl g 20 g0 11y < @ for some ar € (0,1). )

First, let 6 = 1, we show that

11mE[V(1 VT, )] V(0,0). (6)

n—oo

Let Ty =0, then

3
H

V(1, V8T,) - V(0,0) = {V( i +1)5, VoTiu1) = V(is, \/ETZ»)}

i=0
n-1
= Y { [V + 15, V6Tis1) — V(i5, VoT111))
i=0
+[V(is, VoT1) - V(s VoT)] )
n—1
=2 b+ Ti)-

Iy
o
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with, by Taylor’s expansion,

i+1

Ji = 9:V(id, VOT))o + %aﬁxvaa, VOT)Y?,6 + xV(i5, VOT;)Yip1 VO
= (QtV(ié, VoT)5 + %8§XV(1'6, VOT)X2 6 + 9,V (i5, VOT;) X \/5)
+ (%%V(ié, VOTy) (Y2, = X7,1)0 + 0V (i6, VOTi)(Yira — Xiva) \/5)

=Js1+ I5o

1
I = fo [0V (i + B)5, V6Ti01) = 9,V (35, VoTis1)] Ao
+ [0:V5, VoTia) - 9:V (@5, V5T 6

1 1
+ f f [92.V(5, VOT: + YY1 V6) — 2, V(i5, VoTy)| ydpdyy?, 0.
0o Jo
It follows by Proposition 2.11 that
— — = ' n-1 4 n-1 '
E[V(1, VoT,) — V(0,0)] = E[V(1, VoT,)] - V(0,0) = E [Z Jio+ Z Jir+ Z I
i=0 i=0 i=0
From the fact that E is dominated by E, we have

n—1 n—1 n—1
Y Il - [Z B+ ) E[ugu]
i=0

E
i=0 i=0

n—-1 n—-1 n-1
<EIV(1, V8Tl - V(0,00 < E| Y Jiy |+ [Z Epi+ ) E[ugu]. 7)
i=0 i=0 i=0

For ]fS 1, from the conditions (i) and (ii) we have

E[0:V(i6, VST) X1 V6| = £ [0, V(i5, V5T;)Xi1 V5| = 0.

It yields that
n-1 n-l
E [Z (axv(i@ VOT) X \/S)l =E [— Z (8XV(1‘6, VoT) X ‘/E)l =0.

=0 i=0

Hence from Proposition 2.11, we have

n-1
E| Y (9:V(i5, VoT))Xi1 V5)| = 0. (8)

i=0

Denote G;i(a) := 1(%{516-11?[301){5] = 1@at - %), A; = 9, V(i5, VOT)o + 102,V (id, VOT)X?,6 and B; :=

1+

2V (i6, VoT)). By Definition 2.10, Propositions 2.11 and 2.12, and combining (8) with (3), (4) as well as the
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condition (i) and (iv), it follows that

n-1 [ n-1
E {Z ]grl} —E|Y A
i=0 | i=0
~ [ n-2 1
=E[) Ai+dV (-1 VoT, 1)+ Eaixv((n — 1), VoT,1) X26
i=0
_ n-2
=E|Y A;—06G(By_1)+ 656Gy (Bu1) + 0(1)5
i=0
. [n—2 ]
<E|Y Ai|+E[-6G(Bu-1)+ 6Gu(Bu1)] + 0(1)0
i=0 ]
_ n-2 ] 5
=E| ) Ai|+ 5E[Bi) @ =) ~ Bu) (@] — D) +0(1)0
i=0 ]
. n-2 ] 5
SE| ) 4|+ 5ElIBuall (5, = 7 +1g; — %)) +0(1)d
i=0 ]
<
5 n-1
<5 2L EUBNN (G - 51+ 12, — &) + o(1).

I
o

For B;, by Definition 2.7 and (5), we have

EQBI = £ [ 2.V (i, \@T,)” <C

And by the condition (iii), it follows that

n-1
E[Z Tin
i=0

In a similar manner as above, we also have

n-1
E{Z i
i=0

n—

=
- =
>-C- (|0i+1 -0 | + |of+1 -
7 [
0

i=

Thus
;}EEOE [Z;. LS,ll =0.

For ]g ,» by Definition 2.7 and (5) again, we have

d

2.V (s, \/ET,-)H <C

n—-1
<Co Y (=Tl - ) o) =0 as n e
i=0

c_72|)+o(1) — 0 as n — oo.

9842
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By the conditions (i), (v), (Al) and Stolz theorem,

H

n—

E{I73.]

IA I
S

- {2 lonveo, Vom| £z, ~ vil]o + £ ElXis1 = Yinall VB
i=0
<c1n_1é[ (z+1))] in_lénx- Y] >0 as 1 — oo
<L XZ i i1 — Yir1
Thus
n-1
lim ¥ E[175,1] = 0. (10)
=0

For Ié, since both 9;V and 92,V are uniformly 5-holder continuous in t and a-hélder continuous in x on
[0,1] X R, then we have .
] < CO™ 5 (1 + [Yil® + [Yira ).

From (A2), we have

n-1 1+% n—-1
Efin]<c(1) Y (1+ Bl + EIYiaP ) > 0 as e
i=0 i=0
Thus
n—1
lim Z Ei)] =o. (11)
i=0

Then combining (7), (9), (10) with (11), (6) holds.
Additionally, it is obvious that if ¢ € Cp1ip(R), i.e., [p(x) — @(y)| < Clx — yl, then for each t,s € [0,1 + h]
and x € R,

V(t,x) = V(s,x)| < CE[|E] VIt —s| < C It —sl. (12)
In particular,
IV(0,0) — V(h,0)| < CVh. (13)

By Definition 2.10, it is easy to obtain that for any X, Y € H, |E[X] - E[Y]I < E[IX - Y]]. And then combining
(4), (12), with (13), we have

|E Vor, )] - E[(p(g)]| - 'E[V(l +h, VBT,)| - v, 0)|
<[E[v(1+n, VoT,)| - E[v (1, VoT,)]
+ 'E[V(l, VBT,)] = V(0,0) +1V(0,0) - V(i,0)
<t ”V(l +h, VoT,) -V (1, \/STn)]

+ 'E[V (1, VoT,)] - Voo, 0)| +]V(0,0) — V(h,0)|

<2cVh + |E[V(1, VoT,)| - v, 0)] .
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From (6), we obtain

lim sup lf[(p ( \/STH)] - E"[(P(CE)]| <2Ch,

SO

Ty _ P
\/ﬁ)] = E[p(9)]-

By the Lipschitz continuity of ¢, Definition 2.10 and (A1), we have
= Sy = T, A Sy Ty
E -E <E -
' [(P(w)] [")(\F)] ”(P(«/‘) g”(\F)

lim E[(p( f/’%)] = E[p(&)], Vo € Cprp(R).

n—oo

ol

n—oo

1 v -
<C— E[IXi—Yi] » 0asn — co.
<o L

Thus

The rest of the proof is very similar to that of Theorem 3.5 in [35] and so it is omitted. O

Remark 3.2. In the proof of Theorem 3.1, we mainly use the sub-additivity of sub-linear expectation E, the

convexity of convex expectation E and the assumption that convex expectation Eis dominated by sub-linear
expectation E in the sense of (1).

4. Law of Large Numbers

In this section, we give a LLN for independent random variables under convex expectations dominated
by sub-linear expectations (Theorem 4.1). Furthermore, an example for the application of Theorem 4.1
(Example 4.7) is presented.

Theorem 4.1. Suppose that (QO, H, E) is a sub-linear expectation space, (Q, H, E) is a convex expectation space, and

E is dominated by E in the sense of (1). Let {Xi}2, € H be a sequence of random variables which satisfies the following
conditions: _

(i) Each Xj41 is independent to (X, - -+ , X;) under E and E",for i=1,2,---;

(ii) Denote i, := 1(%101 STE[6Xi], b= léiﬂr} 5V (—=E[-0X;]), there exist two constants pand [ such that

n
tm 3 Yl -ol =0 g Y- =0

(ifi) Denote gi(a) := lim 5E[6aX;] = pat — ua,
lim sup |6_1E[6aXi] - gi(a)| =0
(\LO ,‘21

(iv) hm sup E[(1Xi| = d)*] = 0;
—)00 1>1

(v) sup E[1Xi]] < oo. Then for any continuous function @ satisfying |p(x)| < C(1 + |x|), we have
i>1

tim E[o(22)] = Elpo] (14)

n—oo

where S, = Y., X;, 1 is maximal distributed under E with & = E[n], u = —E[-n]. Furthermore, if p > 1 and
i=1 Lt
supE [|XiP] < oo, then (14) holds for any continuous function @ satisfying lp(x)| < C(1 + |x|?).

i>1
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Combining the proof method of Theorem 3.1 with that of Theorem 2.4.13 in [18], we can easily prove
Theorem 4.1 and so it is omitted.

Remark 4.2. The result of Theorem 4.1 is very interesting. The limit distribution under convex expectation

E dominated by sub-linear expectation E in the sense of (1) is E[¢(1))], where ¢ is a continuous function
satisfying |¢(x)| < C(1 + |x|). Next, we provide an example to illustrate application of Theorem 4.1.

In order to investigate the following example (Example 4.7), we need the following notations, notions
and lemmas.

Denote
L*(Q, F,P) := {£ : £is R valued and ¥ -measurable random variable such that E[||*] < oo},
S2(Q, (Fi)i=0, P;R) := {V : V; is R valued and F;-adapted process such that E[sup,, [Vi[*] < o},

L2(Q, (F1)is0, P;R) := {V : V, is R valued and F-adapted process such that E[( fooo |V¢[2ds)] < oo}.
Consider the following 1-dimensional infinite time interval backward stochastic differential equation
(BSDE for short):

Y =¢& +f 9(s,Ys, Zs)ds — f Z,dB;, t>0. (15)
t t

Let
g:OXR*XRxR+— R

such that for any (v, z) € RXR, g(-, y, z) is ¥; -progressively measurable. We make the following assumptions:
(B.1) EL(J;" lg(t,0,0)d)] < oo;
(B.2) There exist two positive non-random functions a; and f, such that for all y1, 2, z1,22 € R,

lg(t, y1,21) — g(t, y2, 22)l < Bely1 — vl + aslz1 — 22,

where a; and ; satisfy that fow a?dt < o0 and fooo B(t)dt < oo;
(B.3)g(,y,00=0, Yy e R.

Lemma 4.3. [6] Let & € L*(Q, F, P) be given. Suppose that (B.1) and (B.2) hold for g, then BSDE (15) has a unique
solution (Y, Z) € S*(Q, (Fi)izo0, P; R) X L2 (Q, (F1)iz0, P; R) .

Definition 4.4. [6] Suppose that g satisfies (B.2) and (B.3). For any & € L*(Q, ¥, P), let (Y, Z) be the solution of
BSDE (15). Consider the mapping E,[-1 : L3(Q, F, P) — R denoted by E,[&] := Yo. We call E,[&] g-expectation of
&

Definition 4.5. [6] Suppose that g satisfies (B.2) and (B.3). Conditional g-expectation of & with respect to F; is
defined by E;[&|F] == Y.

From [6], we know that g-expectation has the following property: &,[£|F:] is the unique random variable
nin L%(Q, F:, P) such that
Eyl1asl = &y[1an], YA€ F:.

Now we consider the following three BSDEs:

yg=g+f as|zg|ds—f Z!dB,, t>0,
t t

Yf:g—f as|Z§|ds—f Z2dB;, t>0
t t
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=&+ f §(s, Y3, Z3)ds - f Z3dB,, t>0.

For notational simplification, we shall write in the sequel E[-|F;] = &,[[|F] for g = a;lz| and E[-|F] =
Eyl'1F1] for g = —aylz].

and

Lemma 4.6. Suppose that § satisfies (B.2) and (B.3), and is convex with respect to y and z, then Egl+] is a convex
expectation.

Lemma 4.6 is the direct consequence of Proposition 4.3 in [15].

Example 4.7. Let (Q, , P) be a completed probability space, (B;):»0 be a 1-dimensional standard Brownian
motion defined on this space and (¥;):»0 be the natural filtration generated by Brownian motion (B;)s», that
is,

Fr:=0(Bs;s <) VN,

where N is the set of all P-null subsets. Furthermore, we assume ¥ := ¢ (U Tt) .
£0

Consider the following family of probability measures:

{Qv . Q —e 2 o |v$|2ds+f0 vsdB; , sup |Ut| < at},

£20
where ¢ is a positive non-random function satisfying fooo a?dt < co. Denote &[] := sup Eg:[-]. Obviously,
QvelP

&[] is a sub-linear expectation. Suppose that §(, y, z) is deterministic, convex with respect to y and z, i.e.,
forany y1, ¥2, 21,22 € R, @ € [0,1],

glt,ayr + (1 = a)yz, az1 + (1 — a)zp) < ag(t, y1,z1) + (1 — a)d(t, y2,2z2), dP xdt-as,,
and satisfies the conditions (B.2), (B.3). By Lemma 4.6, we know that &[] is a convex expectation.

Let X; := a;(B; = B;i_1), i = 1,2,---, where a; = 1/i?, i = 1,2,---, then for any continuous function ¢
satisfying |p(x)| < C(1 + |x|), we have

'€ _
lim &; [w (271)] = ElpMm)], (16)

n—oo

where 1 is maximal distributed under & with u= é[n], U= —5[—1}].

In the following, we give some lemmas for proving Example 4.7.
Lemma 4.8. For any & € L*(Q, F, P), we have
&gl = 8le), &7[e] = -8[-¢]
The proof of Lemma 4.8 is very similar to that of Lemma 2 in [5]. So we omit it.

Lemma 4.9 (Comparison Theorem) [6] Let & € L*(Q, F, P) be given, and g(t, y, z) satisfy (B.1) and (B.2). Suppose
that (Y, Z) be the solution of (15) and (Y, Z) be the solution of the following BSDE:

Y, =&+ f (s, Ys, Zs)ds — f Z.dB,, t>0,
t t
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where §(t, v, z) satisfies (B.1) and (B.2), & € LX(Q, T, P). If

A

E = 5 - E > O/ !jt = g(t/?t/zf) _!?(t/?t/zt) = O/ as.,
then we have Y; > Y, a.s., Wt € [0, 00).

Lemma 4.10. Suppose that g is deterministic, and satisfies (B.2) and (B.3). For any & € L*(Q,F,P), we have
EylEIF:] = Ey[&] as soon as & is independent of F;.

The proof of Lemma 4.10 is very similar to that of Proposition 3.1 in [2]. So we omit it.

Lemma 4.11. Let &£ € L*(QQ, F, P) be given, and g(t, y, z) satisfy (B.2) and (B.3). Then there exists a constant C > 0
such that

1
2

&,1€1 < C(E[1€P])" -

Lemma 4.11 is the direct consequence of Remark 4.1 in [37].

Proof of Example 4.7. By Lemmas 4.8 and 4.9, we know that &;[] < é[']. Hence we only need to check that
{Xi}2, satisfies the conditions (i)-(v) of Theorem 4.1.
First, we show that {X;}??, satisfies the condition (i) of Theorem 4.1, i.e., {X;};?, is independent under &;

and &. Let X' = (Xi,--+, X)), i=1,2,--. By Lemma 4.10, for each ¢ € C;;,(R™"), we have
Elp(X!, Xix1)] = EE[P(X, Xia1)IFi]]
= ElElp(x, Xis1)Fili=x]
= 8[Ep(x, Xiv1)]r=xi],

where & = &; (or 5).
Next, we show that {X;}*, satisfies the conditions (ii), (iii), (iv) and (v) of Theorem 4.1. By Lemma 4.11,
we can obtain that

671, 10aX1] < Clal (E[1X:2])" < Clal(1/), 17
sup El(Xi - "] < C(E[[(xil =) [ |) — 0, as d - o0, (18)
i>1

sup E[Xil] < Csup (E [IXilz])% <C<oo. (19)
i>1 i>1

For the condition (ii) of Theorem 4.1, by (17), we have

%Zn:m‘ SC%Zn (1/i%) =0, as n — oo
=1 i=1
and

—Z)y|_ Zl/l — 0, as n — oo.

For the condition (iii) of Theorem 4.1, by (17), it follows that for any given ¢ > 0, there exist a a positive
integer ny, such that

|671&; [6aX] - gi(a)| < 2Clal(1/?) < &
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for all i > ny. And for the above given ¢ > 0 and for any i € {1,2,--- ,ng — 1}, there exists §; > 0, such that
(6’185 [6aXi] - gi(a)| < ¢. Then choosing 6 := max{01,02 - ,0yy-1}, We have sup )6’185 [6aXi] - gi(a)| <e,

i>1
i.e.,

lim sup [67'&; [6aXi] - gi(a)| = 0.
010 j>1
Obviously, by (18) and (19), the conditions (iv), (v) of Theorem 4.1 hold.

Therefore, we have verified that {X;}?°, satisfies all the conditions of Theorem 4.1. Thus, for any

continuous function ¢ satisfying |p(x)| < C(1 + |x]), we have

n—00

"X\l =
lim & [q) (271)] = Elp()], 20)

where 1is maximal distributed under Ewith it = E[n], i = —~E[-n]. So the proof of Example 4.7 is completed.
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