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On the special (o, f)-change of a Finsler space with m-th root metric

M. R. Rajeshwari?, S. K. Narasimhamurthy?, H. M. Manjunatha®”

*Department of Mathematics, Kuvempu University, Shivamogga, Karnataka, India

Abstract. The present paper focuses on the theory of transformation of the m-th root metric. We find that
the transformed m-th root metric and the m-th root metric are projectively related. Further, we establish a

necessary and sufficient condition for a transformed m-th root metric to be locally dually flat and projectively
flat.

1. Introduction

The m-th root metrics are studied in [11, 13, 14, 18]. Antonelli discussed their applications in Ecology
in [2]. Randers change of a m-th root metric is studied in [17]. The m-th root metrics are an extension of

Riemannian metrics (when m = 2). The fourth root metric, F = /y'y2y%y*, is known as Berwald-Moo6r
metric, which finds an application in the theory of space-time [3]. Recently, Nekouee et al. [7] have
investigated the applications of the Finsler-Randers metric in cosmology. Finsler geometry has also been
applied to study various wormhole models [5, 8]. The Finslerian Schwarzschild-de sitter space-time is
also recently investigated in [6]. Charged gravastars are discussed in [9]. m-th root metrics also found

applications in general relativity and unified gauge field theory. Applications of conformal change are
discussed in [16].

Shen and Li considered fourth root metrics in the form F = {/a;,(x)y'y/y*y', which are locally projectively
flat and studied their geometric features [4]. Locally dually flat metrics are discussed in [15]. The Randers

change of m-th root metric is also studied in [12], which discusses the relation between Finsler space with
m-th root metric and the different tensors of the transformed Finsler space.

This paper discusses the conditions under which the given Finsler space and transformed Finsler space

are projectively related. We study the conditions under which the transformed Finsler space is locally
dually flat. And the conditions under which it is projectively flat.
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2. Preliminaries

Let M" denote an n-dimensional C*-manifold, and T M the tangent space of M" at x. The tangent
bundle TM is the union of tangent spaces, TM := (J,ep TxM. The element of TM is denoted by (x, y), where
x = (x') is a point of M" and y € T, M is a supporting element. We denote TM, = TM\{0}.

Definition 2.1. [2] A Finsler metric on M" is a function F : TM — [0, o) with the following properties:

1. Fis C*® on TM,,

2. Fis positively 1-homogeneous on the fibers of tangent bundle TM, and

3. the Hessian of F* with element g;; = %% is positive definite on TM.
The pair (M",F) = F" is called the fundamental function, and g;; is called the fundamental tensor of the
Finsler space F". The angular metric tensor ;;, normalized supporting element [;, and metric tensor g;; of

F" are defined as follows:
F 2F 1 0°F?
= J ZF d 14

= 5. ij = : =y ij = 5 : P 1
Iy T ayidy i =3 dyidy @)
Let F be a Finsler metric defined by F = VA, where A is denoted by
A = a, L, ()Y Y2y, with ag;, i, symmetric in all its indices [11]. Then F is called an m-th root
Finsler metric. A is homogeneous in y to the degree m. Let
. i 10A
.= (] . 12 m —
Al allzu.lm (x)y "‘y m &y” (2)
N 1 PA
s = (e s 13  — T
Al] a1]13...1m (x)y ‘”y m(m _ 1) aylayjl (3)
W 1 PA

Aijk = al-]-k,-4__,im (x)y Lyt = m(m — 1)(m — 2) 8ylay18yk . (4)

The normalized supporting element of F" is denoted by
w 24

pop, 9 VA _1 oy _ A )

Tty T dyi B dy Comop%t pmel’
Consider the transformation

2
F=F+p+ F— (6)

p

where F = ¥/A is an m-th root metric and f(x,y) = bi(x)y' is a one-form on the manifold M". F is clearly
a Finsler metric on M". We refer to the Finsler metric F as a special («, f)-transformed m-th root metric
throughout the paper, and (M", F) = F" as a special (a, f)-transformed Finsler space. Throughout the paper,
we limit ourselves to m > 2, and the quantities corresponding to F" will be denoted by putting a bar on top
of that quantity.

3. Fundamental metric tensor of special («, f)-transformed m-th root metric

Theorem 3.1. The covariant metric tensor §;j and contravariant metric tensor §' of special (e, B)-transformed m-th
root Finsler space F" are as follows:

gij = PAij + PObibj + pl(A,'bj + Ajb,‘) + pzAiA]‘ (7)
and

7l = AT + oob't/ — 01 (b'y! + by') + ooy’ 8)
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Proof. The normalized supporting element J; is obtained by differentiating (6) with respect to v/,
l_i = li + bi-

Considering (5), we obtain
. 1 2 F?
li:[ﬁ‘l‘ﬁFm Z]A +|: ﬁ2:|bi.

Differentiating (8) again with respect to ' yields:

A (m—1)F 1)F [1 2 A F (m-1) 2(m-2) 2F 2F
T T pm2 1: ﬁ ~ p20m-1) -

From (8) and (9), the fundamental metric tensor g;; of Finsler space F" is obtained as follows:

E ﬁ =3 ﬁz Em- ‘82 et
gij = hij + IiT;,

After simplification, we obtain
g_ij = pA,‘j + ‘Oob{bj + ‘Ol(A,'b]‘ + Ajbi) + pzAiA]‘,

where

T(m—1)

4 4
p:W(l+2’c),‘ =[M+1];

F4
1-47° 1
P1= W; P2 = Fm [(1 - (m - 1)T) —2"[2(7’}1 —4)] .
The contravariant metric tensor '/ of Finsler space F" is given by

7' = 0AY + agb'b! — a1 (b'y’ + by) + o2y'y.

where
F"22t +1) 4F"[1 + p(p(1 + w) — 3 + w))]
T 22m-1) °T T Plm-4)-8cd]
F(B*(m — 4) — 8F*d?) — 2p3t(m — 4)Fy P2 —1+ (m - 1)1(1 + F2F2g,)
o= [ T(m — 1)F2(B*(m — 4) — SFid2) ]; 2= [ For(m — 1)F2 ’
_8F2 7/1)2 -2 ) Fm—sﬁbZ
V= B4(m —4); P=1 +ycz; v 272(m — 1); €= 2t(m — 1);
= %; d? = v[wﬁ+w21—"m +(b2+wﬁ)(1 - yi(i—;_;))],
8(m — 1)?t* + 2yF2"=2 4 yF"~4(m — 4)B (m — 4)?
= 472 (m — 1)? + yP2p2gh 12 R — 4) — 8742’

Here we have used A7A; = A’ =y and Ajp/ = B. O

4. Spray coefficients of the Finsler space given by special («, f)-change of m-th root metric

The following system of equations gives the geodesics of a Finsler space F":

Px o dx
o %)

AiAj — ———(Aibj + Ajbi) + == bib;.

9869

(10)

(11)

(12)

(13)

(14)
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where
1.
=14 {[PLuyvf - [F1). (15)

The global vector field G = y' 2 — 2G/(x, y)aiy,- is defined by the local functions G’ = G'(x, y) is known as the

spray of F, and G' is known as the spray coefficient.

Two Finsler metrics F and F on a manifold M" are called projectively related if there is a scalar function
P(x, y) defined on TMj such that G' = G’ + Py, where G and G' are the geodesic spray coefficients of F" and
F" respectively.

Theorem 4.1. The special (o, B)-transformed m-th root Finsler metric F and m-th root Finsler metric F, on an open
subset U C R", are projectively related if satisfies the following equation:
Loy 1 I 9 Igik IXj X ]
Zb ((Py —O'()b)x [T(1+2T) (W - W +2a)kgjl—a)lg]‘k+2W - W /
227 + 1)A! . 0Xy  IXj
= 7 k 2 o — . 2_] — _] .
8t(m—1) VY |20xgjt = g+ oxk  oxl

Proof. Considering (10) the metric tensor 7;; of F" can be rewritten as:

} 1 - 473 Br+2+F 1-1(1 - 47)
gij = "[(1 + ZT)g,] + [W] (Alb] + A}bl) + [T blb] + W A,A] (16)
where
Aij A,‘A]'
gij:(m_l)m_(m_z)m (17)
Further considering (11) contravariant metric tensor 7/ can be rewritten as:
gl = [2;:2 : ] g7+ o't = by’ + Vy) + py'y, (18)
and
j_ ", m=2yy
ij = jua= - 2J I
7= Yo 2
3 1 2B3t(m — 4)Fqy
¢= t(m—1)F  F2(m — 1)[p4(m — 4) — 8F4d2F]
PP—(m-1)rt-1 (m—2)
= P2 o2 T3
w(m - 1)F w(m — 2)F
(m —4)*(m — 1)1% — (m — 2)[(m — 4) — 8r*d?]p*
7 = ’ (19)

2F2t2B4(m — 1)[(m — 4) — 814d?]

where 0y, g1, and d” are expressed in (12). The spray coefficients of special (@, f)-transformed Finsler space
F" are given by

_. 1 ¢ 2 _
G'= 4" ([Pl - [F1).
It can also be written as

=2 Loal(,%90 99\ ik
=37 [(zax" ot |7V | (20)
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From (16), (18) and (20), we get
Gi 7'

J 1-47° Bt +2+ F —7(1 - 41)
- (s 200 [FmJn e amy + [ o« [F5 )

9871

9 1- 403 B 42+ F — (1 - 47) .
- Z{T(l +20)g5 + [F—](A]»bk + Ab)) + [ﬁ—]bkb] [W] A j})y]yk],
which implies that

=i il ag il 0 BXZ a{]kl 8X
G=% [(2{2 v I k(ZT) 8x’i}_{2 T od Tk (ZTZH })y]y]

1473 p*+2+F* — (1 - 41)
Xﬂ = [W] (A]bl +Alb]) + |:ﬁ— b]b W A]A].

2041\ 4 g N 1]
4[( ¥ )9 + ¥ (py' - @) = b'(py' - oob
x| 21 + 21 )( o9 _ 29k aidl ’9ka} iy

o 8Z)+2wkgﬂ a)lg]k+2 -—\Y'Vy,

21
oxk ox! 1)

where wy = %(T(l + ZT)). Further simplification gives

< (2041 (990 9gik i (@11 % AW

¢ _( 27 )g (ZW ox! @+ Lyy + 87 g &xk oxl
22t +1) IXj  IXj| . (m=2)QT+1)
St =1) |2 T @t 250 = 5 acm -2 7/

Xy Xy . .

X [2wxg = wigje+ 25 = ,9—,5] ’ z[y’«py’ - 1) = H(gy' - oot

gi 99k Xy IXj| .
[T(ZT + 1) (a—;{ - 3_]1) + ?.wkg]; wigjk +2— axk —ale ]}/k.

(22)

The equation (22) may be written as

G'=G+Py+Q,

where
J Xy Xyl .
4}/(@/ ¢b)X[T(1+2 )(%_%)”‘“kgﬂ wgj+ 257 - 8x]lk] Iyt
(m-2)2t+1) Xy IXi] |
“rem =Y |2 g 255 = o | vy
and

; g 99k Xy X .
Q= ——b(qby — agb') X [7(1 +21 )(a—i - 8_]1) 2kgj = Oy + 25 - a_le iy
227 + 1) X %] o

S Ul ) R
" 8t(m—1) [ Wgjt = 01 oxk  oxl



M. R. Rajeshwari et al. / Filomat 38:28 (2024), 9867-9875 9872

The metrics F and F are projectively related if Q' = 0, which implies

1 I 91 99k X X
Zb(qby—aob)x (1+2)(ﬁ—w)+2a}kgﬂ wlg]k+23k | VY
F"227 + 1)A" oXjy  IXj
- 8t(m —1) vy [2wkgﬂ @i+ 258 oxk W] @)

O

5. Locally dually flatness of a Finsler space with special (¢, f)-changed m-th root metric

The notion of dually flat metrics was introduced by Amari and Nagaoka [1] when they studied the
information geometry on Riemannian spaces. Later Shen extended the notion of dually flatness to Finsler
metrics [10]. If there is a standard coordinate system (x, yi) in TM at any point such that [F?]« Yy yk = 2[F?],,
then the Finsler space on manifold M" is said to be locally dual flat. The coordinate system (x') is an adapted
local coordinate system. It is well-known that every locally Minkowskian metric is locally flat.

Theorem 5.1. Let F be a special (, B)-changed m-th root Finsler metric on a Finsler manifold M". Then, F is locally
dually flat metric if and only if it satisfies the following condition:

AAy [ F (1-m) (@d-m) Br 1 1 b
A = — [mAF T A ﬁFZ ]+A° Ay [ E]+ [ZF ,8]
mBeykb [ 1 BA| mp A m
+ > [FAlm"' + 252] - Alm’” 5 Ay + 5 ﬁAb" (24)

Proof. Consider the special («, )-changed m-th root Finsler metric F = F + f + %2, where F is an m-th root
metric. Then, we have

_ Y P - (Z)AT Ay P2
[F?ly = [F +B+ —] 2|F+B+ —] [—A w A+t —— —] (25)
Bl p p p
From (25), we get
= 2 2-m 1-m 2 Ar4n
[FPly == [A w A+ —A ]sz + Z[Am +B- —]ﬁl (26)
m ﬁ p
If we put b;j; = a ], then §; = —- = bjjyy/. Furthermore, from (26), we obtain
= 2 2-m 1-m 2 4-m 1 A:l
[FPly = P [A w + A+ B—A ]Axk + 2[Am +B- F]ﬁ (27)
and
[lexk | = %A%Axkll + — 2 (2 mm)Az”%mA 1A+ ZﬁkA " A yl +2A'" by + ﬁAxk( )Al"z'mA
+ 2 ﬁAlmmAxk 1+ —A n Axkbl + Zblﬁk + Zﬁblk + A n Axk I+ —= A (4 — m)Adr'smAyt
m mp? mpz\ " m
8 8  im 6 1 2 4
- m_‘BB'A Axkbl - m_‘B?’A m Aylﬁl + EA m ﬁkbl + EA m blk- (28)

For the Finsler metric F to be locally dually flat, we need

[F] ey v* = 2[F?] = 0. (29)
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Therefore, from (26)-(29), we have

2-2m

[lexkyly Z[lexl = [—Az'”mAxk 1+ E (2 mm)A w A lAa(k + ZﬁkA " A vt 2A m by
+ —ﬁAxk(

)A m
4

1 4 1 8 8 1
+ ?A‘m Ay + ( mm)A4r5 Ay - ?A + Ay — e — A Ay

+ ﬁ—Am Brbr + ﬁ—Am blk]y - [EAZm”’ Ay +2A%B; + —A W BAy + 2BB;

A Yl + ﬁAl'”mA kyl + A m Axkbl + Zblﬁk + zﬁblk

2 A A, - ZAkg| =0, 30
T [ | = (30)
which implies that
2 - - - 2-2m
Age 4% 124 | (Frp+ ) = 2agapa™® (20 F+p(0) 4 255 (1) 4%
m B m m m g\ m
2 1-2m F 2-m 2 1-m 4
+ = AAyAT [F B+ ﬁ—A ]+ Z Aph A [1 - ﬁ—BFA ]
REYE G At 2akp |14 2pAR| -2
- Pr — g B B BB
3 .3
+ 2biBryf [1 + EPAm] - ?A A, (31)
where Ag = Ay, and Ay = Agry y¥. Therefore, F is a locally dually flat metric if and only if
AAy [ F (1-m) @A-m) Br 1 1 b
Ag = — — + +Ag + Ay =+ A
YT [mAF mA ﬁpz ] A4 [ 5] [2F ﬁ]
mpey*b [ 1 3A]  mp A m
= Z|- Ay + —Ab, 32
+ = [FAlm'" +2/32] 5 Alm'" 5 2+ gl (32)

which completes the proof. [

6. Projectively flatness of a Finsler space with special («, f)-changed m-th root metric

Theorem 6.1. Let F be a special (a, B)-changed m-th root Finsler metric on a Finsler manifold M". Then, F is a
projectively flat metric if and only if it satisfies the following condition:

=[5 (5 a5

A+ Lﬁ]AOI-FA 1Ag

2mA+mp 2A 1 k, MA k
[W - E - E] (Aobl ylﬁky ) + ?(‘B + ZA)‘Bkbly . (33)
Proof. A Finsler metric F = F(x, y) on an open subset U C R" is projectively flat if and only if it satisfies the
following equation:

[Flu, v = 2[Fly = 0. (34)

Since we have F = F + B + %2, where F = YA, we have

1 1w 2 2w An
[F]xz = —A mo 4+ _ﬁA ]Axl + [1 - ﬁz ]ﬁl (35)
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From (34) we get

2 —m
+ =A%
mp

[F]xk = [%Almm Axk +

R ]ﬁk, (36)

which implies
= 1 1 - _m, 2 2 m 1 1 2 1
[F]xky1=[—(—m)A2(lm () A )]AzAxk+[ —AR . pn ]A iy
m\ m mp\ m m mp

2-m 2-m 2 2
[1 - ﬁA m ] xkbl [1 - _ﬁA " ] y’ﬁk + EA ﬁkbl - Eblk (37)

For the Finsler metric F to be projectively flat, we must have (33). Therefore, from (33)-(35), we get

2

= [ 1 1 —m 2(1—m) 2 2 m 2(2 "’) 1-m 2-m
[F]Xkylyk —-Fu= a (T)A mo 4+ m_ﬁ( p )A ]A IAxky + [—A mo o+ _‘BA ]Axkylyk
+(1 - ?A Wm]Axkbly +(1- ?A ”Im} /ﬁkyk + —A n ﬁkblyk ﬁz blk]/
[ 1 1-m 2 2-m A%
—|=AF + AT A+ |1 =B =
E +m/3 ] LAY +[ + Bz]ﬁ;y 0, (38)
which implies that
Ay [lA oy _Azm”‘] = [l (F—m)A@]AyIAO n [i (M)AZ(Z"’)}AOZ + [lAlm"‘ 42 a5
mp m\ m mpB\ m mp
2-m 2
AytAo + [1 - m_ﬁZA m ]Aobl +11- m_ﬁzA m ] lﬁky + ﬁ_A m ﬁkbl]/ = 0 (39)
where Ag = Ax yk, and Ag = Ay yk . Therefore F is a projectively flat metric if and only if
Ay = (1 m)AZ (ﬂ)EA—l AIAO+2(1 m)A2 A+ L Ag + Ao
m m /2 Y m mp
2mA+mp  2A ] f , MA k
— o — | Ao = AyBy) + — (B + 2A)Bkbiy, (40)
[ 2A2m ‘B ﬁ jﬁ y ‘33 18 18 y

which completes the proof. [

7. Conclusions

The m-th root metric is considered a direct generalization of the Riemannian metric in a view that the
m-th root metric becomes Riemannian if m = 2. It founds a lot of applications recently in physics and
biology. In this paper, we have obtained the conditions under which the transformed Finsler space and the
original Finsler space with m-th root metric are projectively related. Further, the necessary and sufficient
conditions under which the transformed Finsler space is projectively flat and locally dually flat are derived.
Also, we have studied a sufficient condition under which both the transformed Finsler space and the given
Finsler space reduce to Riemannian.
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