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Abstract. In this article, we introduce the new concept of an O-F, contraction on O-controlled O-b-Branciari
metric type spaces. We furnish the validity of our findings with appropriate examples. This approach is
completely new and will be beneficial for the future aspects of the related study. We provide some

applications of Fredholm integral equation and an integro-differential equation to illustrate the usability of
our theory.

1. Introduction

Banach [1] introduced one of the most essential Banach contraction principle (see several applications,
e.g. [2-4] and reference therein). In 1993, Bakhtin [5] and Czerwik [6] introduced the notion of b-MS
(b-metric space) by changing the triangle inequality as a development of metric space with a constant
t > 1, readers can refer to numbers [7-12]. Recently, Kamran et al. [13] introduced the concept of extended
b-metric space, in which the constant ¢ was replaced by a non-negative function 6(gp, £), where the variables
p and ¢ depend on the triangle inequality’s left-hand side. He also helped to extend the b-MS and develop
fixed point theorems for different types of contractions. More information on extended b-MS and EBb-DS
(extended Branciari b-distance space) can be found in [14-16].

Mlaiki et al. [17] introduced a controlled metric type space (CMS), which is an expansion of b-MS, in
2018. Abdeljawad et al. [18], established the concept of double CMS by modifying CMS through two
control functions, N(p, {) and u(p, {), the parameters of which depend on the equation’s right side, see
[14-16, 19-21].

The orthogonal set (Os) and orthogonal metric space notions were provided in 2017 by Gordji et al.
[22]. Several authors have explored the orthogonal contractive type maps, and interesting results have been
found in [23-30]. The novel idea of orthogonal Branciari metric space with the orthogonal L-contraction
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mapping was introduced in 2022 by Mukheimer et al. [31]. The study of novel generalized orthogonal
Branciari metric spaces has recently attracted a lot of interest in fixed point theory (see [32-35]).

In this article, we present an O-F,-contraction and prove the unique fixed point theorems on O-
controlled-b-Branciari metric spaces. Moreover, some examples and an applications to Fredholm integral
equation and integro-differential equations are provided to illustrate the usability of the obtained results.

2. Preliminaries

We start with some fundamental definitions that will be used in the sequel. Mlaiki et al. [17] recently
imitated a new type of CMS, which is as follows:

Definition 2.1. ([17]) Let © # 0and 8 : © X O — [1, 00). A function Oy : © X0 — [0, 00) is said to be a controlled
metric type if

1. ox(c, 1) =0iffc =1
2. Ox(c, 1) = Ox(t, ¢);
3. 0x(c, 1) < (g, w)dx(c, w) + NR(w, 1)0x(w, 1)

forall ¢, i, w € O. The pair (9, 0y) is called a CMS.
Abdeljawad et al. [12] revealed the concept of an EBb-D as follows:

Definition 2.2. ([12]) Let © # Qand amap 3: O X O — [1, 00). we say that a mapping 8; : © X O — [0, 00) is said
to be an EBb-D if

1. 0;(c,t) =0iffc =1
2. 05(c, 1) = 05(1, ¢);
3‘ 65(Cr [) S S(C/ L)[63(C, I') + 65(1', t) + 63(1:’ L)]

forall ¢,1 € O and all distinct x,t € O.
In 2012, Wardkowski [36] initiated by the concept of F-contraction as below:

Definition 2.3. ([36]) Let (O, ) be a metric space. A function 3 : © — O is called a F-contraction if 37 > 0 s.t.
VY ¢lLeED,

3(Jc, I1) > 0= 7+ F(S(Tc, Bu) < FB(c, 1)

where a mapping F : [0, 00) — (—o0, +c0) are satisfies the following condition:

1. F is strictly increasing,that is, for all Z,£ € [0, ) s.t. Z < £ implies F(Z) < F(£);
2. For each sequence {Zy}oenN of positive numbers

lim Z, = 0iff lim F(Z,) = —co;

W—00 D—>00
3. There exists t € (0,1) s.t. Zlin(}+ Z'F(Z) =0.

The new family of functions was defined by Hussain et al. [10].

Definition 2.4. ([10]) Let A¢ be the non-empty set and a mapping £ : [0, 00) — [0, oo) fulfill the following:
(£1) im inf £(¢;) > 0, V (i) be a sequence with (c;) > 0;
1—00

It is worth nothing that £1 indicates:
(£2) Yi2o £(ci) = +oo, for every sequence (i) with ¢; > 0.

Gordji et al. [22] presented the basic definitions of orthogonality as follows:
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Definition 2.5. ([22]) Let O be non-void and L. C O X O be an binary relation. If L fulfills the following condition:
Tpo: (V6,6 L go) or (VLo L0),
then (0, 1) is called an Ogy.
Definition 2.6. ([35]) Let (O, L, 8) be an O-B,MS, if (O, L) is an Og and (9, 8) is a b-metric space.

Definition 2.7. ([22]) Let (O, L, 0) be an O-B,MS.

(1) Then ¢: O — O is said to be orthogonally continuous in i € O if for each Ogy (orthogonal sequence) {Ho}oen
in O with b, — b, we have o(bp) — 0(). Also, g is said to be orthogonal continuous on O if g is orthogonal
continuous in each j € O.

(2) Then O is said to be orthogonally complete if every Cauchy Osq is convergent.

(3) A function p: © — O is said to be orthogonal preserving if o(p) L o(€) if p L €.

We modify the concept of F, contraction to orthogonal sets in this article. To illustrate our results, we
also give some examples and application.

3. Main results

Inspired by the F, contraction mappings defined by Zubair et al. [37], we implement a new orthogonally
F,-contraction mapping and demonstrate some fixed point theorems in an O-complete O-controlled b-
Branciari metric space for this contraction mapping.

Definition 3.1. Let O # @ setand ¢ : O X O — [1,00). A mapping 6, : O X O — [0, ) is called an O-C,BM if it
satisfies:

1 9,(c,) =0 & ¢c=1y
2. 0,(c,1) = 8,(1,¢);
3. 3,(c,1) < 0(c, 1)d,(c, ¥) + o(r, 1)d,(x, 1) + o(t, )d,(t, 1),

forallc,i,v,t € O withc L 1,1 L xv,v L tand all distinct points v,t € O, each distinct from ¢ and  respectively. The
pair (9, L,0,) is called an O-C,BMS.

Now in the sense of O-C,BMS, we use the potentially generated definitions:

Definition 3.2. Let (9, L,0,) be an O-C,BMS. Let {c,} be an Ogy in O. We say that
1. {co} is a convergent, zfl%erC}O 0,(Ca,¢) = 0 for some ¢ € O.
2. {co} is an orthogonal Cauchy, if @1{%11100 0,(¢/60) = 0.
3. (9,90,) is an O-complete O-C,BMS if every Cauchy Os, is convergent in .

Definition 3.3. Let (O, L,0,) be an O-C,BMS. A mapping 3 : © — O is called an O- F-contraction if 3 £ € Ag
be a function s.t.

0,(T¢, B1) > 0= £(0,(c, 1) + Fo(0,(3¢, 1)) < Fy(0,(c, 1)), (1)

withc L1, YV ¢,1 € O s.t. for each

. 1
<o € E)/ Sup ihm t_O(CH-l/ Ci+2)(.0(gi+1/ CT) < X/
121 oo

where ¢, = 3°¢o, @ =0,1,...,A €(0,1) and F, : [0, 00) — (=00, +00) is a mapping satisfying:



A.]. Gnanaprakasam et al. / Filomat 38:29 (2024), 10323-10344 10326

(F1) F, is strictly increasing,that is, for all Z,£ € [0, 00) s.t. Z < £ implies F,(Z) < F,(£);
(F2) for each sequence {Z,}oeN Of positive numbers

IimZ,=0 < gim Fy)(Zo) = —00;

O—00
(F3) there exists A € (0,1) s.t. Zhn(}* Z'F(Z) =0.
We denote by F,, the set of all functions satisfying (F1) — (F3).

Definition 3.4. Let (O, 1, 0,) be an O-C,BMS. A mapping 3 : O — O is said to be an extended O-F ,-contraction
if A£€ Ags.t.
0,(83¢,3)>0 =

d,(c, Jo)
£(0,(c, ) + F(0,(Ic, T0)) < Fyfy18,(c,0) + Y17 5.0 99
o\&,

N 9,(1, B1) N 0,(c, J)d,(t, T1)
V3148, 90) T 75,0c,0) + 8,(c, 30) + 8,(1, 5<)

), V¢ ireo. 2)
where F, € By, 11,72, 73,4 2 0 satisfying y = y1 + y2 + y3 + y4 < 1. In addition, for each ¢y € O, we have

. 1
sup llllg 0(Cis1, Cis2)0(Civ1, C1) < )_//

721
here ¢, = 3%¢y, @ =0,1, ...

Theorem 3.5. Let (O, L, d,) be an O-complete O-C,BMS s.t. 8, is an orthogonal continuous function and 3 : © —
O is an O-F,-contraction, I-continuous and 3 orthogonal preserving. Moreover, if

lim o(co,c) and lim ofc, co), 3)
exist and are finite, for every ¢ € ©.Then, 3 has a ufp (unique fixed point) in O.
Proof. By the definition of orthogonality, there exists an orthogonal element ¢y € O s.t.
Veo,coLlorl L ¢p.
It follows that ¢y L J(cp) or T(cg) L ¢o. Let
Jco=c1,9c1 = 2= 02 = I, .., con1 = I gp,

for all ® € IN. Since J is an orthogonal preserving. {Co}oen is an Og,.
If 3% € Ns.t. ¢, = cy,,,, then ¢y, is a fixed point of J. We now presume that ¢, # ¢p+1 ¥ @ > 0. This
yields 0,(co, Cnig) > 0, that is, 60(3 Co-1, 3¢p) > 0. The evidence will now be broken down into four parts.

Step 1: The first step is prove
(%1_1)1‘}0 6@(@@1 Cu+g) =0and (;1)1_1)1‘}0 6Q(Cw/ Gny) = 0.
Taking ¢ = ¢,-1 and ( = ¢, in (1), we get

£(6Q(Cm—1, Ca)) t Fg(ég(gw/ Ca+1)) < F@(ég(gw—lz Co))- 4)

Consequently, we have

Fg(ég(gca/ Cw+1)) < Fg(ég(gcn—lz Cm)) - £(6Q(Cw—1/ Cw))



A.]. Gnanaprakasam et al. / Filomat 38:29 (2024), 10323-10344 10327

< Fy(0p(Ca-2/Ca-1)) = £(8s(Ca-2, Ca-1)) = £(8(Ca-1,Ca)) (5)

< Fy(0,(c, ¢q)) — Z £(0,(Gi-1, Gi))-
i=1

By using (£>), we get

lim Fy(8,(Ca, Co+1)) = —0, (6)

D>

which implies that
1M 8,(Co, Cort) = 0. )
From (F3), there exists A € (0,1) s.t.

(%i_l;rgo(ég(ng Cw+1))AF@(6g(C(D/ Ca+1)) = 0. 8)
By (5), we have

(60(C1Dr C(D+1))AFQ(60(CLD/ Ca+1)) — (6@(Cm/ Cm+1))AF0(6g(Cr Cg))

<~ BylCorcar))" ) E@B,(Gi1, <1). ©)

i=1
By (£1), there exists C > 0s.t.
£(6Q(C(Dr C(D+1)) > C, Y@ > .
Subsequently, we get

(6Q(C®r Cm+1))AF0(6g(CcD/ Ca+1)) — (69(60/ C(D+1))/\F(1(6Q(g/ Cg))
< ~BlCor o)) ) E@ylci1,€)) = (0y(Co Carn))
i=1

(= [E@u(c, ) +£@ylgr ) + o+ £By(Ciogs S0))]
— [E@y(Cars Corg)) + o+ £B(Cog: 0))]) (10)
< _(6@(C@; ch+l))A(LD - CDO)C‘

Letting @ — oo in (10), we obtain

1im @(B,(ca,Cou1)! = 0. an
Then there exists @1 € IN s.t.

@[0,(Coscor)]' <1 V@ 2 @1
Thus, we acquire

L
()

6()((;@/ Cat1) < . (12)

==
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Again taking ¢ = ¢p-1 and ¢ = ¢g41 in (1), we get
£(6Q(Cm—1/ Cm+1)) + Fg(ég(gmr Cm+2)) < Fg(ép(gw—lz Cm+1))- (13)

Accordingly, we have

[0}
Fy(0y(Ca,Car2)) < Fy(By(c, ) — Z £(0,(Gi-1, Git1))- ”
i=1
By using (£), we get
(%1_1;120 F()(é{)(g@/ C(D+2)) = —09, (15)

which implies
all_)n; 6Q(C(D/ Cat2) = 0. (16)

Step 2: Now, we will take ¢, # ¢, for ® # 1. Suppose, we take ¢, = ¢, forsome @ = 1 +1 > 1, we
have

Cot1 = I = S(,’T = Cq+1-
Inequality (1), therefore implies that

F@(ég(g-rr CT+1)) = Fg(ég(gmr Ca+1)) = F@(ég(sé_m—l/ Jco))
< FQ(ES@(ng—l/ Ca)) = £(6Q(g®—1/ Ca))
< Fy(0,(Co-1,C0))
= F@(ég(SCm—ZI ng—l))
< Fg(ég(gwﬁ/ Ca-1)) — £(6Q(Q(D*2/ Ca-1))

< F0(6@(CT/ gT+1))
this is a contradiction. Hence, we get ¢, # ¢, forall @ # 7.
Step 3: In this step, we prove that {c}oen is a Cauchy O, that is,

(%im 04(Ca, Cotra) =0, forall a € IN.

We have previously proved for the cases a = 1 and a = 2, respectively. Let us choose a > 1 arbitrary. We
split the two cases.

Case 1: Let a = 21, where 1 > 2, we get

6@(Cw/ Cw+27) < 0(Ca, C(D+2)6Q(C(D/ Co+2) + 0(Ca+2, Cw+3)6g(gw+2/ Cat3)
+ 0(Cos3, Cm+2T)6g(Cw+3/ Co+27)
< 0(Ca, C(D+2)6Q(C(D/ Cot2) + 0(Cot2, C(D+3)6g(€m+2/ Co+3) + 0(Coss, C(D+2T)
[Q(Cw+3/ Cw+4)6Q(C(D+3/ Co+a) + Q(Cw+4/ Cw+5)6g(Cm+4/ Co+5)
+ 0(Cass, C(D+2T)6Q(Cm+5/ C:D+ZT)]
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< o(Co, Cw+2)6@(ga)/ Co+2) + 0(Ca+2, €m+3)6g(ga+2; Ca+3) T 0(Co+3, Catar)
[o(Ca+s, Cm+4)6g(go+3/ Co+) + 0(Cota, Co+5)6g(gm+4/ Cavs)]+

0(Car3, C@+2T)Q(Cw+5/ Cw+2T)~'Q(CzD+2T—3/ Cw+2T)[Q(Cm+2T—3/ Cm+2T—2)
0y(Co+27-3/ Co+21-2) + 0(Co+21-2/ Co+27-1)0p(Ca+27-2/, Cot27-1)]
+ 0(Co+3, C(D+2T)Q(Cm+5/ C(D+2T)---Q(C(D+2T—1/ C(D+2T)6g(€m+2-|-—1/ €a7+2-|-)

(D+2T—2 i
< 0o, C(D+2)6@(C@/ Caot2) + Z 6@(Ci/ Git1) H 0(Gi, Ca+27)0(Ci, Git1)
=042 i=1

(D+2T71

+ H o(ci, C(D+2T)6Q(Cm+2-|-—1/ C<D+2T)
i

o+27-1 i

< 0(Cor C0r2)3CarCor) + Y, Bulcircinn) [ [ 0lcis coraralci Ginn).

i=+2 j=1
We obtain the series
o (0]
Y 8o o) | [ 0lc corardetci cin),
@=1 i=1

converges. Since,

(0]
H 0(Gi, Co+27)0(GCi, Gis1)

i=1

gk
& |~

[e] [0
Z 0,(CasCat1) H 0(Gi, Car27)0(Gi, Gir1) <
=1 i=1

3]
I
—_

A
NOTRER
gk

|>—\

—_
9]
p.

which is convergent. Let

o] @
Y= Z ag(C@/ Cotl) 1;[ 0(Gi, Ca+27)0(Cos Cot1)

=1

o) i
Yo= Z 6Q(gi/ Gi+1) H o(ci, Cm+2T)Q(Ci, Gi+1)-

i=1 i=1
Hence, we have

6@(931 Cor2r) < 0(Ca, Cza+2)6g(€m/ Ca+2) + «yza+2T—1 ~You1.

Letting @ — oo and using Equation (16), we simplify that
(%1_11}0 6@(@@1 Cco+2-|-) =0.
Case 2: Let a =2 1 +1, where 1 > 1. Then, we find

6@(sz Cu)+2T+1)

< 0(Co, C(D+1)6@(Ca/ Co+1) + 0(Co+1, Cca+2)6g(gm+1/ Co+2) + 0(Ca+2, Cm+2T+1)6g(Cm+2/ Cot27+1)

< 0(Ca, Ca+1)00(Cas Car1) + 0(Ca+1, C+2)0p(Cat1, Cat2) + O(Cat2, Cot2r+1)

10329

(17)
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[Q(Cw+2/ Cw+3)6g(ga+2; Co+3) + Q(Cm+3/ Cm+4)6g(CrD+3r Co+a) + Q(C@+4/ C@+2T+l)
6@(C(D+4/ C(D+2T+1)]

< o(Co, C(D+1)6@(C@/ Co+1) + 0(Co+1, €m+2)6g(‘;m+1/ Ca+2) T 0(Co+2, Cotar+1)
[0(Co+2,Co+3)0p(Cat2, Ca+3) + 0(Co+3, Co+4)0yp(Cat3, Ca+a)]
+ 0(Cor2s C(D+2T+1)Q(Cm+4/ C(D+2T+1)---Q(C(D+2T—2/ C(D+2T+1)[Q(€(D+2-|-—2/ C(D+2-|-—1)
@(C(D+2T 2, Cot+21— 1)+ Q(C(D+2T 1, Cw+2T)6g(Cw+2T—1/ Cw+2T)]

+ 0(Co2r Cm+2T+1)6g(C(D+2T/ Co+27+1)
o+21-1 o+27

< Z 6 (Gi, Gis1) H o(Gi, C@+2T+1)Q(Cu Gir1) + H o(Gi, CzD+2T+1)6 (gtD+2-|—/ Cm+2T+1)

i=® i=1 i=1
O+27

Z 0 (Cu Ci+1) H Q(CI/ C(D+2T+1)Q(Cu Ci+1)-

i=®

Note that the series

o) [0]
Z 0,(CasCat1) H 0(Gi, Co+27+1)0(Cis Giv1),
o=1 i1

converges. Since

(o] 1 [0
Z 69(@@1 Ca+1) H o(ci, Go+2-|-+1)Q(Cu Ciy1) < Z - H o(ci, Cco+2-|-+1)Q(Cu Gir1)
=

i=1

which is convergent. Let

i~ ®
Z= Z 6@(9—@/ C(D+1) H Q(Ci/ Cm+2-|-+l)Q(€@/ C@+1)
=1 i=1

@ i
Zo = Z 0,(ci, Gi+1) H 0(Gi, o2, +1)0(Gi, Gi41)-
) i1

Thereby, the preceding inequality clearly indicates:

6@(€<o,gm+2-r+1) < Zm+21- - Z(D—l-

Letting @ — oo in the above inequality, we simplify that

lim 6@(Cm Cot27+1) = =0.

®—00

Consequentially, by Equations (16) and (17), we have

lim 0,(Cap,c,+a) = 0, forall a € IN.

O— 00

10330

(18)

(19)

Hence, we infer that {¢,} is a Cauchy O, that is, {3°¢} is a Cauchy Os,. Since (9,9,) is a O-complete

O-C,BMS, let ¢, — c € O.
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We will now reveal that ¢ is a fixed point of J. Consider
00(¢, Gat2) < 0(S,60)04(C, Ca) + 0(Ca, Ca+1)0p(Ca, Ca+1) + 0(Ca+1, Sa+2)0(Cat1, Cat2)-
Using (3) and (19), we obtain
lim 8,(c, ¢p+2) = 0. (20)
Consider

6@(C1 J¢) < ol, C(D+2)6Q(Cz Co+2) T 0(Cas2, Cm+1)6g(gw+2/ Co+1) T 0(Ca+1, Sg)ég(gwﬂz J¢)
= Q(C/ C(D+2)6Q(g/ Co+2) + Q(sz, Cm+1)6g(gw+2/ Co+1) + Q(Cw+1/ Sg)60(8(0+1l SC)

Letting @ — oo, we obtain 3,(¢, Go+2) — 0 by (19). Since I°¢ — ¢ and from the orthogonal continuity of
ﬁ,n%im 8,(3°*1¢, J¢c) = 0. Thus,

0,(¢, 8¢)=0, = ¢=Jc.

Hence ¢ is a fixed point of J.

Step 4: Now, we prove that ¢ is a ufp of J. Let ( be an another fixed point of J, then J1 =1 # ¢ = Jc.
We have

[co L dJor[t L col.
Since J is orthogonal preserving, we have
[3°(co) L I°(W] or [37() L 3%(c0)],

for all ® € IN. On the other hand J is an F,-contraction. So, we get d,(c, t) > 0 that is, §,(J¢, Ir) > 0.
Now equation (1), implies

£(6Q(Cr )+ Fg(ég(SCl J) < Fg(ég(g; ).
Therefore

£(0,(c, 1)) + Fp(0,(c, 1)) < Fy(dy(c, 1)
£(0g(c, 1)) < Fy(4(c, 1)) = Fo(94(c, 1))
=0

which is a contradiction. Hence, 3 hasa ufpino. [

Theorem 3.6. Let (O,0,) be a O-complete O-C,BMS s.t. 8, is a continuous functional and 3 : O — O be an
extended O-F ,-contraction s.t. the following axioms are fulfill:

1. 3 is orthogonal preserving;
2. ¥ is orthogonal continuous.

Then, 3 has a ufp in O.

Proof. By the definition of orthogonality, there exists an orthogonal element ¢y € O s.t.
Veo,coLlorl L ¢p.

It follows that ¢y L J(cp) or T(cp) L ¢o. Let

Jop=c,3c1=cx=c= 5260,---, Cot+l = 50“60,
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for all @ € IN. Since J is an orthogonal preserving.
We define the sequence {¢c,} by

co,Jco=¢c1,Tc1=cp = ¢ = SZCO,-u, Cosl = S‘Dﬂgo.

If there is an ¢p € IN s.t. ¢i, = ¢y 41, then ¢y, is a fixed point of O. Therefore, assume that ¢, # o +1V @ > 0.
This yields 8,(co, Co+1) > 0, thatis, 3,(Fce-1, Ico) > 0.

Step 1: We will to prove
(%1_1;{}0 6@(@@1 Co+1) = 0and (%1_11}0 6@(@@; Ca+2) = 0.
By using (20), for every @ € IN, we have

6@(@@—1/ Ico-1)
1+ 6@(@@—1/ Jco-1)
6@(%)/ Ico) 6@(5071/ Ico1 )60(Cw/ Jco)
’ 1+ 69(@@1 SC(D) Ty 6Q(Cza—1/ Ca) + 6@((50—1/ SC(D) + 6@(9—@/ SC@—l))
< Pg(ylég(gw—lz o) +720,4(Co-1,Cn)
6@(@@—1, Cm)ég(é—o/ Cot1) )
0,(Co-1,C0)

£(85(Co-1, o)) + Fo(By(Cos Cor1)) < Fo(1185(Co-1, o) + 72

(21)

+730,(Cos Cat1) + V4
= Fg(ég(g@_l, co)(y1+7y2) + 0,(Ca, Cor1)(y3 + y4)).
This yields
0,(Cas Cat1) < 0p(Co-1,Ca)(Y1 + ¥2) + 04(Ca, Cor1)(Y3 + V4)
that is,

(1 =73 = v4)0y(Ca, Car1) < (Y1 +72)0,(Co-1, Co)-
Asy1+y2+y3+7ys <1, wehave

Y1+ )2

ST .
T 1-y3-y4 04(Ca-1,Ca) < 6@((;@71/ Ca)

6@(5@1 Ca+1)

From (21), we obtain

£(6g(gm—1/ Co)) + Fg(ég(gcm Ca+1)) < F(ég(gm—lr Ca))-

Reluctantly, we get

Fy(04(Ca, Cat1)) < Fy(0y(co,c1)) — Z £(0,(ci-1,Gi))-
p)

By using (£), we get
c%l_r)rolo Fp(0,(Ca,Cat1)) = =09, -
which implies

(%EI(}O 6@(Cm/ Go+1) = 0. (23)
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Which implies in the proof of Theorem 3.5 that 3 @; € N and A € (0,1) s.t.

1
6@(Cm/ Ca+1) < - for all @ > @1.
Ny

Taking ¢ = ¢p-1 and ¢ = ¢p+1 in (20), we have

£(0p(Sa-1,Sa+1)) + Fy(04(Ca, Co+2))
+72 0o(Co-1, ICo-1) s 0o(Ca+1, ICor1)
1+ 6@(@@—1/ Ico-1) 1+ 6g(C(D+1/ o)
6()(@@—11 SC@—l)ég(CQH/ o)
v 69(@@—1/ Cot1) + 6@(90—11 ICor) + 6Q(Cca+1/ SCm—l))

< F@(Vlég(gw—lz Ca+1)

+

(24)

< Fg()/lég(cw_l, o) +720,(Co-1,Cn)
69(Cm—1/ Cm)ég(Cm/ Co+1) )
69(5@—1/ Ca+1) + 6@(@@—1/ Co+2) + 6Q(C®+1/ Co)

+ VSég(C(DHr Cot+2) + V4

< Fy(718,(Co-1,S0) + (72 + 74)3,(Co1,S0) + 7305(Cas1, Garv2))
This gives

6@(Cm/ Ca+2) < Vlég(Cm—ll Co)+ (2 + )/4)60(Cm—1/ Ca) + 7369(C(D+1/ Ca+2)
< v1lo(Co-1,Co+3)05(Ca-1,Ca+3) + 0(Co+3, Co+2)00(Cat3, Cat2)
+ Q(Cm+2/ C<o+1)6g(gw+2/ Cw+1)] + (7/2 + 7/4)6(;(&0—1/ Cm) + VSég(le/ Cw+2)
<" [Q(Cm—l; Cm+3)[@(€@—l; g(D)ég(Cm—lr Cm) + Q(Cmr C®+2)6g(gu)/ Cu)+2)
+ Q(Cm+2/ Cm+1)6g(<§m+2/ Cm+1)] + Q(Cm+3/ Cm+2)6g(C(D+3/ Ca+2)
+ 0(Co+2, Cm+1)6g(gw+2/ Co+1)] + (7/2 + 74)60(C(D—1/ Co) + )/36@(Cw+1/ Ca2)-

Therefore, we have

ég(Cm/ Co+2)[1 — V1 0(Co-1, Co+3)0(Co, Co+2)] < [7/2 + Y4+ )1 0(Co-1, Co+3)0(Ca-1, C(D)]ég(gcn—lz Co)
+ [Y10(Co+2, Gor1)(L + 0(Co-1, So-3))10o(Cot1, Cot2)
+7 Q(Cm+2/ C(D+3)6Q(C(D+2/ C(D+3)-

Taking into account lim 0(¢o-1, Co+3)0(Sa, Co+2) < % < )%1 and by employing equation (23), we obtain
0—00
(%1_1;{}0 6@(@@/ Caot2) = 0. (25)

Step 2: Let us ¢, # ¢, for @ # 1. Suppose that, ¢, = ¢, forany @ = 1+ > 1, we have ¢p41 = I, =
¢, = ¢;41. Inequality (25), signifies that
F@(ég(CT/ CT+1)) = F@(ég(Cm/ Cot1)) = F@(ég(SCm—lz NIY))
< Fo((y1 + 72)0y(Co-1,Sa) + (V3 + V4)0y(Ca, Co+1))
- £(6Q(C(D—1/ Ca))
< Fy((y1 +72)00(Co-1,Sa) + (Y3 + V4)0,(Ca, Cat1))-

By the property of F,, the above equation modified as

Yit)2
0p(Cy/Cr+1) = 0y(Co,s Cor1) < mép(gm—lzgm)
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yity2 \2
< (1 Y- )/4) 69(@@—2/ Ca-1)

s( Y1i+72

@
1-y;3 - 7/4) 6Q(CT’CT+1) < 6()(GTICT+1)

which is contraction. Thus, we conclude that ¢, #¢,, V@ # T.

Step 3: Now, we will prove {¢o}oen is a Cauchy O, that is,

(%im 0,(CosCat+a) =0, fora € IN.

10334

We have previously proved for the cases a = 1 and a = 2, respectively. Now, choose a > 1 arbitrary. We

split into two cases.
Case 1: Let a = 21, where 1 > 2. Thereafter, we get

6@(Cm/ C(D+2T) < Q(Cm/ Cm+2)6g(Cm/ Co+2) + Q(sz, Cm+3)6g(gw+2/ Co+3) + Q(Cm+3/ Cm+27)

6g(Cm+3/ €m+2T)

< 0(Ca, Cm+2)6g(Cm/ Co+2) + 0(Ca+2, Cm+3)6g(Cm+2/ Ca+3)

+ 0(Go+3, Cw+2T)[Q(Cm+3/ C(D+4)6Q(Cm+3/ Co+a) + 0(Cota, €m+5)6Q(Cm+4/ Co+5)]+

+ 0(Co+43, Cor21)0(Co+5, Co+27)--0(Co+27-3, Car27 ) 0(Cot27-3, Cor27-2)

6Q(C(D+2-|-—3r €®+2-|-—2) + @(gm+2-|-—2/ €@+2T—1)6Q(Cm+21——2/ Cw+2-|-—1)]

+ Q(Cw+3; Cw+2-r)Q(Cw+5r Cw+2-|-)-~-0(Cm+2T—1r Cw+2-|-)6g(gm+2-|-—1/ C(D+2-|-)

®+2T—2 i

< 0(Car Cor2)Bo(Car o)+ Y, 8ufcircin) [ [ oleis coranetci, cinn)

i=0+2 i=1
o+21-1
+ H Q(Ci/Cw+2T)6@(C@+2T—1rCw+2T)
i=1
o+21-1 i

< 0(Co, So+2)0p(Cas Car2) + Z 6Q(Cilgi+l)HQ(Ci/Cw+ZT)Q(Ci/Ci+1)-

i=+2 i=1

Notice that the series

00 [0
Z 6Q(Cm/ Co+l) H o(ci, C@+2T)Q(Ci/ Ci+1)
@=1 i=1

which is converges. Since

00 @ i~
Z 6@(@@ Co+l) H Q(Ci/ C@+2T)Q(Ci/ Ci+1) < Z
i=1

=1

Q(gi/ ch+2T )Q(CI/ gi+1)
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which is convergent. Let

Y= Z 6@(991 Ca+l) H o(ci, Cm+ZT)Q(Cmr Ca+l)

o=1
Y, = Z 3d4(ci, Ci1) H 0(Si, Cor21)0(Ci, Cia1)-
i=1 i=1

From the above inequality, it follows that

0o(Car Garar) < 0(Ca, Ca+2)05(Cas Cor2) + Yorar-1 — You-
Letting @ — oo and using (25), we have

lim 8y(co, Corar) = 0. (26)
Case 2: Leta =2 1 +1, where 1 > 1. Then, we find

6@(@@1 Ca7+2-|-+1) < 0(Co, C(D+1)6@(C(D/ Co+1) + 0(Cas1, C(D+2)6@(Cm+lr Co+2) + 0(Cas2, C(D+2T+1)
6Q(Cm+21 Cm+2-|-+1)

< Q(C(D/ C(D+1)6g(é—m/ Cm+1) + 0(€(D+1/ C(D+2)6()(Cm+1/ C(D+2)+
Q(Cm—Zr Cm+2T+1)[Q(C(D+2/ Cm+3)6g(go+2r Co+3) + Q(C@+31 C(D+4)6Q(Co+3r C(D+4)]

0(Cat2, Cm+21—+1)@(§w+4/ C(D+ZT+1)---Q(C(D+2T—2/ C(D+2T+1)[Q(Cm+21——2/ C<D+2-|-—1)
6Q(C@+2T—Zr C(D+2T—1) + Q(C(D+2T—lr Cm+2T)6g(Cw+2T—1/ Cm+2T)+
0(Ca, Cm+2T+1)6g(C(D+2T/ Cca+2T+1)]

lD+2T -1 @+271
Z 69(;, Git1) H o(Gi, Cm+2T+1)Q(C1/ Gir1) + H o(Gi, ClD+2T+1)6()(ClD+2T/ C(D+2T+1)
i=® i=1 i=1

O+27

Z 6@(Cu Ci+1) H Q(C]r Cm+2T+1)Q(Cu Ci+1)-

i=@
We observe that the series ). ; 0,(Ga, Cot1) H?zl 0(Gi, Go+27+1)0(Gi, Gis1) converges. Since,

Z 0,(Cas Cat1) H 0(Si, Cor27+1)0(Ci, Gir1) < Z H 0(Ci, Cor27+1)0(Ci, Giv1)

(D

1 (o9
)/_ Z; —, which is convergent.
@A

Let

Zz= Z 60(@@/ Co+1) H o(ci, CzD+2T+1)Q(Cu)/ Cao+l)

@=1

Zo= Z; 0y(Gi, Giv1) ]_1[ o(Ci, Covar+1)0(Ci, Ci1)-
= =



A.]. Gnanaprakasam et al. / Filomat 38:29 (2024), 10323-10344
Eventually, the above inequality yields:
0y(Cas Car2r+1) £ Lov2r — Lo-1-
Letting @ — oo, we deduce that
lim 8y(cp, orar1) = 0.
Consequently, we obtain by combining equations (26) and (27).

gim 6@(@@1 Co+a) =0,V a€N.

10336

(27)

(28)

Hence, we conclude that {c,} is a Cauchy Os, that is, {3%¢} is a Cauchy Oseq- Since O is O-complete, let

Co — ¢ € O. By continuity of J, we have

¢ = lim cpi1 = lim Jc, = I lim ¢, = Jc.
that is, ¢ is a fixed point of J.

Step 4: Let 1 # ¢ be a another fixed point of J that is, It = 1. We have

[co L dJor [t L col.
Since J is orthogonal preserving, we have

[39(c0) L 3] or [3°() L I(co)l,
for all ® € IN. On the other hand J is an F,-contraction. From Equation (2), we that

£(0,(c, 1)) + Fy(0,(c, 1)) = £(8,(c, 1)) + Fo(0,(Ic, Bu))

9,(c, B¢) d,(1, 1)
170,99  V*T+0,,90) "
9,(c, T¢)0,(1, 1)
)M%@MM64950+%@89)
< Fo(r10,(c, 1)) < Fy(04(c, 1)

< Fg(wég(c, 0)+y2

that is, £(0,(c, 1)) < 0, which is a contradiction. Hence, 3 hasa ufpino. 0O

Example 3.7. Let © = {0,1,2,3}. Define 9, : © X O — [0, o) is orthogonal continuous as follows:

6Q(C/ C) = O/ v c € D/ 6@(01 ]-) = 6@(11 0) = 2/'

0,(0,2) = 0,(2,0) = 9,(0,3) = 0,(3,0) = 3,

3,(1,2) = ,(2,1) = 3,(1,3) = 3,(3,1) = 5,
3,(2,3) = 8,(3,2) = 15.

Let 9: © X O — [0, 00) be symmetric and the binary relation 1L on O s.t. ¢ L 1. Then (9, 1) is an O and O, is a

metric on ©. We can be defined as follows:

® o(c,c)=1Vceo,

¢ 00,1) = 00,2 = 00,3) = 3,
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. 412 =013 =023)= .

Then (O, L, 0,) is an O-complete O-CMS.
Note that

1. (9, 9,) is not an extended O-ByMS. Since
0,(3,2) =15 > 0(3,2)[0,(3,0) + 0,(0,1) + 0,(1,2)] = 12.5
2. (D, 0,) is not an O-CMS. Since
0,(3,2) = 15> 0(3,0)0,(3,0) + 0(0,2)0,(0,2) = 9.
Let 3: O — O given by 30 = IJ1 =0, I2 = I3 = 1. Define F,: [0, 00) — (=00, +00) by F,(c) = g—%, ¥ ¢ €0, )
and £: [0, c0) — [0, 00) defined by £(c) = %, Y ¢ €0, ).

Case A: Let ¢ = 0. Now 8,(30, 31) = 6,(0,0) = 0. Therefore, we only need to assume 1 = 2,3. Consider

5,00,1) +1 1
£(69(0, 2)) + F@(ég(ﬁO, 32)) = W + 6@(80, 32) - E
4 1
= 5 +2— E
_
10

Hence
£(0,(0,2)) + F@(ég(SO, J2)) <25 = Fy(9,(0,2)).

Similar arguments may be made for 1 = 3.

Case B: Let ¢ = 2. Now 0,(32,33) = 0,(1,1) = 0. Therefore, we only need to consider for 1 = 1. Assume

3,2,1)+1
0, +2
6 1

=24+2-=
7 2

_3
T 147

eta(d,(2, 1)) + F,(85(32, 31)) = +@wzsn—%

Hence
£(0,(2,1) + FQ(SZ, J1) <45 = Fy(0,(2,1)).

The proof is the same as in the instances above for ¢ = 3. In addition, for every ¢ € O, we get

: 1
sup 1152 0(Gir1, Gi+2)0(Gi+1, G7) < T

=1
. _ 1 .
with A = 5. Now, we verify that
lim o(co,¢) and lim o(c, co),
D—00 D—00

exist and are finite, for all ¢ € O. Thus, 3 satisfies all the axioms of Theorem 3.5 and hence ¢ = 0 is a ufp.
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4. Application to Fredholm integral equation

In this final section, we try to use Theorem 3.5 to demonstrate the existence and uniqueness of the
provided Fredholm integral equation’s solution.

b
c(9) = fﬂ( (D, 1, c(t)dt + (D), ¥ 9, t € [k, b], (29)

where 7,f € C([k,b], (—o0, +00)) (say that © = (([k,b], (-0, +c0))). Define §, : © x © — [0, ) and
0:0 X0 —[1,00) by:

2

O(c, 1) = sup |c(D) — D)

He[kb]

and

1, if¢(9) = u9).

It is clear that (O, d,) is an O-complete O-C,MS.

olc, 1) = {1 +SUP gy pp [S(D) — LD, if (D) # (D)

Theorem 4.1. Assume that forall ¢,1 € C([k,b], (—o0, +c0))

ek

oG]
g <) — (30)

with ¢ L, for all $,t € [k, b]. Then, the integral equation (29) has a solution.

17(H,t, c(t) = (D, t, )l <

Proof. We consider orthogonal relation L on © as defined by

clt & c)t)=c¢@k) or
c()u(t) = (),
forall t € [k, b]. Then (O, 1) is an Oy;. Define 3: © — O by

b
() = f}k (S, 4, (D)t + (), ¥ $,t € [k, bl

The operator J meets of Theorem 3.5, Y ¢, 1 € O, we get
b 2
19¢($) - FuH)P < ( f 19,1, c(0) = T(H,1, «(1)Idt)
Kk

h L
e -l 2
<( [ G- o

1 s 2 g
< e SUPrelih] KOO oy (D) — (D)l f dat
0~ 12 i e #)

i
= e %D 60(g/ l),

which implies

3,(3¢, 1) < ™7 8,(c, 1),
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Taking log on both sides, we have

In(3,(J¢, Jv) < +1n(d,(c, 1))

-1
6Q(g/ L)

Resultant, we have

60(1; 5 +1n(8,(T¢, T1)) < In(d,(c, 1))

Let us define F,: [0, ) — (=00, +00) and £: [0, 00) — [0, 00) by F,(s) = In(s),s > 0 and £(c) = %,g € [0, 00).
Therefore, from the inequality above we get

£(0,(c, 1) + Fo(0,(3¢, B1)) < Fy(6,(c, 1))

Hence, all the requirements of Theorem 3.5 are satisfied. Operator J, therefore has a ufp, that is the
Fredholm integral equation has a solution. [

4.1. Application to integro-differential equation

An application to integro-differential equation for two dimensional nonlinear partial Volterra equation
with desired order:

=

U+m ¢ h
SU0D s+ [F [ (5 &,0,b, géfﬁ.E))dbdh,(é,é)e[0,11><[0/11 (31)

Appropriate intial conditions,

where the kernel function is a known nonlinear orthogonal continuous function in g‘; ;Z(gf) with 6 L & and

0(6, &) is a known function where g;;f(ff) is an unknown function.
. . _ o chiGE) .
It is intended to approximate the function ovcew with Haar wavelests. For this purpose, the mesh
co7¢

nodes on the square 0 < 6, & < 1 are obtained using the following collocation points:

T—05
o, = m T =1,2,..2M. (32)
o-05
0= N o=12,.2N. (33)
The two-dimensional function = ovgg': ) is approximated with two dimensional Haar waveleton 0 <6,£ <1
as follows:
M 2N
CTUR(O,E) N
= b; :Di ()i (&). 34
el =L ; D) (34)

To calculate the coefficients of b;; in Equation (34), we substitute the point defined in (31), and (32) in
Equation (33) to the following linear system of 4 MN X 4 MN with the coefficients of b;;.

0=6, 2M 2N
gD+lUf 6,5
(sv—(gw) = Z Z B DiO)0i(Eo), T=1,202M, @ =1,2,....,2N.
O e, TE

Unknown coefficients of b;; are achieved using Theorem 3.6.
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Theorem 4.2. Suppose a function F(5, &) of two variables 6 and & is approximated using Haar wavelet approximation
given as

2M 2N

F©,8) =) ) 0bi®)hi(e), 6 L &.

i=1 j=1

Suppose that F(6, &) is known at collocation points (0;,80), T=1,2,.....2M, @ =1,2,.....,2N and F is orthogonal

continuous. Then, the approximate value of the function F(0, &) at any other point of the domain can be calculated as
follows:

2M 2N
1

F0,) = 331N ; 21 F(3, €000y ()0 (€)
2M 1 B1 2N r1 2N
+) (Z Y G &)= ), Y ., aca]))bi(é)bl
= P2 X2N =8, p=1 t=p1+1 p=1
2N 1 2M B2 2M )2
D IE v DIDIRLCEESED M) MR LCHER) NI
i1 =1 p=N, t=1 p=pa+l
2M 2N 1 B B pr 2
) — (Z Y FOn &)=Y Y, FOr,80)
o1 o PL PR £=N; p=po+1
71 B2 71 )2
=Y Y Fo e+ Y, Y, P(éT,cf@))bi(é)bi(g)
t2p1+1 p=N, t=pr1+1 p=pati
where
N1 =801 -1 +1,
P1
p1=pi(c1—-1)+ EX
Y1 = p101, (35)
2M
p1 = V_ll
o1 =1—-1y,

vy = 2l0Ba(-D),

And similarly
Ny =pa(o2 = 1) +1,
B2 =pa(o2 — 1)+ %,

V2 = P202,

2N
P2 = V_zl (36)
o3 =i-1y,

vy = zlogz(i—l)
First, the Kernel of (31) is orthogonal continuous and approximated by two dimensional Haar wavelet as follows:

Qn+mf(b, h) 2M 2N
Cén—@) ~ Z Z bii(0, £)bi(D)b;(h).

i=1 =1

7( 6/ 5/ b/ h/
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Substituting the above approximation in Equation (31), the following equation is obtained. Thus, we have
M 2N
D+mf(6 5) f fé 2
= 0(5,&) + bi:(8, £)bi(b)b: ()dbdh.
e = 00.9) Z; Z; 16, E)r(0)y (b

With the help of Haar wavelet properties, the following equation is obtained.

SO 54 3 Y 00 M€
e L 2P )i

Now, collocation point 0., &, are inserted in Equation (31) to get the following system of equations.

D+mf(6 é) 2M 2N
Cé“gé“’ Q(éT/ éo) + Z Z bl](éT/ éo)ftl(é ) ll(éo) (37)
i=1 j=1

1=12..2Ma=1,2,..,2N.

The values b;;(0, &) are obtained from Theorem 3.6 and inserted in Equation (37) to reach the following system of
equations.

RS, 8 [ F11(0,)t,1(0) 3 ( (S, £) 5="‘)
géugém -z, (61—/ é(D) 2MX2N Z;(K 51-/ E(D/ bf! ﬂp/ gé”gém £ty
b1(0,)b,1(E0) ( - SRS, &)
N K(6r 0,000 = | )
; p1 X 2N fo: pi Tre@ T T sy,
Y1 2N b+w 5=b;
i (O]
- Y YKot | )
=g +1 p=1 cote &by
2N 2M B2 5=b
£1,1000)5,1(E0) S (O]
+iZ; ZMXPZ (; p_ZNZ(](( T/EQ/ ts hp/ Céngéw ‘E:hp)
2M 2 v+ 6=b
c*m(6, &) |7
DIPIL RN N
=1 p=p,+1 co%e =hy
2M 2N pr P 5=b
£106;) 11(5@)( ¢S, &)
7((6 7 E 7 b 7 h rT _en em )
Zz‘ ,Z;‘ 1% p2 fzx‘ ;‘ T
B 2 +w 5=b
¢, &) |
- Z Z 7((61-/ é(D/ bf/ hD/ (SD—(EID) )
T cote &=ty
V1 i) v+ 0=Db
(6, &)
- 2 Z 7((5T, Ear bt o —ovcEw )
t=p1+1 p=N, core &=ba
V1 V2 D+w o=Db
"6, &)
+ (](((S 7 ‘S(D/ b’f/ ha/ ﬁ ))I
tZﬁZl'h az;m T cO°cE™ gy,

where 1 =1,2,....2M,©=1,2,...,2N.

Equation (41) is a 4#MNx4MN a nonlinear system which can be solved either by Broyden or Newton methods. The

gD‘HZUf(é, E)
covce

solution of this system gives values of at the collocation points.
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¢, €)

The val
e value of CocEw

at points other than collocation points can be calculated using Theorem 4.2. The equation

D+IDT(6 é)

A,
Sty =00,

can be solved using one of the method of partial differential equations.

Example 4.3. Consider partial integro-differential equation as follows:

2f(6 E) RO | s CTO | o0,y
06, &) + ff( +25¢(= “ocr ) é(gb—gh))dbdh,

where
_ fys L 5y 2 2 38y 52
0(6,&)=e —(—1+e)6—§(—1+e )O& —5(—1+e )O<E.

The exact solution of this problem is

f(6,&) =
And (6, &) is orthogonal continuous on|0, 1], and a supplementary conditions are
ci(6,0) _ _
o 1,10,0) =

The approximation solution of this equation is

sz(él (E) — eg‘

coce %
Error of the integral equation is
2
_Cf(élé)_ E & Ers
f(6,&) ocE oe~ —e- =e°(0—1). (39)

X axis Y axis X axis ! Y axis

Figure 1: (a) Equation (39) with the interval difference h=0.1 and (b) Equation (39) with the interval difference h=0.0625
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Figure 2: (c) Equation (39) with the interval difference h=0.03125 and (d) Equation (39) with the interval difference h=0.015625

The comparison between the exact and approximation solutions using different intervals, such as 0.1, 0.0625,
0.03125, and 0.015625, is presented in the aforementioned Figures 1 and 2.

5. Conclusion

In this article, we established fixed point theorems for an O-F, contraction mapping in O-complete O-
controlled b-Branciari metric type spaces. Along with our main results, we provided appropriate examples.
We have also provided an application to find the solution to the integro-differential equation. This concept
can be applied for further investigations in studying fixed points for other structures in metric spaces.
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