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Further study on induced (L, M)-fuzzy bornological spaces

Chengyu Liang?, Hongtao Liu?

?College of Science, North China University of Technology, Beijing 100144, PR China

Abstract. In this paper, the relationships of induced (L, M)-fuzzy bornology with (L, M)-fuzzy pseudo-
quasi-metric and (L, M)-fuzzy topology are discussed. Moreover, quotient (L, M)-fuzzy bornology is intro-
duced, and it is shown that the induced (L, M)-fuzzy bornology by quotient M-fuzzifying bornology is the
quotient (L, M)-fuzzy bornology of induced (L, M)-fuzzy bornology.

1. Introduction

In [11, 12], S.T. Hu first introduced the axiomatic definition of bornology to define the conception of
boundedness in a general topological space. Each bornology is an ideal in the powerset and contains all
singletons. From the theoretical aspect, the theory of bornology as well as some related theories, such as
hyperspace topologies [2, 5, 16], optimization theory [4], topologies in function spaces [3, 19], and so on
[6, 7,10, 22, 30], have received wide attention in recent years.

With the development of fuzzy set theory, bornology structures have been generalized to fuzzy case.
Abel and Sostak [1] first introduced L-bornology. After that, Paseka et al. [20] introduced L-bornological
vector spaces and systems. The categorical properties of them were studied, and it is proved that the
category of L-bornological vector spaces is isomorphic to a full reflective subcategory of the category of
L-bornological vector systems. In [32], Zhang and Zhang discussed the induced I-bornological vector
spaces by general bornological vector spaces, and I-bornological linear mappings. Recently, Jin and Yan
[14] introduced separation and L-Mackey convergence in L-bornological vector spaces, and discussed the
equivalent characterization of separation in terms of L-Mackey convergence.

Inan L-bornology, the bounded sets are fuzzy, but the bornology comprising those bounded sets is a crisp
subset. In a different way, Sostak and Uljane [28] introduced (L, *)-valued bornology, which is considered as
an L-subset of 2%, In the setting of (L, *)-valued bornology, they proposed induced L-valued bornologies by
fuzzy metrics and relative compactness-type L-valued bornologies in Chang-Goguen L-topological spaces.
Adopting the terminology of fuzzy topology, we call this bornology an L-fuzzifying bornology. Shen and
Yan [23] discussed fuzzifying bornologies induced by fuzzy pseudo-norms. They proved that the degree
of bornological convergence is equivalent to the degree of topological convergence.

In 2017, Sostak and Uljane [29] introduced M-valued bornology on the L-powerset of an L-valued
set (X,E) (where E : X X X — L is an L-valued equality on X), which is called LM-fuzzy bornology for

2020 Mathematics Subject Classification. Primary 52A01; Secondary 03E72

Keywords. (L, M)-fuzzy bornology, (L, M)-fuzzy pseudo-quasi-metric, (L, M)-fuzzy topology, base, quotient (L, M)-fuzzy bornology

Received: 07 March 2024; Revised: 22 August 2024; Accepted: 09 September 2024

Communicated by Ljubisa D. R. Ko¢inac

The work is supported by the National Natural Science Foundation of China (12101016, 12471432), and the Yuxiu Innovation
Project of NCUT (No. 2024NCUTYXCX104).

Email addresses: chengyu@ncut.edu.cn (Chengyu Liang), ht1iu219@163.com (Hongtao Liu)



C. Liang, H. Liu / Filomat 38:29 (2024), 10261-10277 10262

short. Recently, Liang et al. [18] introduced a new kind of M-valued L-fuzzy bornological vector space,
namely (L, M)-fuzzy bornological vector space. The categorical properties were studied. In the classical
case, bornology, topology and metric are closely related. In this paper, we will use L-fuzzy topology and
(L, M)-fuzzy metric to characterize (L, M)-fuzzy bornology.

The structure of this paper is organized as follows. In Section 2, we review some preliminaries that
are needed in the subsequent sections. In Section 3, we propose the relationships of induced (L, M)-fuzzy
bornology with (L, M)-fuzzy pseudo-quasi-metric and (L, M)-fuzzy topology. In Section 4, we introduce
quotient (L, M)-fuzzy bornology and discuss the relationships between quotient (L, M)-fuzzy bornological
vector space and quotient L-bornological vector space. In Section 5, we discuss the relationships between
(L, M)-fuzzy bornological space induced by M-fuzzifying bornological space with quotient space and prod-
uct space.

2. Preliminaries

Throughout this paper, L (resp. M) is a frame with order-reversing involution. The smallest element
and the largest element in L (resp. M) are denoted by L} and Ty, (resp. Ly and Ty). An elementain L is
called a prime element [9]if 2 > b A c impliesa > b or a > c. An element a in L is called co-prime element
ifa < bV cimpliesa < b or a < c. The set of non-unit prime elements in L is denoted by P(L). The set of
non-zero co-prime elements in L is denoted by J(L).

For a nonempty set X, 2X denotes the powerset of X. For any nonempty subset A C 2% let x4 denote
the characteristic function of A. LX is the set of all L-subsets on X. For all a € L and U € LX[25],
Up = {x € X | U(x) > a}, U? = {x € X | U(x) £ a}. The set of non-zero co-prime elements in LX is denoted
by J(LX). Each member in J(L¥) is also called a point. It is easy to see that J(LX) is the set of all fuzzy points
x1(A € J(L)). For each a € L, a denotes the constant mapping X — L, x + a, which is called constant
L-subset.

An M-fuzzy non-negative real number[13] is an equivalence class [¢] of antitone mappings ¢ : R — M
satisfying

9(0-) = [\ o) = Tw, p(+e0) = /\ p(H) = Lus,
£<0 teR
where the equivalence identifies two such mappings ¢, 1 if and only if Vt > 0, p(t—) = (t—). We shall not
distinguish an M-fuzzy real number [¢] and its representative function ¢ being left continuous. The set of
all non-negative M-fuzzy real numbers is denoted by [0, +c0) (M).

Let f : X — Y be a mapping between two nonempty sets X,Y. The forward L-power operator
f~ : L¥ — LY and the backward L-powerset operator f : LY — L* induced by f [21] are defined as
follows:

(W) VAELX YN A0 = VAW,
xX)=y
(2) VBeLY,f~(By=Bo f.

Let X be a vector space over the field of real or complex numbers K, 0 be the zero vector in X. Using
Zadeh's extension principle, the addition and scalar multiplication operator in LX are defined as follows,
respectively. Forall A, B € IX,xe X, and k € K,

(1) (A+B)®) = Vyiz=r(Ay) A B(2));
@) (kA)x) =A(F),k#0;

V A(y),x =0,
(3) (0A)(x) = qvexX
dlr,x # 0.

Lemma 2.1 ([25]). For each A € LX and a € L, we have:
(1) f(A®) = (F(A)@;
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(a)
() If{Aiher L, (\/ At) = U (A)?;

teT teT
(3) Foreach B e LY, (f~(B))® = f~1(B@).

Definition 2.2 ([20]). Let {Xi};c; be a family of sets. For all A; € L%, define a mapping [[;;Ai: [I1Xi — L
iel
as follows [];; Ai(x) = A Ai(Pi(x)), where P; : [] X; — X; be the projection.
i€l

iel
Definition 2.3 ([28]). An M-fuzzifying bornology on a set X is a mapping B : 2X — M satisfying the
following conditions:

(MB1) B({x}) = Ty, Vx € X;
(MB2) For all A, B € 2XwithA C B, B(A) > B(B);
(MB3) B(A UB) > B(A) A B(B), YA, B € 2X.

The pair (X, B) is called an M-fuzzifying bornological space. The value B(A) is interpreted as the degree of
boundedness of a set A in the space (X, B).

Definition 2.4 ([1, 20]). An L-bornology on a set X is a subfamily 8 C LX such that:

(LB1) Vpeg B(x) = T, Vx € X;
(LB2)VBe B,DeLXwithD<KB=De€ B;
(LB3)A,Be B= AVBeB.

The pair (X, B) is called an L-bornological space.

Definition 2.5 ([18, 29]). An M-valued L-fuzzy bornology, or an (L, M)-fuzzy bornology for short on a set
X is a mapping % : LX — M which satisfies:

(LMB1) #(x+,) = Tm;
(LMB2) For each A,B € LX, A < B = %(A) > %#(B);
(LMB3) Z(A v B) > B(A) A B(B), VA, B € LX.

The pair (X, %) is called an (L, M)-fuzzy bornological space. %(A) can be interpreted as the degree of
boundedness of A.

Definition 2.6 ([18, 29]). Let (X, %x) and (Y, %y) be two (L, M)-fuzzy bornological spaces. A mapping
f: X — Yis (L, M)-fuzzy bounded provided that Zx(A) < Zy(f~(A)) for all A € LX.

Theorem 2.7 ([18]). Supposed that {(Xi, #;)}ier is a family of (L, M)-fuzzy bornological spaces, X = [] X; and
i€l
P; : X — X, is the projection. Define 8 : LX — Mby B(A) = \ A\ %i(A), YA € LX. Then (X, B) is an
A<[Tjq A i€l
(L, M)-fuzzy bornological space, which is called the product space of {(Xi, %i)}ie1, denoted by (X, 1 %;).
iel

Remark 2.8. The product space of (L, M)-fuzzy bornological spaces can degenerate to the product space of
M-fuzzifying bornological spaces by restricting L = {0, 1}.

Remark 2.9. Let (X, %) be a crisp bornological space. Then % can be regarded as a mapping x : LX — M
defined by
Tm, A€ %,

aA:
Xz(A) {LM,Aaé%.

Obviously, (X, x#) is a special (L, M)-fuzzy bornological space. In this way, (X, %) can be regarded as an
(L, M)-fuzzy bornological space determined by the crisp bornology.
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Definition 2.10 ([18]). An (L, M)-fuzzy bornological vector space is a triple (X, K, %), where X is a vector
space over the field of real or complex numbers I, and (X, %) is an (L, M)-fuzzy bornological space such
that :

(BV]) f: Xx X — X, (x,y) = x + yis (L, M)-fuzzy bounded;
(BV2) g : K x X — X, (k, x) = kx is (L, M)-fuzzy bounded,

where X X X and K x X are equipped with the corresponding product (L, M)-fuzzy bornologies % x % and
PBr X KB (P is the (L, M)-fuzzy bornology determined by the crisp bornology on K), respectively.

Theorem 2.11 ([18]). Let X be a vector space over K, and (X, %) be an (L, M)-fuzzy bornological space. Then
(X, K, %) is an (L, M)-fuzzy bornological vector space if and only if 98 satisfies the following conditions :

(BV3) B(A) A B(B) < B(A+B),Y A BelLX;

(BV4) B(A) < B(AA), Y AeLX, A e K;

(BV5) B(A) < ,@( Y /\A), VAelLX

[AI<1

3. Induced (L, M)-fuzzy bornologies by (L, M)-fuzzy pseudo-quasi-metric and (L, M)-fuzzy topology

In this section, we construct (L, M)-fuzzy bornologies in (L, M)-fuzzy pseudo-quasi-metric space and
(L, M)-fuzzy topological space. In [24], the author introduced (L, M)-fuzzy pseudo-quasi-metric as follows.

Definition 3.1 ([24]). An (L, M)-fuzzy pseudo-quasi-metric on X is a mapping d : J(LX) x J(LX) —
[0, +c0) (M) satisfying: V a,b,c € J(LX),

(LMd1)a <b = d(a,b)(0+) = Ly,

(LMd2) ¥ r,s > 0, d(a,c)(r +s) < d(a,b)(r) vV d(b,c)(s);

(LMd3) d(a, b) = /\c<b d(a, c).

Such a d is said to be an (L, M)-fuzzy pseudo-metric if d satisfies

(LMd4) Y u,v € J(LX), A,z d@,0) = N\, d(b,u).

An (L, M)-fuzzy pseudo-metric d is said to be an (L, M)-fuzzy metric if d satisfies

(LMd5) d(a, b)(0+) = Ly = a < b.

Proposition 3.2. Let d be an (L, M)-fuzzy pseudo-quasi-metric on X. For all x; € J(LX), define a mapping
Né :LX — M by

NEw =\ N\ ., Vo),

n<VsU y, «v’
where d(y,, V)(0+) = Vo A<y A(Yyu, z0)(r). Then the following statements hold:
1) N@(TLX) =Twm

(2) Forany U,V € LX with U <V, N¢ (U) < N? (V);
(3) Forany x € X and U € LX with x+, £ U, NjfTL(LI) = 1.
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Proof. (1) Since (T;x) = L;x , we have

VoA A Vo)

X<V<T x y},#\V’

VoAV A ez

0 <VSTx y, gV >0 2,<V7

AV A ez

Yuk(Tx) >0 2,<(Tx)’

= AV A dwzm

YukLix >0 zo<L)x

N{ (T1x)

Vv

= Tm.

This implies N? (Tx) = Ty
(2) Take any U, V with U < V. Then

Vo a0

xn<A<U Yu ;(\A/

\V o\ A B0+

x)<BKV yy;{B’
d
= NI (V).

N¢ ()

N

This implies that N¢ (U) < N¢ (V).
(3) Since x1, % U, it follows that

NL W=\ e, V)04 = Lu,
X7 VLU y, gV’

as desired. [

Theorem 3.3. Let d be an (L, M)-fuzzy pseudo-quasi-metric on X. Define a mapping %, : LX — M by
Ba(A) = \/ \/NjTL(U).
AU yeX
Then %, is an (L, M)-fuzzy bornology induced by d.

Proof. It suffices to show that %, satisfies (LMB1)-(LMB3).
(LMB1) By Proposition 3.2, we have forall y € Y, Nzﬁ (Trx) = Tp. Therefore,

Bar) = \/ \/NE W > \/NJ (T =T
xTLQU yeX yeX

Then we have %,;(x1,) = Twm.
(LMB2) For all A, B € LX with A < B, we have

ZyA) =\ \/NL_ W= \/\/NJ_ (W)= 2uB).

A<U yeX B<U yeX

10265
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(LMB3) Take any A, B, Uy, U; € LXwith A< U;,B<U,. ThenAVB< UV U,. By Proposition 3.2, we

have
\/NE @) A \/NE () < \/NZ (U v ).
yeX yeX yeX

This implies
B A 2By = \/ \/NL Wy n \/ \/NL W< ) \/NL (U Vi) = Zi(A v B).
A<l yeX B<U, yeX AVB<Uy VU, yeX
This shows that %; satisfies (LMB1)-(LMB3). Therefore, %; is an (L, M)-fuzzy bornology on X. [

Remark 3.4. In Theorem 3.3, let L = M = {0, 1}, and B;(A) = 1. Then there exist U € LX and y € X such that
A< U,and N;ITL (U) = 1(which means U is a neighborhood of y,).

Next we discuss the (L, M)-fuzzy bornology induced by fuzzy compactness. In [17], the authors in-
troduced degrees of fuzzy compactness in L-fuzzy topological spaces. Definition 3.6 and Lemma 3.7 are
presented in L-valued L-fuzzy topology. They can easily be transformed to M-valued L-fuzzy topology as
follows.

Definition 3.5 ([15, 26, 27]). An M-valued L-fuzzy topology, or an (L, M)-fuzzy topology for short on a set
X is a mapping 7 : LX — M which satisfies:

(LMT1) ©(Tx) = 1(Lrx) = Tap;
(LMT2) VA, B € LX, 7(A A B) > 7(A) A 7(B);
(LMT3) Y {A; | j € [} S LX,7(V e A > Ay T(A)).

The pair (X, 7) is called an (L, M)-fuzzy topological space. Given two (L, M)-fuzzy topological spaces (X, 7x)
and (Y, 7y), a mapping f : X — Y is called continuous if tx(f(B)) > 7y(B) for each B € LY.

Definition 3.6 ([17]). Let (X, 7) be an (L, M)-fuzzy topological space. For all B € L%, the degree of fuzzy
compactness of B is defined as follows:
DFC.B) = [\ \/ T(D),

9 €8(B) Dew

where $(B) = {% € LX | Awex (B () V Ve D®) £V yenm Avex (B' @) V Vpey D))}

Lemma 3.7 ([17]). Let (X, 7) be an (L, M)-fuzzy topological spaces. Then for all A, B € LX, DFC,(A) A DFC,(B) <
DFC.(AV B).

Theorem 3.8. Let (X, 7) be an (L, M)-fuzzy topological space. Define a mapping %, : LX — M by
Fe(A) = \/ DFC(B).
A<B
Then %, is an (L, M)-fuzzy bornology induced by the degree of fuzzy compactness.

Proof. We need to prove that %, satisfies (LMB1)-(LMB3).
(LMB1) For each x € X and % C L%, we have

A&V \/ Dy = \/ Db

yeX De% De%

\/ D(x)
v e) DeY

\ A\GEw v\ D).

Ve %) yeX Deyv
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This implies S(x+,) = ¢. Thus

Be(xr,) \/ DFC.(B)

Xtp <B

=V A\ VAo
xr; <B % €8(B) De%

> A \/T’(D)

U €5(x)) Dew
= Tm.

This shows Z.(x1,) = Tm.
(LMB2) For all A, B € LX with A < B, we can obtain

B(A) = \/ DFC,(D) > \/ DFC.(D) = %.(B).

A<D B<D

(LMB3) By Lemma 3.7, we know that

LA N F(B) = \/ DFC«D1) A \/ DEC(Dy)

A<D, B<D,

- \/ v (DFC,(D1) A DEC,(D»))

A<D, B<D,

< \/ DFC«DiVvDy
AVB<D; VD,
= B.(AVB).

Therefore, %, satisfies (LMB1)-(LMB3). Thus %, is an (L, M)-fuzzy bornology induced by the degree of
fuzzy compactness. [

Lemma 3.9 ([17]). If f : (X,7) — (Y,0) is continuous with respect to (L, M)-fuzzy topologies t and O, then
DFC.(A) < DFCs(f~(A)).

Proposition 3.10. Let (X, tx) and (Y, ty) be two (L, M)-fuzzy topological spaces, the mapping f : (X, 1x) —
(Y, Ty) be continuous, (X, %.,) and (Y, B.,) be two (L, M)-fuzzy bornological spaces induced by the degree of fuzzy
compactness. Then f : (X, Bey) — (Y, Be,) is (L, M)-fuzzy bounded.

Proof. By Lemma 3.9, we know that for all A € LX,

'%Cx (A)

\/ DFC.,(B)

A<B

\/  DFC.(f(B))
fA)<f~(B)

Bex(f(A)).

Thus f is (L, M)-fuzzy bounded. [

N

N

In the following, we introduce the (L, M)-fuzzy bornology induced by (L, M)-fuzzy topology.
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Proposition 3.11. Let (X, 7) be an (L, M)-fuzzy topological space. Define %, : LX — M as follows:

%(A):\/ \/ v (D).

A<B x,€]J(LX) x<D<B
Then %, is an (L, M)-fuzzy bornology on X induced by t.

Proof. It suffices to show that #; satisfies (LMB1)-(LMB3).
(LMB1) For all x € X, we have

Zr) =\ \/ \/ w0t =Tu

x7, <By,€](LX) yu<D<B

This implies %:(xt,) = Tm.
(LMB2) For all A, B € LX with A < B, we have

%’T(A)z\/ \/ \/ T(C)?\/ \/ \/ 7(C) = B.(B).

A<D x,€J(LX) x,<C<D B<D x, €f(LX) x,<C<D

(LMB3) Take any A, B € LX. Then we have

zMrz® =\ \/ \ @A\ D)

A<Cy x,€](LX) x)<Co<Cy B<D1 x,€J(LX) xA<D2<Dy

< \/ \/ \/ 7(Cy Vv Dy)

AVB<C1VDy XA E](LX) x,<CovDy<Cy1VDy
= B.(AVB).

A

This proves that #; is an (L, M)-fuzzy bornology on X. [

10268

Proposition 3.12. Let  : LX — M be an (L, M)-fuzzy bornology on X. Define 74 : LX — M as follows:

t5(A) = )\ (Tx(A): B< Tx € Ty}, VA€ L,

where Tx denotes the family of all (L, M)-fuzzy topologies on X. Then 14 is an (L, M)-fuzzy topology on X.

Proof. It suffices to show that 74 satisfies (LMT1)-(LMT3).
(LMT1) By the definition of 74, we have

To(Te) = [\ (Tx(T1x) : B < Tx € Tx} = Ty,

and
Ta(Llix) = /\ {(Tx(Lix) : B<Tx € Txt=Tum

(LMT?2) For all A, B € LX, we have

(A ATa(B) = \ (Tx(A): 2 < Tx e T A N\ITx(B): B < Tx € Tx)
= \Tx(A) A Tx(B): B < Tx € Tx}
< \ITX(AAB): B < Tx € Ty
=12(A AB).
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(LMT3) For each {A ilje ]} c LX, we have

N raAan =\ /\{TX(AJ) . B < Tx € Iy}

jel jel

= /\ /\{TX(A]-) : B<Tx € Ix)

el
< \i7x VA,-] L B < Tx € Ix)
jel

V4

j€l

:T'@

This proves that 74 is an (L, M)-fuzzy topology on X. [

Remark 3.13. Let # be an (L, M)-fuzzy bornology on X. By Proposition 3.12, 74 is the (L, M)-fuzzy topology
induced by #. By Proposition 3.11, 4, is the (L, M)-fuzzy bornology induced by 74, and

B =\ "\ \/ 12D

AS<B x,€J(LX) x,<D<B
Proposition 3.14. Let (X, %) be an (L, M)-fuzzy bornological space. Then %, > 2.
Proof. Forall A € LX, we have

#,=\/\/ \/ 12D

AS<B x,€](LX) x1<D<B

=\ V V A7xD): 2 <Txex

A<B x,€](LX) x2<D<B

> \/ \/ AI7x(D): 2 < Tx e

X/\EI(LX) x)<D<A

> \/ 'V 20

xa€J(LX) xa<D<A

> B(A).

Therefore we can obtain %, > 4. 0O

4. Quotient (L, M)-fuzzy bornology

In this section, we introduce the quotient (L, M)-fuzzy bornology induced by surjective mapping, and dis-
cuss the relationships between quotient (L, M)-fuzzy bornological vector space and quotient L-bornological
vector space.

Proposition 4.1. Let (X, #) be an (L, M)-fuzzy bornological space and f : X — Y be a surjective mapping. Define
a mapping B/ f : LY — M by

(*@/f)(B) = \/B<f_’(A) @(A), ¥YBel.

Then A f is the finest (L, M)-fuzzy bornology on Y such that f is (L, M)-fuzzy bounded. We call %/ f a quotient
(L, M)-fuzzy bornology on Y induced by f and 2.
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Proof. Firstly, we verify that %/ f is an (L, M)-fuzzy bornology on Y.

(LMB1) Take any y € Y. Since f is a surjective mapping, we can obtain that there exists x € X such that
f(x) = y. This implies f~(xt,) = f(x)1, = y7,. Then

@Ifym) =\ BA) > B0r) = Tu.
yr <f @A)

This shows (#/f)(y+,) = Tm.
(LMB2) For all A, B € LY with A < B, we have

@IHB = \/ BO< \/ 20 =(B/)A).

B<f(0) A<f~(0)

(LMB3) Take any A, B € LY. Since for all C,C5 € L%, f7(C1 Vv EC) = f7(Cr) V f(Cy), it follows that

\/ #cyr \/ #C)

A<= (Cr) B<f~(Co)

(B ))(A) A (2] f)(B)

= \/ \/ (@(Cﬂ A %(CZ))
ASf~(C1) BEf(Ca)

VoV zavo)

A<f=(Cr) B<f7 (&)

N

N

B(C1V Cy)
AVBLf(C)Vf(Ca)

= v B(C1V Cy)
AVBLf=(C1V(Cy)
= (ZIf)AVB).

This shows %/ f satisfies (LMB1)-(LMB3). Therefore, #/f is an (L, M)-fuzzy bornology on Y.
Secondly, we prove f : (X, ) — (Y, %/ f) is (L, M)-fuzzy bounded. For each A € L%, it follows that

BIHFAN =\ 20> B
A<~
Hence f : (X, #) — (Y, #/f) is (L, M)-fuzzy bounded.

Further, for any (L, M)-fuzzy bornological space (Y, #y) such that f : (X, ) — (Y, By) is (L, M)-fuzzy
bounded, and A € LY, we have

@A = "\ 20< \/ 2(f(C)<B(A)

A<fF(C) A<fF(C)

This implies #/ f is the finest (L, M)-fuzzy bornology on Y such that f is (L, M)-fuzzy bounded. [J

Lemma 4.2. Let f : X — Y be a surjective linear mapping. Then for all A,B € LX, f7(A) + f~(B) = f~(A + B).
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Proof. Takeany A,B€ [Xandz €Y,

(f7(A) + 2 (B)2) \/ (FA)@) A £ (B)z2)

Z1+22=2

=\ ( v Ay \/ B(xz))

21+22=2 \ f(x1)=21 fl)=2

=\ 'V ) AB)

f(x):z X1+X2=X

= \/ A+BE
fx)=z
= f7(A+B)).

Therefore, f~(A)+ f~(B) = f"(A+B). O

Proposition 4.3. Let (X, K, %) be an (L, M)-fuzzy bornological vector space and f : X — Y be a surjective linear
mapping. Then (Y, KK, B/ f) is an (L, M)-fuzzy bornological vector space.

Proof. By Proposition 4.1 and Theorem 2.11, we only need to check %/ f satisfies (BV3)-(BV5).
(BV3) Take any A, B € LY. By Lemma 4.2, we have

\/ #cyr \/ #C)

A< (Cr) B<f~(Co)

(B ))(A) A (2] f)(B)

(«@(Cl) A %(Cz))
ALf=(Cy) BSf2(Gr)

\/ \/ HB(C1+ ()

A<Sf7(Cr) B<f7 (&)

N

N

HB(C1+ ()
A+B<f~(C1)+f~(Ca)

-\ 2G+0)
A+B<f(C1+Cy)
< (B/f)A+B).

(BV4) For all A € LY and A € K, we have

(B F)(A) #(B)

A<f(B)

= \/ B(B)

AA<Af~(B)

< \/ 208
AA<f~(AB)
< (B/)AA).

(BV5) For all A € LY, we have

@hay=\/ #B< \/ @[v AB].

A<f~(B) A<f~@B) Al
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For all B € LX with A < f~(B), we can obtain

\/ A4 < \/ Af~®B) =\/ f(AB) =f"[\/ /\B].

[AlI<1 A1 [T [AlI1

This implies /|, <; AA < f7(V 1«1 AB). Then

\/ gg[v )\B]
\/IAI<1 AASf”(\/wQ AB) A1

2(C)
\/Ml<1 AA<Lf~(C)

\/ 4.

IAl<1

This shows that %/ f satisfies (BV3)-(BV5). Thus (Y, K, %/ f) is an (L, M)-fuzzy bornological vector space. [J

(B A

N

N

(2/f)

In the following, we discuss the relationships between quotient (L, M)-fuzzy bornological vector space
and quotient L-bornological vector space.

Proposition 4.4 ([14]). Let (X, B) be an L-bornological space. Then (X, K, B) is an L-bornological vector space if
and only if B satisfies the following conditions:

BUVeB=>U+VeSB

BHYVieK, UeB=>tUeSB;

BUeB= VytUeB.

Proposition 4.5 ([18]). Let (X, %) be an (L, M)-fuzzy bornological space. Then

(1) YaeM, By ={A € LX : B(A) > a} is an L-bornology on X.
(2) Yae P(M), B9 ={A € LX : B(A) « a} is an L-bornology on X.

Proposition 4.6. Let (X, K, %) be an (L, M)-fuzzy bornological vector space. Then

(1) YaeM, (X K, #,) is an L-bornological vector space;
(2) VaePM), (X, K, Z9) is an L-bornological vector space.

Proof. (1) By Proposition 4.5, it is enough to show that %, satisfies (B3)-(B5).

(B3) Take any A, B € ;). We have #(A) > a and #(B) > a. Thus a < #(A) A #(B) < #(A + B). This
implies A + B € %,

(B4) For all t € K, A € %Bq, we know that a < #(A) < Z(tA). This shows that tA € Zy,.

(B5) Take any A € Hq). a < B(A) < B(\ <1 tA). This implies V,; tA € By
Hence, (X, K, #j,) is an L-bornological vector space.
(2) For all a € P(M), it suffices to verify that @ satisfies (B3)-(B5).

(B3) Take any A, B € %, we have %(A) & a and %(B) £ a. Thus B(A) A B(B) & a. Since Z(A + B) >
B(A) A B(B), this implies A + B € 2.

(B4) Forallt € K, A € @, we know that Z(A) £ a. Since #(tA) > %B(A), this shows that tA € @,

(B5) Take any A € #@. Since B(\/ |y tA) > B(A), this implies B(V ., tA) & a. Therefore, \/ o tA €
%@ Hence, (X, K, ) is an L-bornological vector space. [

By restricting M = {0, 1}, we can obtain the following corollary.

Corollary 4.7. Let (X, K, B) be an L-bornological vector space, and f : X — Y be a surjective mapping. Define
B/f = {B €eLY|JdA€ B, B< f*(A)}. Then B/ f is the finest L-bornology on Y such that f is L-bounded. We call
B/ f a quotient L-bornology on Y induced by f and B.
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Theorem 4.8. Let (X, K, #) be an (L, M)-fuzzy bornological vector space and f : X — Y be a surjective mapping.
Then

(1) Ya € P(M), B9/ f = (B f)®;
() YaeM, B/ f = (B
Proof. (1) Firstly, we verify that 2@/ f C (#/f)@. Take any B € 2/ f. Then there exists A € Z“ such that
B < f7(A). Thus
#IHB) = \/ BA) %a.
B<f(A)

This shows that B € (%#/ f)®@.
Conversely, for all B € (%#/f)@, we have

@B = \/ 24 %a.

B<f(4)

Then there exists A € LX with B < f~(A) such that #(A) £ a. Since A € 2 it follows that B € 2 /f. This
implies (%#/f)@ C 2@/ f. Therefore, 9/ f = (%] f)@.
(2) Similar to the proof of (1), we can obtain B,/ f = (#/f)lg- O

5. Induced (L, M)-fuzzy bornological vector space by M-fuzzifying bornological vector space

In this section, we discuss the relationships of (L, M)-fuzzy bornological spaces induced by M-fuzzifying
bornological spaces with quotient spaces and product spaces. In [18], the authors introduced the induced
(L, M)-fuzzy bornological vector space by M-fuzzifying bornological vector space as follows.

Definition 5.1 ([18]). Let (X, K, 8) be an M-fuzzifying bornological vector space. Define a mapping w(8) :
LX — Mby
W(B)(A) = A B(AD),vA e X,
a€eL.

Then (X, K, w(8B)) is an (L, M)-fuzzy bornological vector space.

Next we discuss the relationships between M-fuzzifying bornology and (L, M)-fuzzy bornology induced
by M-fuzzifying bornology.

Theorem 5.2. Let (X,8B) be an M-fuzzifying bornological space and f : X — Y be a surjective mapping. Then
w(B/f) < w(B)/f. In addition, if f is a bijective mapping, then w(B/ f) = w(B)/f.

Proof. Since f : (X, B) — (Y, B/f) is M-fuzzifying bounded, then forall A € LX anda € L,
BAD) < (B/))(f(AD)).
Take any B € LY. By Lemma 2.1, we have

\/ «@)@)

B<f~(4)

(@(B)/f) (B)

- Y A

B<f~(A) acl

<\ A@Hra)y
B<f~(A) a€l

< N\®IHE)
ael

= w(8/f)B).
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This shows that w(8)/f < w(B/f).
Additionally, if f is a bijective mapping, then for all B € LY,

w(B/NB) = BB

ael

= A\ V 50

a€L BOLf~(D)

WEE

a€L f—(B@)<D

< A\B(F-®©)

ael

= w(B)(f~(B)
< v w(B)(C)

B<f~(0)

= ((B)/f)(B).

This implies w(B/f) = w(B)/f. O

Let f be a bijective mapping, B(X) be the set of all M-fuzzifying bornology on X, A(X) be the set of all
(L, M)-fuzzy bornology on X. The previous theorem shows that the following diagram commutes.

8x) —L, 8

(A)JV C()l
A 2 Ay

Corollary 5.3. Let (X, K, B) be an M-fuzzifying bornological vector space and f : X — Y be a surjective mapping.
Then w(B/f) < w(B)/f. Futher if f is a bijective mapping, then w(B/f) = w(B)/ f.

Next we discuss the relationship between induced (L, M)-fuzzy bornological space and product space.

Proposition 5.4. Let {(X;, #i)}ic; be a family of (L, M)-fuzzy bornological spaces, X = []X; and (X, &) be the
i€l

product space of {(Xi, %;)}ier. Then the projection P; is (L, M)-fuzzy bounded.

Proof. Forany []A; € LX,i € I and x; € X;, we have

i€l

Al

Pi(x)=x; \ i€l

V' A\ AP)

Pi(x)=x; i€l

/\ Ai(xi)

iel

Ai(x;).

(x)

Py []"[ Ai] (x)

iel

N
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This implies P> (H A,-) < A;. Forany A € L%, if A < [] A;, we have P (A) < P (H Ai) < A;. Then for any

iel iel iel

AelXandiel,

B(A) \/ N\ 24
AT A; iel

iel

N

<
Y
5

N

\/ Bi(Ai)

PP (A)<A;

Zi(P;” (A)).
This shows that P; : X — X; is (L, M)-fuzzy bounded. [J

N

The above proposition can degenerate to M-fuzzifying bounded by restricting L = {0, 1}.

Theorem 5.5. Supposed that {(X;, Bi)}ier is a family of M-fuzzifying bornological spaces, X = 1;o; Xiand (X, I1;¢; Bi)

is the product space of {(Xi, Bi)lier. Then [1i; w(Bi) = w1 Bi)-

Proof. First we verify that w([];; Bi) < [liqg@(Bi). Since P; : (X, [, Bi) — (Xi, By) is M-fuzzifying
bounded, then for all B € 2X and i € I, it follows that ([],.; B:)(B) < B;(P;(B)). For all A € L%, let A = [[,;; A;.

Then for each i € I,

o[B80 = AJ]8)A”)
iel ael el
<\ BiP(A®))
a€l
=\ B (A7)
ael
= w(B)(A).
This implies
o[B80 < N\ o@B)aA)
iel i€l
</ N\e)s)

[Lie; Ai<I1ie; Bi i€l

[Ted) ] ] 4

iel iel
= [Je@yA.
iel

Conversely, we shows that [];;; ©(8Bi) < @([1,e; Bi). For all A = [],;; A; € L%, we have

[To@) ) \ N\ w®)B)

iel A<, Bi i€l

VAN S

A< Bi i€l acL
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Take any [],;Bi € LX with A <[], B, i-e., [1;;Ai < [l Bi- Since for all a € L, AW = ([1;q;A)@ <
(ILier BN < Tli BE"),

AN8E) < N\ \/ /8@
ael i€l a€l AL, C; i€l
= A ]84
ael el
= o[ 8.
i€l
Then
[Jedra = \/ Ao
iel A<l B; i€l
=V Afsed
A<, Bi i€l acL
< o] [8)a.
i€l
This implies [];c; w(Bi) < w(I1;q; Bi). Therefore, [[;e; w(Bi) = w(1;; Bi)- O

6. Conclusions

In this paper, we used (L, M)-fuzzy pseudo-quasi-metric, (L, M)-fuzzy topology, surjective mapping,
and M-fuzzifying bornology to characterize (L, M)-fuzzy bornology, respectively. Moreover, we proposed
some properties of them and discussed the relationships between induced (L, M)-fuzzy bornology and
induced (L, M)-fuzzy topology, quotient (L, M)-fuzzy bornological vector space and quotient L-bornological
vector space. Further, we discussed the relationships of (L, M)-fuzzy bornology induced by M-fuzzifying
bornology with quotient space and product space. Following induced (L, M)-fuzzy bornology in this
paper, we will consider how to generalize (L, M)-fuzzy norms and use (L, M)-fuzzy norms to characterize
(L, M)-fuzzy bornology in the future.
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