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Abstract. In this paper in Hilbert space S,(P;) the problem of construction of an optimal quadrature

formula in the sense of Sard is considered and using Sobolev’s method a new optimal quadrature formula
is obtained. For the optimal coefficients explicit formulas are given. The constructed optimal quadrature
formula is exact for the functions e™ and xe™.

1. Introduction. Statement of the problem

We consider the following quadrature formula

1 N
[ o=y cron
0 p=0

1)
with the error functional
N
€)= epn() = Y, Cpolx - xp),
=0

2)
where Cg are the coefficients and x4 are the nodes of formula (1), xg € [0, 1], €[o,1)(x) is the indicator of the
with the norm

interval [0, 1], 6(x) is Dirac’s delta-function and function ¢(x) belongs to the Hilbert space S>(P,) embedded
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is called the error of the quadrature formula (1). The error of the formula (1) defines the linear functional (2)
in 53 (P2), where S (P,) is the conjugate space to S»(P») space.
By the Cauchy-Schwartz inequality

(6(x), eI < llp()IS2(P2)Il - [1€(x)IS5 (P
the error (4) of the formula (1) is estimated with the help of the norm

[e@Is;Pa)|| = sup  |(£), ()|
[|p@IS2(P2)||=1

of the error functional (2). Consequently, estimation of the error of the quadrature formula (1) on functions
of the space 5,(P,) is reduced to finding the norm of the error functional £(x) in the conjugate space S} (Ps).

Obviously, that the norm of the error functional £(x) depends on the coefficients Cs and the nodes x;.
The problem of finding the minimum of the norm of the error functional £(x) by coefficients Cg and nodes
xg, is called by Nikolskii problem, and obtained formula is called the optimal quadrature formula in the sense of
Nikolskii. This problem was first considered by S.M.Nikolskii [16]. Further this problem were investigated
by many authors for various cases (see e.g. [3]-[6] and references therein). Minimization of the norm of the
error functional £(x) by coefficients Cg when the nodes are fixed is called Sard’s problem. And the obtained
formula is called the optimal quadrature formula in the sense of Sard. First Second this problem was studied
by A.Sard [17].

There are several methods of construction of optimal quadrature formulas in the sense of Sard such as
the spline method, the ¢— function method (see, e.g. [3], [29]) and Sobolev’s method. Note, the Sobolev
method is based on construction of discrete analogue of a linear differential operator (see, e.g. [29], [30]).
In the space L(zm) (a,0), based on these methods, Sard’s problem were investigated by many authors (see,

for example, [2],[7]-[15],[17]-[19],[32]-[27] and references therein). Here L;m)(a, b) is the Sobolev space of
functions, which m—th generalized derivative is square integrable.

It should be noted, that in the work [7], using the ¢— function method, the problem of construction
of optimal quadrature formulas in the sense of Sard which are exact for solutions of linear differential
equations were investigated and several examples were given for some number of nodes N + 1.

In [23] the optimal quadrature formula in the sense of Sard was constructed using Sobolev’s method in

the space Wg""’”‘”(o, 1), which is defined by the formula
1 i

o0, = [ (060 )
0

The main aim of the present paper is to solve Sard’s problem in the space S,(P;) using Sobolev’s method
for any number of the nodes N + 1 [28]-[30], i.e. finding the coefficients Cg satisfying the following equality

corss e = inllecors; e 6)
[

Thus, in order to construct of an optimal quadrature formula in the sense of Sard in the space S,(P;) we
need consequently to solve the following problems.

Problem 1. Find the norm of the error functional €(x) of the quadrature formula (1).

Problem 2. Find the coefficients Cy which satisfy equality (5) when the nodes xz are fixed.

The structure of the present paper is: in the second section the extremal function which corresponds to
the error functional £(x) is found and with its help the representation of the norm of the error functional (2)
is calculated; in the third section the quantity |[|£ |I* is minimized by coefficients Cs and the system of linear
equations is obtained for the coefficients of the optimal quadrature formula in the sense of Sard in the space
52(P;); Moreover, existence and uniqueness of the solution for this system is proved; in the forth section
explicit formulas for the coefficients of the optimal quadrature formula of the form (1) are found; finally, in
the fifth section the results of numerical experiments are given.
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2. The extremal function and representation of the error functional £(x)

In order to solve Problem 1, i.e. for calculation the norm of the error functional (2) in the space S;(P2),
it is used the concept of an extremal function for the given functional. Function 1,(x) is called the extremal
for the functional £(x) (see, [25]), if the following equality is fulfilled

(60, Ye() = ISy P2)|| - [[we ISP - (6)

Since the space S;(P;) is a Hilbert space, then the extremal function ¢(x) in this space is found with the
help of Riesz theorem about general form of a linear continuous functional on a Hilbert space. Then for the
functional €(x) and for any @(x) € S»(P») there exists such a function 1¢(x) € S»(P»), for which the following
equality holds

(60, () = (), (), %
where
0,9 = [ (409 + 20700 + Yol (000 + 207 0) + () ®)
0

is the inner product defined in the space S»(P»).
Further, we solve equation (7).

o (o) o ()
First, suppose that p(x) eC  (0,1), where C (0, 1) is the compact support i.e. the space of functions,
which are infinite times differentiable and finite on the interval (0,1). Then from (8), integrating by parts,
we obtain

1
e, p) = [ (91700~ 20700 + ) gt ©
0

Keeping in mind (9) from (7) we get

) = 297 (x) + Pe(x) = £(). (10)

o ()
So, when ¢@(x) eC  (0,1) the extremal function 1,(x) is a solution of equation (10). But, we have to find

o ()
the solution of equation (7) when ¢(x) € Sy(P,). Since the space C (0, 1) is dense in the space S»(P»), then
we can approximate arbitrarily exact functions of the space S;(P;) by a sequence of functions of the space

o (e
C  (0,1). Next for ¢(x) € Sy(P,) we consider the inner product (i/(x), (x)) and, integrating by parts, we
have

(We(), () = (Y7 () + 29,(0) + Pe(x)) (¢ () +20) [§
1
- (gb;”(x) + 207 (x) + ¢ [(x) (p(x)l0 f (4)(x) - 27 (x) + l,bg(x))qo(x)dx.
0

Hence, taking into account arbitrariness of ¢(x) and uniqueness of the function 1;(x) (up to linear combi-
netion of functions e™* and xe™¥), taking into account (10), it should be fulfilled the following equation

P00 = 207 (x) + Pe(x) = £(x), (11)
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with the boundary conditions

(07 () + 20,(x) + o)) 2 = 0, (12)
(w7 (0) + 297 () + () Eg = 0. (13)

Thus, we conclude, that the extremal function ¢,(x) is a solution of the boundary value problem (11)-(13).
The following theorem is valid.

Theorem 2.1. The solution of the boundary value problem (11)-(13) is the extremal function ¢(x) of the error
functional (2) and has the following form

Y, (x) = Go(x) # C(x) +dy-e " +dy-x-e77,
where dy and d, are real numbers, and

sign(x)
4

Go(x) = (= sinh(x) + x - cosh(x)) (14)

is a solution of the equation

P ) = 297 (x) + Pe(x) = 6(x). (15)

Proof. It is known, that general solution of nonhomogeneous differential equation consists on sum of a par-
tial solution of nonhomogeneous differential equation and general solution of corresponding homogeneous
differential equation.

The homogeneous equation for the differential equation (11), have the form

PP () = 297 (x) + Pe(x) = 0. (16)
It is easy to show, that general solution of the homogeneous equation (16) will be
Yeox) =" +dy-x-e  +dz-e*+dy-x-e". 17)

It is not difficult to verify, that a partial solution of the differential equation (11) is £(x) * G2(x), where G,(x)
is a fundamental solution of equation (11) and is defined by equation (14) and is a solution of equation (15),
where * — is the operation of convolution, i.e.

fx)*g(x) = f flx=y)g(ydy = f fWg(x - y)dy.

The rule for finding a fundamental solution of a linear differential operator

ar dn—l
— + ...+ a4y,

L= ﬁ +a1dxn_1

where a; are constants, is given in [31, p.88]. Using this rule, it is found the function G;(x), which is the

fundamental solution of the operator % - 2% + 1 and it has the form (14).
Thus, we have the following general solution of equation (11)

Ye(x) = 0(x)* Go(x) +dy e  +da-x-e" +d3-e" +dy-xe’. (18)
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In order that in the space Sy(P;) the function ¢¢(x) will be unique (up to a linear combinetion of functions
e and xe™), it has to satisfy conditions (12), (13). Here derivative is in generalized sense. In computations
we need first three derivatives of the function G, (x):

signx .

Gi(x) = T x - sinh(x),

Gy(x) = @ - (sinh(x) + x - cosh(x)), (19)
signx .

G)'(x) = 4 (2 - cosh(x) + x - sinh(x)),

where the following formulas from the theory of generalized functions [31] are used

(signx)’ = 26(x), 5(x)f(x) = f(0).

Further, using the following formula [18]

(f(x) = g()) = f/(0) * g(x) = f(x) * 9" (%)

from (17), taking account of (19), we get

Yi(x) = lx)*G'(x) —die™ + dye™™ — dpxe™ + dze” + dye’ + dyxe”,
7)) = L)+ G7(x) +die™ — 2dae™ + dyxe™ + dze” + 2dge” + dyxe”, (20)
7(x) = l(x)* G (x) —die™ + 3dae™ — daxe™ + dze” + 3dye” + dyxe”.

Then, using (18) and (20), keeping in mind (14) and (19), from (12) and (13) i.e. substituting instead of x
respectively x = 0, x = 1 and equating to 0 we obtain the following system of linear equations

(C(y),e¥) = 3 - (€(y), ye™¥) + 4ds + 12d, = 0,
—% Uy, eY) + % (), ye V) +4d3 +8ds = 0,
-((y),e7Y) - % -(C(y), ye ) + 4ds + 8ds = 0,
“(C(y), ye ) +4ds + 4dy = 0.

NI=N =

Hence, we have
d3 =0, dy =0, (21)
(ty),e¥) =0, (Ly),ye?)=0. (22)
Thus, substituting (21) into equality (18) we get the assertion of the theorem. [J

The equalities (22) mean that our quadrature formula is exact for functions ™ and xe™.
Now, using Theorem 2.1, we obtain the following expression for the norm of the error functional £(x):

N N
le@Iss @I = (€0, @) = Y Y CoCy Gals — x,)
p=0 y=0
N 1

1 1
-2 Z o f Galx — xp)dx + f f Ga(x — y)dxdy. (23)
p=0 0 0 0

Thus, Problem 1 is solved.
Further, in Sections 3 and 4, we solve Problem 2.
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3. Existence and uniqueness of the optimal quadrature formula

Let the nodes x; of the quadrature formula (1) be fixed and the error functional (2) be satisfied conditions

(22). The norm of the error functional £(x) is a multivariable function of the coefficients Cg (8 = 0,N). For
finding a conditional minimum of the norm square of the error functional (2) under the conditions (22) we
apply the method of undetermined factors of Lagrange.

We consider the function

\II(C(), Cl, ceey CN, dl,dz) = ”5”2 - 2d1 (é’(x), e"‘) - Zdz (é’(x), xe_") .

Equating to 0 partial derivatives of W(Co, Cy, ...,Cn,d1,d2) by Cg (B = 0,...,N) and dy, do, we get the
following linear system

N
Z CyGa(xg — xy) + dhe™ + doxge™ = f(xz), B=0,N, (24)
y=0

N
Z Cyer=1-¢7, (25)
N
Z Cyxye™ =1-2¢7", (26)

where G;(x) is defined by equality (14) and

1
flxg) = fo Ga(x — xg)dx. (27)

The system (24)-(26) has a unique solution, and this solution gives minimum to ||£ I under the conditions
(25), (26).

The solution of system (24)-(26) we denote by C = (Cyp, Cy,...,Cy) and d = (dj, d2). It represents a
stationary point of the function W (C, d).

Now, in (23), we change variables as C = Eﬁ +Cy4. Then (23) and the system (24)-(26) have the following

forms:
N N
0P =" Y ET,Catrs — ) —2Y" @ + Cup) f Galx - x)dx
B=0 y=0 B=0
N N
+ZZ 2CC1y + C14C1,) Gals — 1y) + f f Ga(x — y)dxdy (28)
p=0 y=
and

1=

C,Ga(xg — xy) +die™ + doxge™ = F(xg), f=0,N, (29)

i
(=}

1=
Ol
=
Q
=
|
A

(30)

~
]
o

1=
Ol
R

|

L

(31)

~
Il
o
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N
where F(xg) = f(x3) = ¥ C1,Ga(xg — x,) and Cy g is a partial solution of the system (25), (26).
y=0

Hence, we directly get, that minimization of (23) under the conditions (22) by Cg is equivalent to
minimization of the expression (28) by E[; under the conditions (30), (31). Therefore, it is sufficient to prove,
that the system (29)-(31) has a unique solution with respect to unknowns C= (EO,El, ...,EN), d = (dy, do)
and this solution gives conditional minimum to the expression ||£ 2.

From the theory of conditional extremum it is known the sufficient condition in which the solution of
the system (29) - (31) gives conditional minimum to the expression ||£ |I? on the manifold (30), (31). It consists
on positiveness of the quadratic form

®(C) = Z 2 acﬁ;lé: C,C, (32)

p=0 y=0
on the set of vectors C = (Eo, El, e EN), under the condition
SC =0, (33)
where S is the matrix of equations (30), (31):
S e_x(l e_xl e e_xN
- ( xpeT0  xe ..o xne™N ) ’
We show, that in our case this condition holds.

Theorem 3.1. For any nonzero vector C € RN*1, lying in the subspace SC = 0, the function ®(C) is strictly positive.
Proof. Using the definition of the function W(C, d) and equations (28), (30), (31) from (32) we get

N N
®(C)=2 Z 2 Ga(xs — x,)C4C, .- (34)

B=0 y=0

Consider the linear combination of delta functions
N —_—
5(x) = V2 ) Cpdlx - xp). (35)
8=0

By virtue of the condition (33), this functional belongs to the space 53(P>). So, it has the extremal function
us(x) € S2(P2), which is a solution to the equation

4P
(ﬁ 2- +1) a(x) = 0c(x). (36)

As ugs(x) we can take a linear combination of shifts of the fundamental solution G,(x):
N p—
ug(x) = V2 Z CpGa(x — xp).
=0

Square of its norm in the space S;(P;) coincide with ® (E)

N N
[uc()IS>(P)|* = (6c(x), ug(x) :222@6},@2(%—@).

p=0 y=0

Hence clearly, that for nonzero C the function ® (E) is strictly positive. [
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If the nodes x, x1, ..., xn are selected such that the matrix S has a right inverse matrix, then the system
(29) - (31) has a unique solution. Then the system (24)-(26) also has a unique solution.

Theorem 3.2. If the matrix S has a right inverse matrix, then the main matrix Q of the system (29) - (31) is
nonsingular.

Proof. We denote by M the matrix of the quadratic form ® (E) /2, where © (E) is defined by equality (34).
As it is known, if homogenous system of a linear equations has only trivial solution, then corresponding
nonhomogeneous system has a unique solution. Consider the homogeneous system, corresponding to the
system (29) -(31), in the following matrix form:

C\ (M s\(C)_
o &)-(5 T )(5)- @
We verity, that a unique solution of (37) is identical 0. Let C and d be a solution of (37).

Consider the function 6(x), which is determined by equality (35). As an a extremal function for 6=(x)
we can take the following function:

N
us(x) = \62 EﬁGz(x —xp) +die™ + doxe™.
B=0
This is possible, because ug(x) belongs to the space 5>(P>) and is a solution to equation (36). First N + 1

equations of the system (37) mean that u(x) takes 0 values in all the nodes x;. Then, for the norm of the
functional 65(x) in S3(P2), we have

N
loc@Is;Po)[|” = (6c(x), ue(x) = V2 Y Cyuclig) =0,
=0

that possible only when C = 0. Taking into account this, from the first N + 1 equation of the system (37) we
obtain

S'd=0. (38)
By assertion of the theorem, the matrix S has a right inverse, then S* has a left inverse matrix. Then from

(38) we conclude, that the solution d is also equal to 0. [J

From (23) and T

Theorems 3.1 and 3.2 it follows that in fixed values of the nodes x; square of the norm of the error
functional £(x), being quadratic functions of the coefficients Cg has a unique minimum in certain value of
Cﬁ = Cﬁ.

Asitis said in the first section, the quadrature formula with the coefficients (oj[; (B = 0,N), corresponding
to this minimum in the fixed nodes x; is called the optimal quadrature formula in the ense of Sard and
(Ojﬁ (8 = 0,N) are called by the optimal coefficients.

Below for convenience the optimal coefficients Cy we remain as Cg.

4. Coefficients of the optimal quadrature formula in the sense of Sard

In the present section we solve the system (24)-(26) and find the explicit formulas for the coefficients
Cg. Here we use similar method, offered by S.L.Sobolev [28] for finding optimal coefficients in the space

L(zm)(O, 1). Here mainly is used the concept of functions of discrete argument and operations on them (see.
[29], [30]). For completeness we give some definitions about functions of discrete argument.

Suppose the nodes xg are equal spaced, i.e. x3 = hf, h = %, N=1,2,...

Assume that ¢(x) and 1(x) are real-valued functions of real variable and are defined on the real line R.
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Definition 4.1. Function @(hp) is called a function of discrete arqument, if it is given on some set of integer
values of .

Definition 4.2. By inner product of two discrete functions @(hf) and (hp) is called the number

[o.0]= ), op) - vip),
p=—c0

if the series on the right-hand side converges absolutely.
Definition 4.3. By convolution of two functions ¢(h) and (k) is called the inner product
P(hB) = p(hp) = [p(hy), (1 = hy)] = Z P(hy) - Y1 = hy).
y=—00

Suppose that Cg = 0 when g < 0 and 8 > N. Using above mentioned definitions, the we rewrite system
(24)-(26) in the convolution form:

Go(hp) + Cp + die™™ + dy(hB)e™ = f(hp), p=0,1,..,N, (39)
Cs=0, where f<0andf >N, (40)
N
Z Cﬁe_hﬁ =1-¢7, (41)
p=0
N
Y Cotpe™ =1 -2¢7, (42)
=0
where
1t 23y L o oy L Ly (L Layg)es
f(hB) =1+( 1 8° e’ +( 1 35° )e +(8 + g€ Y(hB)e™ + ( 3 8¢ Y(hB)e . (43)

Consider the following problem.
Problem A. Find the discrete function Cg and unknown coefficients dy, d, which satisfy the system (39)-(42) for

given f(hp).

Further, instead of Cg we introduce the functions
o(1B) = Galh) + Cy (44)
and
u(hB) = v (hB) + dre™* + dy(hp)e ™. (45)

In such statement it is necessary to express Cg by function u(hf). For this we have to construct such operator
D,(hp), which satisfies the equation

Dy(hp) = Ga(hB) = 6(hp), (46)

where 6(hf) is equal to 0 when  # 0 and is equal to 1 when = 0, i.e. 6(hp) is the discrete delta-function.
In connection with this a discrete analogue D, (/) of the differential operator % —2% +1, which satisfies

the equation (46) is constructed and its some properties are studied.

The following theorems are proved in [8].
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Theorem 4.4. A discrete analogue of the differential operator % - 2% + 1 satisfying equation (46) has the form

Ay AP 8> 2,
Doy =K1 1+ L=t w
~t-2"+e+ L, =0,
M
—_ 4 _ 4h— 2h , ,—2h
where K = h(e+et)+e—eh t=- h(elz+eflz):§—}x_elz/
A 2@ +e) A3+ (P +4+e7 ) A2 =2+ ey Ay + 1
Al = 1 ) 1 ) 1 ) A , )

21

 4he?t — et 1+ (e — 1) /(1 — )2 — 4h2e?

= 49
! 2e2(h(et + e7h) + e — eh) )
is the root of the polynomial
_ ,2h —2h
Qo) = N2 - L e A+, (50)

e+ ey e -t
and |A1| < 1, his a small parameter.

Theorem 4.5. The discrete analogue D> (hp) to the differential operator % - 2% + 1 satisfies the following equalities
1) Dy(hp) xe™ " =0,
2) Dy(hB) =€ =0,
3) Da(p) * (1) = 0,
4) Dy(hB) * (W)™ = 0,
5) Dy (hB) * Go(hB) = O(hp).
Here Gy(hp) is the function of discrete argument, corresponding to the function Gy (x) defined by equality (14), and
0(hp) is the discrete delta-function.

Then, taking into account (44)-(46) and Theorems 4.4 and 4.5, for the optimal coefficients we have
Cg = Da(hp) » u(hp). (51)

Thus, if we find the function u(hf), then the optimal coefficients will be found from equality (51).

In order to calculate the convolution (51) it is required to find the representation of the function u(hp)
for all integer values of 8. From equality (39) we get, that u(hf) = f(hp) when h € [0, 1]. Now we need to
find the representation of the function u(hp) for § < 0 and > N.

Since Cg = 0 when hg ¢ [0, 1], then

Cg = Da(hB) xu(hp) =0,  hp ¢ [0,1].
Now we calculate the convolution v(hf) = G2(hf) * Cg when hp ¢ [0, 1].
Assume f < 0, then, taking into account equalities (14), (40), (41), (42), we have

o(hp) = Ga(h) + C = ) C, Gl ~ hy)

y=—00
)

N . i
= Z Cyw (= sinh(hB — hy) + (h — hy) cosh(hp — hy)) = 3e 1_ Zehﬁ
y=0
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1- e_l hp 1 S hy
e (hp)e* — Z Cye -
y=0

N 1 N
C»(hy)ehy]e‘hﬁ -5 2. G pe™.

)/:0

y=0
We denote

Then for g < 0 we get

o) = 2200 - Lo e — gy gy 62)
Similarly for f > N we have

o) = X200 Lo e 1 gy g G 53)
Denoting

di =—-q1+di, dy =—qo+dy, (54)

di =q+d, dy=q+d, (55)

and taking into account (52), (53), (45) we come to the following problem.
Problem B. Find the solution of the equation

Dy(hB) *u(hB) =0, hp ¢1[0,1] (56)
having the form:

~1

—g2eM — B (W) +dy - e+ dy - (hB)e, B <0,
u(hp) =1 f(hp), 0<B<N, (57)
2l B Pt 4 dy - dy - (), BN,

whered;, d;, df, dj areunknowns.
If we will find d}, d;, df, d;,then from (54), (55) we have

dy=1(dy +df), dy=1(d; +d}),

58

=3 - ), @ (- ) )

Unknowns d;, d;, df, d; will be found from equation (56), using the function D>(f). Then we will
obtain explicit form of the function u(hf) and we will find the optimal coefficients C4. Thus, problem B and
respectively problem A will be solved.

But here we will not find d;, d;, df, dj. Instead of them, using D>(hf) and u(hp), taking into account
(51), we find expressions for the optimal coefficients Cg when f =1, ..., N — 1.

We introduce the following notations:

AiK - 3¢ l-2 . 1-¢! Sy e gy -
m= %1 Z )q[ - e Ognt 3 - (hy)e™ + d; e —d; - (hy)e" - f(—hy)], (59)
y=1

0 -1 |
n=2Ky Ay[seS—zeh(N*V) " %(N + PRIV & 1PN S (N4 e ) = £+ hy)| (60

Since |A1] < 1, then the series in (59), (60) are convergent.
The following is true
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Theorem 4.6. The coefficients of optimal quadrature formulas in the sense of Sard of the form (1) in the space Sy(P;)
have the following representation
A+ e -2)
P dhteh—eh
where m and n are defined by formulas (59) and (60), respectively, A1 is determined by equality (49).

+mAf +nuA) P, p=T,N -1, (61)

Proof. Let p =1,N — 1. Then from (51), using (47) and (57), we have

Cp = Da(hp) + u(hp) = Z Da(h ~ hy)u(hy)

y=—co0

Z Da(hp — hy)u hV)+ZDz(hﬁ hy)u(hy) + Z Da(hp — hy)u(hy)

y=—c0 y=N+1

AlK Aﬁﬂ,[ _ 36_8— —hy + 1-

Dy(hB) * f(hp) + —— (hy)e Wd; - —dy - (hy)e” - f(- h)/)]

y=1
1
AlK Z/\N+)/ [36 -2 h(N+y) 1T(N+y)heh(N+y) +d;-e—h(N+y) + d;(N+ 7/)he—h(Nﬁ-)/) —f(l + h)/)].
r=

Hence, taking into account notations (59) and (60), we get

Cp = Da(hp) * f(hB) + mAL +nA) ™" (62)
Now, using Theorems 4.4 and 4.5 and equality (43), we calculate the convolution D,(hf) * f(hB). Then
Dy(hB) * f(hB) = Da(hB) + 1 = i Dy (hy) = D2(0) + 2D (h)+2f:D (hy) = M (63)
2(hp p) = Da(hp = 20ty) =172 2 )= T —eh

y=—00 y=2
Substituting (63) into (62) we obtain (61). [

From Theorem 4.6 it is clear, that in order to obtain explicit expressions of the optimal coefficients Cy it
is sufficient to find m and n. But here we will not calculate series (59) and (60). Instead of them substituting
equality (61) into (39) we obtain identity with respect to (). Whence, equating the coefficients of similar
terms of the left and the right-hand sides of equation (39) we will find m and n. And the coefficient Cy and
Cy will be found from (41), (42). Below we will do it.

Finally, the main result of the present paper is the following.

Theorem 4.7. The coefficients of optimal quadrature formulas in the sense of Sard of the form (1) in the space Sy(P,)
have the following form

. 4(he" — he"1 — &' + 1) e —2het — 1

Co = +
‘ e 4 2heh — 1 heh(e? + 2hel — 1)(AN + 1)
X (heh - heh_lAll\’ Ly P heh/lll\l —he ™t - /\Il\’eh + /\11\]‘1) ,
A 12 (= 2he" — 1)((e" = A1)?A] + (e — 12AY)
Cs = B=1TN-1,
e + 2hel —1 hAleh(eM +2he" — 1)(AY +1)
" 4(he"*t — he — e + € e —2heh —1
CN = e —-2-
e2h + 2hel — 1  h(e?" + 2helt — DAY +1)

x (e = hAY = AN+ AY + he' AN =T - Ay + 1),

where A1 is defined by equality (49) and |A4] < 1.
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Proof. First from equations (41) and (42) we express the coefficients Co and Cy by Cs (f = 1,N —1). Then
we obtain

Co=e ' - ZCeh’/+£C(h7/)eh3’
y=1

Cn=e'-2-¢! Z Cy(hy)e™.

Hence, using (61), after some simplifications we have

Com iy 4heh(l —eh+1-¢ . heh(Al - Aftle™) A
0" et + 2he — 1 (" — Ap)? e — Ay

. heh(/\ll\’” —he) Ay
(Aleh - 1)2 /\1€h -1

(64)
o e @ -1 e =AY AYe!
N = 2 + 2hel — (e" — A1)2 Ay
- heh()Ul\erlel - A1) _ Aleh -
(Ae = 1) A =1

Further, we consider the convolution G,(hf) * Cg in equation (39). Using the definition of convolution of
two discrete functions and taking into account (40), we get

h
Gall1B) + Cy = zc Galhp — hy) = ch%

(—sinh(hB — hy) + (hp — hy) cosh(hp — hy))
y=0

p N
1 MBIy Lo hp+hy By 4o~ hp+hy 1 _elB=hy 4 o~hB+hy B=hy Lo hp+hy
=3 ZOC}’ [+ + (hp —h7)+] 1 ZOC;/ [+ + (hp —h?/)+]
V= V=

(66)
We denote
Bw{é@#ﬂ%@+w—w&%ﬂﬂ, (67)
N
Br= L O [=3 + -], (68)

First we consider B;. For By, using formula (61), we obtain

By = }ICO [—ehﬁ +e" 4 npef + h[)’e*hﬁ]

| -

B
+ Z(T +mAY + 1Ay ) (=" Y g (1 — hy) - (P 4 eTEY))
y=1

= }ICO [—ehﬁ +e" 4 e + hﬁe*hﬁ]

NH

B-1
Z T+mA 7 + 11/\11\7+y_’S ) (—eh"’ +e 4+ (hy) - (7 + efhy)) , (69)
7=0
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where T = % After some calculations and simplifications B; has the form:
1 1 el A A AY ANFLeh ;
By == |-Co- +h -m- +h —n- +h P
! 4[ 0 (eh—l (eh—l)Z) " (eh—)\l A —e) e -1 T e — 12 )| ¢
h h h AN AN+
1[ ( +h }e )—m( /\;e +h /\h1€ )—n- +h hl e
4 (61 - 1)2 )\16 -1 (Ale - 1)2 Al (e - Al)Z
1 1 /11 All\] I
+-[Co+T- +m- +n- - (hp)e™®
4[0 e T i v ) B2
1 ¢ Ae ANel
+=|lc,-T- —m- -n- . (hB)e™ P
4] eh—1 " Al =1 " el — A4 (P
T (e'+1 2¢!
+—- +h . 70
4 (eh—l (eh—l)z) (70)

It should be noted, that in simplifications of B it is used that A; is the root of the polynomial Q>(A) which
is defined by formula (50).
Next we consider B,. Keeping in mind (41) and (42) for B, we get the following expression

3 1 e (1 el Al
B, = (— -1 ) 2+ 1c, - +h -
273 71 ) S Ve Bl e

h/\leh(l - AVe) ~ AN . h/\leh(/\ll\] —eh) L E
(Ae = 1)2 - A (" — A1)

(hﬁ)ehﬁ

1 1 el—et  ANel— A Agel — AN »
= T - (hB)e ™. 71
+8[C0+eCN+ eh—1+m o1 +n Y (hB)e (71)
Now, keeping in mind the notations (67), (68), substituting (66) into equation (39) we get the following
identity with respect to (hf)

By — By + die™™ + dy(hB)e™ = f(hp), (72)

where f(hp) is defined by equality (43).

In (72) unknowns are m, n, di and d,. Equating the corresponding coefficients of " and (hﬁ)ehﬁ of both
sides of the identity (72), using (70), (71), (73), for unknowns m and n we get the following system of linear
equations

Aqelt ANHLeh e —2hel — 1
h———= -m+h ‘n=
(A —eM)? (Arel —1)2 e + 2heh — 1
(A — AVHe) 18 MAN = Aget) (1 —e (e —2ne" - 1)
N R S W | R VG TR
Solving this system we get
(" — 2he" — 1)(" — A1)? (@ =2he" - 1)(Age" — 1)

= = . 73
A (@@ + 2k — D)1+ AY) T Ayt + 2heh — 1)(1+ AY) @3
Unknowns d; and d, can be found from the identity (72) by equating the corresponding coefficients of
e and (hB)e™"P. In this case is used equations (70), (71), (43), (73).
Thus, from (64), (65), (61), keeping in mind (73), we obtain the assertion of the theorem. O

So, proving Theorem 4.7 we have solved Problem 1, which is equivalent to Problem 2. Thus, Problem 2
is solved, i.e. the coefficients of optimal quadrature formula of the form (1) in the sense of Sard in the space
S»(P,) for equal spaced nodes are found.
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5. Numerical results

As integrands we take, for example, the following functions

P1(x) = x* + ¥, @a(x) = tan(x) and 3(x) = 1;

Exact values of these integrals we denote by

1 1 1
I =j0‘ (x4 +62x)dx, I =j(; tan(x)dx and I =j; ﬁdx,

We calculate these integrals approximately, with the help of optimal quadrature formula which is
constructed above, for the cases N = 10; 100; 1000. Approximate values of integrals I;, I, I3 we denote by

respectively.

Applh, Appl,, Appls, respectively.

The results of calculations are given in Tables 1, 2, 3 and 4.

10293

+x2

Table 1: The norm of the error functional of the optimal quadrature formula for N = 10; 100; 1000.

[N |

10

| 100

| 1000 \

[1¢] [ 4230640e-4 | 3.780180e-6 | 3.732155¢-8 |

Table 1 shows the norm of the error functional of the constructed optimal quadrature formula for N = 10,
100, and 1000. From Table 1 it is clear that as the number of nodes N increases, the norm decreases.

Table 2: For the cases N = 10; 100 and 1000, the absolute values of the errors between the exact value of integral I; and the approximate
values calculated by the quadrature formulas given by, where Appy, TTu; and Tr; are approximate values calculated for I; by the
optimal quadrature formula in the space S>(P,), the midpoint formula and the trapezoid formula, respectively.

[N [ IL-Apph| [ L =TTu| [|L-Trl |
10 2.208779e-3 | 6.981583e-3 | 1.397133e-2
100 | 2.309964e-6 | 6.990788e-5 | 1.398165e-4
1000 | 2.320312e-9 | 6.990879¢-7 | 1.398175e-6

Table 3: For the cases N = 10; 100 and 1000, the absolute values of the errors between the exact value of integral I and the approximate
values calculated by the quadrature formulas given by, where App,, TTu, and Tr, are approximate values calculated for I, by the
optimal quadrature formula in the space S>(P>), the midpoint formula and the trapezoid formula, respectively.

[N [ IL—Apph| [IL—TTuy| [|L—=Tr| |
10 4.718291e-4 1.004092e-3 | 2.013778e-3
100 | 5.039290e-7 | 1.010566e-5 | 2.021187e-5
1000 | 5.067572e-10 | 1.010632e-7 | 2.021264e-7




Kh. Shadimetov, S. Azamov / Filomat 38:29 (2024), 10279-10295 10294

Table 4: For the cases N = 10; 100 and 1000, the absolute values of the errors between the exact value of integral I3 and the approximate
values calculated by the quadrature formulas given by, where Apps, TTus and Tr3 are approximate values calculated for I3 by the
optimal quadrature formula in the space S>(P>), the midpoint formula and the trapezoid formula, respectively.

(N [ I-Apphl [ I3—TTus| [Iz—Trs| |
10 2.629061e-5 2.083328e-4 | 4.166661e-4
100 2.422557e-8 2.083333e-6 | 4.166666e-6
1000 | 2.407268e-11 | 2.083333e-8 | 4.166666e-8

Numerical experiments demonstrate that when calculating the integrals Iy, I, I3 approximately, the optimal
quadrature formulas give better approximations than the others.
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