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Abstract. In this paper, we characterize a pseudo Ricci symmetric space-time admitting a proper conformal
vector field. At first, it is shown that under certain restriction on the associated scalar o, such a space-time
is of vanishing scalar curvature. Also, we prove that such a space-time with harmonic Weyl tensor is
vacuum. Consequently, it is concluded that this space-time is of Petrov type N and represents a plane-

fronted gravitational wave with parallel rays. Finally, it is shown that a pseudo Ricci symmetric space-time
admitting a homothetic vector field represents a stiff matter fluid.

1. Introduction

Let M* be a 4—dimensional Lorentzian manifold admitting a globally time-like vector field with metric
g of signature (+,+,+, —). Such a Lorentzian manifold is physically known as space-time. A Lorentzian
manifold is called Ricci symmetric if its Ricci tensor Ry fulfills the condition [5]

ViR =0,

where V denotes the covariant derivative with respect to the metric tensor g;;. A Lorentzian manifold is
said to be pseudo Ricci symmetric if its Ricci tensor satisfies the condition [4]

ViRuk = 20 Ry + CuRye + GeRyp, )
with (; being a non-zero covariant vector. Such a manifold is denoted by (PRS); and the vector (; is
named the associated vector of (PRS)s. If we put (; = 0 in the previous equation, then Ricci symmetric
manifolds are obtained. Several authors have investigated pseudo Ricci symmetric manifolds and pseudo
Ricci symmetric space-times (see e.g. [1} 2,8} [18] 20H23]).
A vector field v is called conformal Killing if the following condition holds:

Lognk = 2095,
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for a smooth function ¢ on M*. A conformal Killing vector field (CKV) is called conformal vector field or a
conformal motion, and determines a conformal symmetry of the manifold (M?*, g). If ¢ =constant, then v is
a homothetic vector field and for o = 0, it becomes Killing. The set of all CKV forms a Lie algebra.

We have the following integrability condition for a CKV [10]:

Ll = (Vio)d!+(Vio)o! - gyV'o, 2
LUR,']' = —ZV,'V]‘G—VhUhg,']', (3)
Lyr = —6Vhah, (4)
LCly = 0, 5)

where {Z.}, Rij, r, and C?jk denote respectively the Christoffel symbols of 2nd kind, Ricci tensor, scalar

curvature, and Weyl tensor. A CKV V is said to be proper if v is neither homothetic nor Killing. CKV vector
field in various space-times have been studied by many researchers, for example see [7,[12} [13} [15,[19].
In a perfect fluid space-time, the energy-momentum tensor T;; has the subsequent expression

Tij = pgij + (p + ) uin,

where p symbolizes the isotopic pressure, u refers to the energy density, and u; is a unit time-like vector
field such that u;u/ = —1. The perfect fluid space-time is named stiff matter fluid if p = y [3].

The present paper is devoted to study proper CKV in a (PRS), space-times. Precisely, we prove the
following theorems.

Theorem 1.1. If a (PRS)4 space-time admits a proper CKV with V6" = 0, then the scalar curvature vanishes.
A CKV is called special CKV if V;o; = 0. However Vo, =0 = V,o" = 0. Thus, we have

Corollary 1.2. If a (PRS)4 space-time admits a special CKV, then the scalar curvature vanishes.
In (M?, g), the Weyl tensor Cﬁjk is demonstrated by [17]

1 R
Crijm = Ruijm + 5 (gkaij = JimRyj + iR — gk/‘Rim) 3 (!]km!]ij - gimgkj) .

in which Réjk stands for the curvature tensor. Its divergence has the following structure [16]

th?jk = % [(VkRij - VjRik) - % (g,-ijR - gikva)] : ©

If qu].k = 0, then the Weyl tensor is named harmonic. The Weyl tensor is a fundamental concept

in differential geometry and general relativity. It measures the curvature of space-time in a way that is
independent of the distribution of matter and energy. The Weyl tensor provides important information
about the gravitational field and plays a crucial role in understanding the nature of gravitational waves
and the overall geometry of the universe.

Thus, we prove that:

Theorem 1.3. A (PRS), space-time with harmonic Weyl tensor admitting a proper CKV is vacuum and such a
space-time is of Petrov type N and represents plane-fronted gravitational waves with parallel rays, provided Vjo" = 0.

Remark 1.4. The above theorem holds for special CKV.
Considering homothetic vector field, we provide the following:

Theorem 1.5. A (PRS)y space-time admitting a homothetic vector field represents a stiff matter fluid.
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2. Proof of Theorems
Proof. [Proof of Theorem 1] Let us consider the following commutation formula (see [24])
L, (VlRij) -V (LvRij) = —Ry, Lo{}} - Rih[—v{l;l}- 7)

We assume that the associated vector field (; of a (PRS)4 space-time is CKV. Therefore, using Egs. , ,
and (@) in Eq. (7), we provide

20. LR + GLRj + CiLRy + (n = 2) ViViVjo
+giViVio" = —20Ri; — oiRji — 0;Rq + Ryjgud” + Ringjno”, (8)

where o' = V¥o.
Again, utilizing Eq. () in Eq. (§), it can be inferred that

20, [2VVio + giVio"| + G [2V V1o + gijVio" ]
+0; [2ViVio + gaVio"| - [2V.IViV 0 + gViVio"
= 20iRij+oiRj+0jRy — R;,]-g,-lah - R,-hgjlah. )
Multiplying the foregoing equation by g7/, we deduce that
240V,0" + [2VVi0 + gV | U
+[2ViVio + giVia"| T - 6V (Vio")
= 20R. (10)
By hypothesis V" = 0, the previous equation reduces to
2[ViVio + ViVjo| U = 201R. (11)
Since V;V;0 = V,Vjo, Eq. becomes

20V;Vio = o|R. (12)
In [20], it is proved that in a (PRS), the following relation hold

UR;; = 0. (13)
Consequently,

Ry (£LcC) + T (LcRyj) = 0. (14)

Inserting Eq. (3) in the aforementioned equation, we find that
ZCiViV]U + Cigijvhoh =0. (15)

With the help of the hypothesis V,,0" = 0, the foregoing equation becomes

C'ViVjo = 0. (16)
Therefore, Eq. implies that
(0 lR =0.

Assume that a (PRS), space-time admits proper CKYV, it arises
R=0.

This completes the proof. O
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Proof. [Proof of Theorem 2] From Theorem 1, we get

R=0. 17)
Consider that the divergence of the Weyl tensor vanishes, then Eq. (6) becomes

(ViRij — VjRit) - % (ViR - giVjR) = 0.

Employing Eq. in the previous equation, we get

ViRij = ViRj.

The use of Eq. (1)) in the previous equation implies that
CkRij = CjRj.

Contracting with * and using C* Ry = 0, we find that
Rij=0.

This means that the space-time under consideration is vacuum.

As stated in [6], a non-flat 4—dimensional vacuum space-time with non-homothetic conformal vector
field is of Petrov type N and represents a plane-fronted gravitational waves with parallel rays [6].

Thus, our theorem is proved. [

Proof. [Proof of Theorem 3] For a homothetic vector field v, we have
Lv{?j} =0, LyRi; = 0.

From Eq. (7), we reveal that
L, (ZClRij + CGiRj + CjRﬂ) =0.

Since L,R;; = 0, the previous equation becomes

2R (LoC) + Rj (LoC) + Ri (L) = 0.

Let us assume the £,(; = A; and A, is a unit time-like vector, that is, A;A' = —1. As a result, the previous
equation has the following form

2A1Ri]' + AiR]’l + A]'R,‘l =0.
Interchanging the indices / and i in the foregoing equation, we have
2/\1'le + AIR]'I' + A]'R,'l =0.

Subtracting the last two equations, the result is

AIRij = AiRy. (18)
Contracting the aforementioned equation with A!, we obtain

Rij = —A'AiRy;. (19)
Again, transvecting Eq. with g'/, we find that

AR = VR;;. (20)
Utilizing Eq. in Eq. (19), we realize that

Rij = =AiAiR,

which implies that the considered space-time is Ricci simple [9].

In [14], the physical interpretation of the Ricci simple space-times is investigated. The authors proved
that a Ricci simple space-time represents a stiff matter fluid.

Now, the proof is completed. [
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